EE5120 Linear Algebra: Tutorial 5, July-Dec 2018, Dr. Uday Khankhoje, EE IIT Madras
Covers Ch 4.1,4.2,5.1,5.2 of GS

1. Find the value of k in each of the following cases so that it satisfies the corresponding

equation.
(a)
3a 3b 3c a b c
det (3p 3q 3r| =kdet|p g r|.
3x 3y 3z Xy z
(b)
2a 2b 2c a b
det |3p+5x 3g+5y 3r+5z| =kdet|p ¢q
7x 7y 7z Xy
(©
ptx q+y r+z a b c
det |a+x b+y c+z| =kdet|p g
X Yy z

a+p b4+gq c+r
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Solution:
(a) Here we have,
3a 3b 3c a b ¢ a b ¢ a b c
det [3p 3q 3r| =3det|3p 3q 3r| =3%det|p gq r|=3%det|p q r
3x 3y 3z 3x 3y 3z 3x 3y 3z z

Hence, value of k in this case is 27.

(b) Adding —3 times the third row to the second row, will not change the determi-

nant. Thus, we get,
2a 2b 2c
=det |3p 39 3r

2a 2b 2c
det (3p+5x 3q+5y 3r+5z
x 7y 7z

7x 7y 7z

Then, by proceeding the same way as part (a), we getk = 2 x 3 x 7 = 42,
(c) Here, we have,

p+x q+y r+z —(p+x) —(g+y) —(r+2z2)
det a+x b+y c+z

a+p b+gq c+r

a+x b+y c+z| =—det

a+p b+q c+r

a b c
= —2det la+x b+y c+z
la+p b+qg c+r
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In the above, the second step is obtaining by adding all second and third rows
to first row. Third step is by subtracting first row from second and third row
elements. And, the last step is got by interchanging rows two and three. Thus,
the value of k, in this case, is 2.

2. Prove each of the following statements.

(a) Two square matrices A and B, of same size, are said to be similar, if there exists an
invertible matrix P of same size as that of A (or B) such that A = PBP~!. Prove that
determinant of A and B are same.

(b) Let M be an n x n matrix with complex-valued entries in it. Matrix M* refers to the
complex conjugate of matrix M, i.e., if [M];; is the (i,j) of matrix M, then (i,j)™

element of the matrix M* equals [M]};. Show that det(M") = (det(M)) .

(c) Determinant of the matrix A + tI, where t # 0, I is an n x n identity matrix and,

0 0 0 .. ag
1

0

I

o |
—_

=)

—_

o O

az |,
0 0 0 .. Ay—1
n—1 .
isequal to t" + ) a;t'.
i=0
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Solution:

(a) We have the following:

det(A) = det(P~'BP) = det(P~!)det(B)detP = det(B)det(P) = det(B).

1
det(P)
Hence, proved.

(b) We prove by mathematical induction. First, let n = 1. Then, matrix M =
[M]1,1 = det(M) = [M]y,1. And, M* = [M]; ; = det(M") = [M];; = (det(M))
Hence, it is true for n = 1. Let us assume that it is true for a (M, M*) pair of ma-
trices of size n — 1 x n — 1. We now have to prove it for the size n x n.

Suppose for a k x k matrix A, let A;; be the sub-matrix of A obtained by consid-
ering all the elements of A in same order, except those elements that are present
along i" row and jth column. Then, by the definition of determinants, we have,

det(A) = i(—l)”i [A]1det(Aq;). (1)

i=1
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From , we can write the following for a general n x n matrix M*:
n ) .
det(M*) =) (=1)"*'[M]; det(M )

(1)) (M) det(MTy,), (=) = ((—1)) ]

I
™=

*

(
- i ((—1)1“) ' (M]3 <det(]\711,i)> ,  [By hypothesis assumed.]

Hence, proved.

(c) We have,

t 0 0 ap t 0 0 a1
-1 t 0 a -1 t 0 an
det| 0 —1 ¢ ap = (f)det | 0 -1 ¢ as
0 0 0 g1+t 0 0 0 g1+t
-1 ¢t 0 0
tap(—1)*rdet | O TH 0
0 0 0 -1
t 0 0 ar i
-1 ¢t 0 as
:(t)[(t)det 0 -1 ¢ 0
0 O 0 anfl_‘_t_
-1 t 0 0
+ay(—1)>"" det 0 —1 ¢ 0
0 0 0 -1

+ ao(_1)1+n(_1)n—l
By expanding the determinants, we finally arrive at,
det(A + tI) = t[ay + t[ay + t[...[ap_1 +t]..]] + ag = t" + ag + ayt + aot® + ... + a,_t" L.

Hence, proved.

