
Antenna arraytheory beamforming

Usual defnof AFleftpsirightsum_nanejnpsi with the

control residing in the excitation coeffs an

we have already seen the case ofprogressive
phase shifts i e an exp leftjbetanright where
betakdcostheta0 I leads to bf at desired theta0

Now lets study a more practical version of
this for communications A classic

algo from the DSP community

MVDR min variance
distortionlessresponsebeamformer Capon

Balanis AT 16.4
will need some pre regs will build

italongthe way

AFleftpsirightsumanexpleftjnkdcostheta0right Rewrite
Psi

alefttheta0rightexp_vdots1leftjkdcostheta0rightwleftbeginmatrixaa1vdotsaN1endmatrixright
steering
vector expleftjkdleftN1rightcostheta0right
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Why do this
Thus separate the excitations and geometry

can changefixedaftertab
AFleftpsirightwTalefttheta0right

Note In the signal processing world the
relive beamforming output is written as
ywHx where the input is as

xlefttrightslefttright a lefttheta0right i e a signal Slt
coming from theta0 direction H instead of

leftharpoondown

1
therefore In this convention the excitation

coefficients are on wnx not omegan
In either case the received power leftAFright2is the same So we proceed with ywHx
Practice Q How do we write the result
of the conventional progressive phase shift
result in this steering vector notation

objectivefunction.Wewant max_omegaleftomegaHalefttheta0rightright
variable of optimization

ywHasum_nwnxejpsi0npsiwnxejnpsi0
then each term has max possible value

Rightarrowwn opt expleftjkdcostheta0nright



excitation coeffs anwnx opt exp leftjnpsi0right
i e beta kd cos

theta0
as before

Now a practical situation

desired signal
main lobe

theta0
thetai

interference signal
side

lobearraySothe net signal falling on the arraywill be
xslefttrightalefttheta0rightilefttrightaleftthetairight

interference
signal at thetai

desired
signal at

theta0The received signal

ywHxslefttrightwHalefttheta0rightilefttrightwHaleftthetairight
not large but
notsmalllargeSoby choosing anejbetan we are beingnaive

Can we do better



Before we state the newproblem an aside
In actual terms we don't simply take
ywHx because all signals are time

varying with noise overriding them

e.g.noise
signal.Sowe don't take just y but model them
as random processes and take the

expected values e.g ifa v.v v'takes
values v1v2 with probabilities p1p2
then EleftvrightSigmapivi or S vpleftvright dv

continuous
Jvdisgete

So we do Pout Eleftleftyright2right
scalarNowEleftleftyright2rightEleftleftwHxrightleftwHxrightHright

EleftbeginmatrixwHxxHwendmatrixrightThe w's are
constant so wHEleftxxHrightwwHRw

REleftxxHrightinmathbbCNtimesN is thespatialcovariancematrix of the Rx data

RijEleftxixjtimesright ie a correlation between
signals at ijR is Hermitian positive semidefinite



Now the MVDR formulation

m
w
in wHRw subject to wHalefttheta0right1

hold unity
gain at theta0

minimize total power
signal interference

Intuitively allow desiredsignalthrough
minimize

interference.Ourearlier progressive phase shift
beamformer only did we alefttheta0rightN
Solution via constrained optimization

we use the technique of Lagrange
multipliers

Those who know opt can followfullyThose who don't follow like a

recipe.Recapunconstrained min_xfleftxright
first order stationarity cond nablafleftxxright0

what is Tf Y ffleftx1x2ldotsxNright

thenie.gsnablaleftbTxrightb
nablaleftxTAxrightAATnablafleftbeginmatrixpartialfpartialx1vdotspartialfpartialxxendmatrixright



Constrained min_xfleftxrightscdottcdotcleftxright0
Define Lagrangian LleftxlambdarightfleftxrightlambdaCleftxright
1storder stationarity nablaxLleftxtimeslambdatimesright0
Here min_omegawHRw s 1 wHa10
therefore

Lagrangian LleftwlambdarightwHRwlambdaleftwHa1right

another aside Complex calculus since
w is complex The term fracddxf for real
x makes sense but what does
fracdfdz for zinmathbbC even mean

The framework is Wirtinger Calculus
Rather than write fleftzright as fleftxjyright
and separately compute fracpartialfpartialx fracpartialfpartialy
we define fracQpartialzfrac12leftfracQpartialxjfracpartialpartialyright and

fracpartialpartialzlambdafrac12leftfracpartialpartialxjfracpartialpartialyright and

treat z zx as independentvariablesjustlike xy i e as fracpartialypartialx0 is 0 also
fracpartialzpartialzx0 and fracpartialzxpartialz0

Take an e g Say fleftzzxrightzxalphazalphainmathbbR



Then fzXalphazalphaleftx1y2right
So fracpartialfpartialz0alphaz simply OR using defn

fracpartialfpartialzlambdafrac12leftfracpartialpartialxjfracpartialpartialyrightleftalphaleftx2y2rightrightfrac12left2alphaxjalphaalphayrightalphaleftxjyright

alphaz
So both are equivalent nicefrac22zornicefracpartialpartialzxmoreconvenient
When f is real fracpartialfpartialzfrac12leftfracpartialfpartialxjfracpartialfpartialyright
Take conj leftfracpartialfpartialzrightxfrac12leftfracpartialfpartialxjfracpartialfpartialyrightfracpartialfpartialzx
Rightarrowleftfracpartialfpartialzrightxfracpartialfpartialzx
For first order optimality use either fracpartialfpartialz0
or fracpartialfpartialzlambda0 Same

In the vector case nablaomegatimesf0nablaomegaf
end aside

Solnof our case nablaWinftyleftomegaHRomegalambdaleftomegaaH1rightright0
Lleftomegalambdaright

Gives Rwlambdaa0
WlambdaR1a



Since wHa1RightarrowlambdaleftaHleftR1rightHrighta1
R is Hermitian pos def
so is R1

scalar

RightarrowlambdaleftaHR1aright1
Rightarroww

MVDR fracR1aaHR1afracR1alefttheta0rightaHlefttheta0rightR1alefttheta0right
corresponding excitation coefs anomegamvsx Rx

A fewpoints
The con matrix RleqqcdotEleftxxnright Say thatthere is one
desired signalfrom

theta0 and K interferers thermal
noise white at each receiver then R is

REleftS0S0xrightalefttheta0rightalefttheta0rightHsum_k1KEleftSkSkxrightaleftthetakrightaleftthetakrightHsigma2IPs PkThis assumes all sources are uncorrelated

Intuitively Wmur is placing null at
the interfering directions without

explicitly estimating these directions
Output power

P
MVDR WMVDRHRWMDRfrac1aHR1a

smallest power among all
w that

satisfies wHalefttheta0right1
n Requires R _Inpractice hatRfrac1ksum_k1KxkxkHi e K data snapshots
5 Note when


