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@ Motivations for Green's functions



Green's function: the motivation

Electrical Engineers are familiar with the concept of a impulse response of a system:
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How do we calculate h(t)?
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Green's function: the motivation

Make the idea of impulse response more general — also called Green’s function
ves) 1 .'jf?/; g.li&
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@® A one-dimensional example



1-D example: string tied at both¢ends

i * sz . . . . dzu(m)
=0 IS l WLt Differential equation is | — %~ = F(z)
\\‘wb’/ : <pl t at .
u(:E) : Shma, d}.si: atement o a!z
F(z): Applied foreer L= 3
¢ = u
Boundary conditions are: M b ends  ue)= o0 $ = F

wiy=o
Green's function defn:
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I} 1-D exampqle: solving with boundary conditions
2] 4 = QU
Let's solve when = # 2/ —> %:0 — AxsB = GO )
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1-D example: final solution

. . . . "~ S(r,1) <«
We have 4 variables, and 3 relations. Final trick? G “r’)

4
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Ihttﬂ"'tt' ‘S G"(I,K') dx = j §cx-x)dn - Is G’ continuous?
£ x-e
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Wrapping it all up: ’
(-t)=  x<t

o

G(z,2') =

P G‘—;—y'”:’
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aﬁa’ 1-D example: alternate representation

We derived a closed form solution, but alternatives possible
G(z, ') has finite energy = square integrable

F e - 507

Write as: G(z,2') = E a (’ 5'“L"T )

Substitute into eqn: G”(x,:c) (5( )/ 4, , m=n

T 2 Slh *‘“ )t‘ll" [ , m#n

v j Sln
How to get a,? Orthogonality? 'I
2z - i
"M, )y L = 5‘"@1‘)
o~ 2 L

3

Finally we get | G(z,2') = — & D2 g sin(25E) sin(25L)
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© Some general properties of Green's functions



Green's functions: general properties

X
(/1) / : > *
——r <z
Keep as template: G(z,2') = (xil) / / ’ '
—r oz >z

Following properties are true of Green's functions in general:
') Homoﬁux,euu chtu e — .Sah‘:\f.'es it .
2) SU mmetvic wovt =,z . ./d-M e
3) Sai'.l'sf'l'u Homogearous boundsy s
4) s onbinuwpus aof X%

!
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O A two-dimensional example



2-D example: the wave equation

Already seen this wave equation: &\ And the corresponding Green's fn defn:
V26(r) + k26(r) = f(r)| O ~ [V2G(r,r') + B2G(r,1") = —3(r,1") | 2
\ u:f(l") ___f
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T
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\\ﬁ* 2- D example: polar coordinates soln st
Our eqn: 1 d(;(,)-.-'ic{G(d«- K" Gu) = B ) 2d? / ~
essel's eqn: x ﬁwﬂc + (22 —a?)y =0

art dr —p
VM, ST ST
m w  Firsk k:'"d Second 5"‘4

) Solns are:~> J,(x) Yo (z)

Ay _ dv dy = kdY
A S Hunkdl -
2 d‘G[w)Jr % k- J Gt*)«* LQee)=2 2) Also: 7V (z) O <~
P P
Ty S D-457
4 G(x dG(eY+ £ G(r)=0 J
General soln: xazbﬁ[’)-r l‘{x (n)* (;)
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a KO« b (2)
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) '/l’/’/"-,:jf <~ 2-D example: boundary conditions

¥
Which form of the solution to take, and why? What have we not considered so far?

~ Ve W
G(r) = CLH(()l)(kT) + bH(()Z)(kT) e But at large r?

— o
S
—

‘wh ywt
H (1) ~ /2 explie - 5) & HP (2) ~ 2 exp(—j(x — 1)) €
v

‘{“"""3 J et ut) outgang =) (x - wt)
The observer OJU sees aui'am’n.& Lrane
3 a=o

0)
Finally, G(r) = b H (k)

=
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2-D example: evaluating constants

ME=o
How do we evaluate b? Recall: M V2G(r) + kQG( ) & =fj —(r) ol
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2-D example: evaluating constants

How do we evaluate b? Recall: [ [V2G(r) + k*G(r)]dS = [ —0(r)dS
€ L|€
Term (C): - - / éﬂﬂ_j/*é
—4jb +
b=
Glr)
Putting it all\toie%y
G(r) =
_J ['2] ~ =
Finally, G(r,r') = o (el F-vl)

J-l
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2-D example: visualizing the wave
Yo(F)

-10

15 4g

y N

[X,Y] = meshgrid(-15:0.25:15,-15:0.25:15);
R = sqrt(X.H”2+Y.‘2); BJ = besselj_(O,R);
surf (X,Y,BJ) o
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@ A three-dimensional example
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3-D example: the wave equation

—jkr

Same (wave) equation: V2G(r) + k*G(r) = —4(r) Set ' =0
— _— S
In spherical polar coordinates, r—depn terms are: V? = | %('*1?;3 )
G A
T
Simplifying for r > 0: VQ«kg=o .
e be
€ G{” = paliiie.cl
= a=0 = Y
Solving: Boundary conditions?
14 r‘d_a)w*ho
L4 [v".m)«k‘vﬁ= o= 2L &
rodr o dy )
Final form: ﬂl (rﬁ‘) +kra=0
dy*

Iky -:Jk?‘ . l e
_ J herical plan
r60) = - e&b b &_jkr /) Srhwu,r
Q—\ G,Lf‘] +* L e

i
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3-D example: evaluating the constant
Integrate both sides: Eksz + K*G(r )) dv —S —6(r) M

L o-d.&'“-f £
v ‘fc
. L _ — ) ; él ;
‘FII’St term: . ‘ch M, Al >ds
T6:V-7& = ,

1 g
Sﬁ‘vvao\v = l§ va.nds
v

A=
: —jler gk 2
= _in\_b[\,ke_ ‘e ]1
¥ T =€
V6 = 26 ¥ — —aTh co
o1 ¢ . c
2 "ka + ey
Second term: | k" be * v ATdy . ka,bx e
' ' L
as E—?0 =0
.-th']_,g-l)',-.l o
‘”T'k R.Cif-r’\
Ve 0
Final expression: G = 1 e
9 =P e
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| &—dkl"‘f"‘
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Reference: Ch 14 of Advanced Engineering Electromagnetics, Balanis