(@) LetL : M, x,, — R be a linear transformation, with IM,, ., being the set of all n x n
matrices, defined as L(P) = xIAP — xTP, for any P € M, «,. Here, A is some fixed
n X n symmetric matrix and x is some fixed n x 1 column vector. If it is given that all
invertible n x n matrices from IM,,, map to 07 € R under the transformation L,

Page 3



can you comment about at least one eigenvalue and one eigenvector of matrix A?

(b) Let H = I — 2uu’, where I is n x n identity matrix and u is an 7 x 1 column vector
such that uTu = 1. Can you comment on at least two eigenvalues and corresponding
eigenvectors of H?

(c) Let A = B Ij ,where b # 0,c¢ # 1 and b, c are real numbers. Compute eigenvalues
and eigenvectors of the matrices A and B = [é A] , where O is a 2 x 2 all-zero

matrix.
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Solution:

(a) Given that all invertible matrices map to 0 under L. Let B be an invertible n x n
matrix. Then,

x'AB—x"B=0" = BT (ATX — x) =0. (2)

Since, B is invertible, so is BT. This implies all columns of BT are linearly in-
dependent. Thus, from (2), we obtain, ATx —x =0 = Ax—x = 0 since A is
symmetric. Finally, we get, Ax = x. So, an eigenvalue of matrix A is equal to 1
and corresponding eigenvector is x.

(b) Given: H = I —2uu’ with uTu = 1. Now, multiplying by u on both sides, we
get,

Hu = (I — 2uuT>u

=u—2uu’u=u—-2u(1)

= —u.

Hence, u is an eigenvector of H with corresponding eigenvalue equal to —1.

Now, let v be any vector orthogonal to u. Then,

Hv = (1 - 2uuT>v

=v—2uu’v =v—2u(0)

= V.

Therefore, H has another eigenvalue equal to 1 with eigenvector as the one or-
thogonal to u.

(c) Given A matrix is upper triangular. So, its eigenvalues are simply its diagonal

entries = A4 = 1, c. It can be verified that eigenvectors of A are [1 0], [% 1]7.

B is a block diagonal matrix. In fact, since A is upper triangular, so is B. So,
eigenvalues of B are: 1,1,c,c. Eigenvectors are given by, [1 00 0]7, [00 1 0]7,
1007, 00 2y 117

4. Show that the sum of eigenvalues of a matrix is given by its trace, and that the product of
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5.

eigenvalues is given by its determinant.

Solution:

(a) Let matrix A be of size n x n. We know that det(A — AI) gives us the characteristic
equation of the matrix, which can be written in terms of its eigenvalues as shown

below,
det(A—AI) = (M —A)(Ag—A)ec(Ayy — A)
=(=A)"+(=AN)" YA+ A+ A+t
And
a1 — A a2 - An
a1 azy — A Aon
det(A—Al) = : : :
anl . . ann — )\

= (=A)"+ (=A)""Nan +an+ ..+ am) + ... +c
Equating A" ! terms in the above two simplifications, we get,
M4+ ..+ A, =an +ax+ ...+ ay, = trace(A)
Hence proved.

(b) Let matrix A be of size n x n. We know that det(A — AI) gives us the characteristic
equation of the matrix, which can be written in terms of its eigenvalues as shown
below,

det(A—AI) = (A1 —A)(Aa — A)e(Ayy — A)
Setting A =0
det(A—0I) = (A1 —0)(A2 —0)...(A, = 0)
det(A) = /\1)\2...}\,1

Hence proved.

(i) Given that Ax = Ax, prove the following;:
(a) A?isan eigenvalue of A2,
(b) A~!isan eigenvalue of A71,
(c) A+ 1isan eigenvalue of A + I.
(ii) A 3 x 3 matrix B is known to have eigenvalues 0, 1,2. This information is enough to
find three of these:
(a) the rank of B,
(b) the determinant of BT B,
(c) the eigenvalues of BT B, and
(d) the eigenvalues of (B +I)~1.
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Solution:
(i) Given, A is eigenvalue of A matrix
(@) Ax = Ax = AAx = A(Ax) = AAx = A%x.
(b) Ax=Ax = A" TAx = A71(Ax) = x=AA"Ix = A"Ix= A x.
() Ax=Ax= Ax+x=Ax+x= (A+I)x= (A +1)x

(ii) Given 0, 1,2 as eigenvalues of 3 by 3 matrix B.
(a) rank(B) = 2, i.e, rank is equal to the number of non-zero eigenvalues.
(b) det(BTB) = det(BT)det(B) = det(B)det(B) = (0 x 1 x 2)2 =0.

(c) Eigenvalues of B T are same as eigenvalues of B. But, we can’t find eigenval-
ues of BTB from eigenvalues of B in general unless all eigenvectors of B are
orthogonormal to each other.

