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Simple numerical integration

Take a function f(z) that has no analytical integral, want: f; f(x)dx |4—

7/%/"

3

0
Rules: Rectangle v Trapezmdal/ .
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Simple Numerical Integration (contd.)

What was the basis of these simple rules? Taylor's theorem:

—

F(@) = f(xo) + (& — 20) f'(w0) + Z=2L (2 — ) + - -

S - % i ;f’.) ffw,,)=f{o)
l+°//° L_f'('x] = f(o) + xf 4 * ' - - "{ 1
[ { 3
— 2 / x .
Now, fo 2)de = hfe) + t]f:' E]f+
S F = hf) + E".fq. _h_-_f"’.‘....
1 = [ ! _ 4) = 0)
Rectangle 1 . fxic_“) + o( W) S0 —i(/%"ﬁg

Trapezoidal

I= hf@ + F(fﬂj{o% oh¥")
2 4 3/ ;
= l_L[fm + M)l +6(k$")

[called Newton-Cotes formulas]
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wmes — idea of ‘quadrature rule’

Extend trapezoidal rule fo % £(0) + ] for f flz
\t\
// J a _ R'I:’L P[x|)+ f(i(,,)+ -
*y % %3 LN 2 + l{(x@]
=3 b Ky N é/ 3 o
foode = 2 Fxi)wy B
'x.-? L=t \—) § edse

.8 g0 dx = Tsm) W
Quadrature rule — a formula in terms of: '

* weights, «— Wz

* function evaluation points <— 2(;

7

v M&!SJ
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= Interpolating a function
o~

Many functions we want to integrate can't be done analytically.
—
e What can be done? Weierstrass Approximation Theorem:
e Fn known at few points — interpolate a ponnomiaI fn: 2, 3, , N &«

If f is a continuous real-valued function on [a,b] and if any € > 0 is given, then
there exists a polynomial p on [a, b] such that |f(x) — p(x)| < € for all = € [a, b].
—_ = _—
Lnl .
'Xo,kni"" Pé'-k Q14,14 % L paraz=ie: MP‘& a&éﬂ- =)
PIXS) = G+, Xt a,x; <«

&\‘ — L) = —’fJ
1&1\«)/3 var L; (3' =0
ti’_l

Lagrange polynomials @ 5 jf(,(b)L(x)
prden N—| L= > v

{fkl-[("_i') = f Ox;)

N nods X, Lo o Xy
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Wiy Integrating this interpolated function

¢ ’9§,r~""“‘5
[ f@ D [ v (o) do -ff.f""“"”‘
> fox )SR: )4
= %) | L) du
S | pr ompted:
- S ¢ D) w «’

Another kind of quadrature rule
Accurate to polynomial order N — 1, needing N points

—_—
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Summary: Clever math gives poly accuracy of order 2N — 1 using N points

Can we do better? Gaussian quadrature

0. We know the inner product of vectors v but functions?

f{x),gll) - (f,s) = S:F-(x]a,[z)clx.
\o’é\,\‘p f (H9) =0 then f.3 maﬁ&nﬁoml,/_\

1. Construct a polynomial py(z) (order N) s.t. ff pn(z)dx =0, k € [0, N —1]
1

Z
w o l,‘n,x1 -9 ftx}-;
) \
v, jf(1]§(ﬂdx = atdx = 2’5\=3
-1 3 3

Gram-Schmldt — Legendre Polynomials

—_—
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e Gaussian quadrature (contd.)

2. Roots of py(z)? R orfﬁbﬁn-ﬂi - m_p! eLS‘f:mof'
p,ow) =©
3. Approximate f(x) to poly order(2N — 1)using pn(z) (Euclidean division)
S fon—1(z) _ %{;ﬁ Y) 4 orde < W
pn(z) Pytx) - '
(I.,

3232224423 - 282+30
e.g. s = (3z 11) + 745043,

= fav1(z) = q(e)Pn(z) +r(r) &

[ S—
T

-1 o-’(q{d r ]
A A
X ¢y
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% | Gaussian quadrature (contd.)

7&’! Vi
4. Now integrate on both sides ofJA on—1(z) = q(x)Py (5 + r(z ) de a
JL,_‘hlalx.

S fmst |
(Y Jf (1),1, — 1(:.)&1 - _i) "I:_

N
3
Xl v
Lagrange polynomials for r x) f

— f uc)z 0 + rlxg)=fexy I

5. 1If the‘N points are chosen as roots of pN x) ?J
7 x
(.

(7 Wax = 2 f@@

2n-r e 5y
X

Called Gauss-Lengedre quadrature rule,
accurate to order 2N — 1.
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Gaussian quadrature (contd.)
s wo )

nft 1)+ H,—,)

o(z) =1, p(z) =71 N2« .
g() ; p}() : )/' ( ,) (u})
Rl (S L R RN (U

Qo,f») .

N
2-pt Gauss-Lengendre quadrature

Exact calculation —>

jffxlsh = k’_‘:_')q =2
-1 4 H .-"'.

=1
3-pt trapezoidal rule = lv[’;_(_"‘)-rﬂ"} ‘\"k‘)]

/ A=\ '*[o:|+23-5 5 x
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Topics that were covered in this module

@ Simple Numerical Integration
@® Interpolating a Function

© Advanced Numerical Integration

Reference: Chapter 4 of Numerical recipes in C+—+ - Brian P. Flannery, Saul Teukolsky,
William H. Press, and William T. Vetterling