) . - 11
(d) Eigenvalues of B + I are 1,2, 3. So, the eigenvalues of (B + I) Larel, 5,3

6. Prove that two n x n matrices are equal if all their eigenvalues and their corresponding
eigenvectors are equal, and the matrices have 7 linearly independent eigenvectors.

Solution: Given: Matrices A and B have same eigenvalues and corresponding eigen-
vectors. Let A; and v; be the i’ eigenvalue and corresponding eigenvector for i €
1,2,..,n.

Av;,=Bv;=Awv;, Yiel2,..,n
=(A—-B)v;=0, Viel?2,..,n
=(A—B)[vivy..vy] =0,

where O is an n x n all-zero matrix. Because the eigenvectors span R" and all rows of
(A — B) are orthogonal to IR", the only possibility for the last equation (in the above)
to hold true will be when all the rows of (A — B) are zero vectors. Thus, we have,

A-B=0= A=B. Hence, proved.

7. The powers AF of this matrix A approaches a limit as k — o :

(8 3 » [70 45 o [6 6
A= [.2 .7]' AT = [.30 .55}’ and AT = [.4 .4]

The matrix A? is halfway between A and A%®. Explain why A% = (A + A%) from the
eigenvalues and eigenvectors of these three matrices. [0 oy oey A 381 “JUIE]

Solution: Eigenvalues of A : 1,0.5.
(If A is eigenvalue of A, then A" is eigenvalue of A")
= Eigenvalues of A2 : 1,0.25 and Eigenvalues of A® : 1,0.
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We know eigenvectors are same for A, A%, A°. Same for %(A + A®). It can be seen
that eigenvalues of 3(A + A%) equals 1[(1,0.5) + (1,0)] = (1,0.25), which is equal to
eigenvalues of A%. Because eigenvalues and eigenvectors of A2, 1(A + A®) are equal.
= A2 =1(A+ A™).

8. Consider a matrix A of size n x n. If A has (n; + 1) distinct eigen values and one of them
is repeated 1, number of times, satisfying n; + n, = n, then derive a condition that can
ensure the diagonalizability of A.
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Solution: Let A be the eigen value that is repeated for 7, number of times. For A to be
diagonalizable, it should have 7 linearly independent eigen vectors. The set of eigen
vectors correspondng to 17 distict eigen values will be independent. The eigen vectors
correponding to repeated eigen value are also need to be independent. The nullspace
of the 7 x n matrix A — AI are the eigen vectors  corresponding to the eigen value A.
Hence it’s dimension should be 1. Rank of A — AT being (n — ny) will ensure this.

9. An n x n matrix M is said to be ‘"Markov matrix’ if all it’s entries are non-negative and the
sum of the entries of each column is 1. If {A;} are the eigen values of M and M is a real
matrix, prove the followings

(@) A1 = 1isalways an eigen value of M.
(b) |Ai] <1 Vie{l,...n}.
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Solution:

(a) A = [a;] wherea;; > 0and Y/ a;; =1 Vj
Consider the matrix [AT —I]and n x 1vectorx =1 1 ... 1] " Their product
yields

y=[AT —I]x = ATx — x
n

:>y]':z{1,'j—1:0 V]
i=1

[AT — 11] has non-trivial nullspace, hence singular. Therefore, 1 is an eigen value
of AT. A and AT have same eigen values. So, 1 is an eigen value of A.

(b) A and AT have same eigen values. Let A and v be the eigen value and the corre-
sponding eigen vector of AT. Let v be the entry of v that has maximum absolute
value,
ie., |vx] = max(|v1], |v2],...,|von]) > 0 (equal to 0 will imply v itself is zero).
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We have ATv = Av. Considering it’s k" row,

AUk = a1p01 + a0 + - -+ AUy
[Al|ok| = |awor + agvz + - - + apkon|
< ay|v1] +agk|va| + - - +au|vn|  (Triangle inequality and a;; > 0)

< ari|ve] + ai|vie| + - -+ - 4 au|ve
n

= [vi| ) aix
i=1

= ||
= [A| <1

Hence absolute value of all the eigen values of AT therefore A, will be less than
or equal to 1.

10. If p(A) =TT (A — A;) is the characteristic polynomial of a matrix A with distinct eigen
values, then find the characteristic polynomial of the matrix A" — kI, where I is the identity
matrix of appropriate dimension and k,n € R.

Solution: Let A be the diagonal matrix with eigen values of A in it’s diagonal posi-
tions. Then there exists a matrix B such that A = BAB~!. Further, A" = (BAB~!)" =
BA"B~L.
The characteristic polynomial of (A" — kI) is given by
p(A) = det((A" — kI) — AI)) = det(BA"B™! — (k+ A)I)
= det(BA"B™! — (k+A)BB™1)
= det(B(A" — (k+A)I)B™1)
= det(B)det(A" — (k+ A)I)det(B™1)
=det(A" — (k+A)I)

ﬁ(/\ (k+2))

=1

-

11. Describe how you might try to build a solution of a difference equation x;,1 = Axy,
(k =0,1,2,...), if you were given the initial xg and this vector did not happen to be an
eigenvector of A. Assume A is an p X p matrix with all its p eigenvectors being linearly
independent.

Solution: Let the eigenvectors of A be, vy, ..., v, with eigenvalues Ay, ..., A,. Since the
eigenvectors are all independent and can span the R” space, the initial solution vector
Xo can be written as, Xo = ¢1v1 + ... + ¢pVp, i.e., as linear combination of the eigenvector.
Then, we have the following:

x1 = Axg = ciAvq + ... + Cp/\pr.
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By this way, we obtain,
Xpy1 = cl/\’{“vl + ...+ cp/\l;ﬂvp.

In short, if A = SDS~! is the eigenvalue decomposition, then, x;1; = Aty =
SDk'HS_lXO.

12. Consider a linear operator T, T : V — V), where V is a vector space and let £, =
{x|T(x) = Ax} (called the eigen space of A). Prove that &, is a subspace of V.

Solution: We have to prove,

1) Zero vector is in £,, which clearly holds true by definition of the set £,.
2)Ifu € &), then ku € &, for any scalar k.

3)Ifu,ve &, thenu+vec,.

Proceeding with the proof, we have,

i)ue & = T(u) = Au. Then, T(ku) =kT(u) = k(Au) = A(ku).

So, ku € &,.

ii) Letu,v € &,. Then,

T(u+v)=T(u)+T(v) =Au+Av=A(u+ov),sou+v € &,. Hence, proved.

13. An elastic object in the xy plane with a circular boundary x? +y? = 1 is stretched so that a
point P(x3,y1) goes over into the point Q(xy, y2) given by

5 3| |x
=13 3/ b}
Find the principal directions, that is the directions of the position vector d; of P for which

the direction of the position vector dy of Q is the same or exactly opposite. What shape
does the boundary circle take under the deformation?

Solution: Consider,

Eigenvalues of A are A = 8 and 2.
Eigen vector for A1 = 8 is

and for A, = 21s,

These vectors make 45° and 135° angles with positive x direction. They give the prin-
cipal directions. The eigen values show that in the principal directions, the object is
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stretched by factors 8 and 2, respectively as shown in fig 1.

To find the shape of deformation, choose the principal axes are the axes of new carte-
sian (uy, up) coordinate system. Where 1 is the semi-axis in the first quadrant and u,
is the semi-axis in the second quadrant of the xy plane. Then, define
uy = rcos(¢)
uy = rsin(¢)
i.e., cos(¢) and sin(¢) are the coordinates of circular boundary (unstretched object).
After stretching, we get,
z1 =8cos(¢)
2y =2sin(¢)

2 2
and, cos?(¢) +sin®(¢p) =1= g+ % =

55 = 1. So the deformed object is an ellipse.

14. Let
2 2
=3
(a) Find all eigenvalues and corresponding eigenvectors.
(b) Find a nonsingular matrix P such that D = P~' AP is diagonal, and P~1.
(c) Find A% and f(A), where f(t) = t* —3t> — 61> + 7t + 3.

(d) Find a real cube root of B, that is, a matrix B such that B> = A and B has real eigen-
values. Assume B is diagonalizable.

Solution: (a) Eigenvalues are A = 1 and 4. Eigenvector belongingto A = 1isv; =
(2,—1), and Eigenvector belonging to A = 4is v, = (1,1).
(b) Let P is the matrix whose columns are v; and v,. Then

2 1

P= 5]
_p1ap_ |1 0
D=P AP—|:0 4

(c) Using the diagonal factorization A = PDP~!, and 1° = 1 and 4° = 4096, we get
& & g

6 pmép-1_ |2 1111 0 1/3 —1/3| _ [1366 2230
A" =PD7P _[—1 1] [0 40%6| [1/3 2/3 | |1365 2731

£(1) =2and f(4) = —1. So,
s =eroe =20 Y113 24 =1 4

(d)

1 0
1/3 _
P7=1o 41/3}
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Hence the real cube root of A is

2 111 o
_ 1/3p—-1 _
B=PD'/?P _L4 Jk R

1/3 —-1/3
1/3 2/3

] ~ (1/3) [

2+41/3
-1 +41/3

—2 +2(41/3)
1-+2(4173)
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