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Abstract — We describe an algorithm for sparse
channel estimation in orthogonal frequency division
multiplexing (OFDM) systems. The proposed algo-
rithm uses Least Squares (LS} technique for channel
estimation and a Generalized Akaike Information
Criterion to estimate the channel length and tap
positions. This effectively reduces the signal space
of the LS estimator, and hence improves the estima-
tion performance as demonstrated using computer
simulations. For example, the proposed modified
LS with sparse channel estimation algorithm has a
5dB lower mean square error in channel estimation
when compared to the conventional LS approach [2]
which translates to approximately 0.5dB improve-
ment in SNR at receiver.

I. INTRODUCTION

OFDM has received considerable interest in the last few
vears for its advantages in high bit rate transmissions over
frequency selective fading channels. In OFDM systems,
the high-rate data stream is divided intc many low-rate
streams that are transmitted in parallel, thereby increas-
ing the symbol duration and reducing the inter-symbol in-
terference {ISI). The ISI can be completely eliminated by
introducing guard interval (Cyclic Prefix-CP) between ad-
jacent OFDM symbols, given that the cyclic prefix length
is greater than the length of channel impulse response. The
cyclically extended guard interval also converts linear con-
volution of signal and channel into circular convolution.
As a result, a traditional complex Thne-domain EQualizer
(TEQ) can be replaced by a simple single tap Frequency-
domain EQualizer (FEQ).

The channel estimation method based on a parametric
channel model is proposed in [3] which uses Minimum
Description Length (MDL) to estimate the channel order
and ESPRIT (Estimation of Signal Parameters via Ro-
tational Imvariance Technique) to acquire mutipath time
delays. Most Significant Taps (MST) approach is used
in [4] to estimate the channel order. Recently, a delay
subspace tracking algorithm applicable for OFDM has
been proposed in [5], which cam potentially also exploit
sparse multipath. In this paper, we propose an algorithm
to estimate sparse channels using the Generalized Akaike
Information Criterion (GAIC). This modified LS with
Sparse Channel Estimation (mLS3-SCE) algorithm yields a
significant improvement in normalized mean squared error
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in channel estimation.

In this paper, bold faces denotes vectors or matrices; ()T
denotes transposition; (.}7 denotes hermitian transposition
and Iy is the N x N identity matrix.

1I. OFDM SysTEM MODEL

The OFDM system is modeled employing the following as-
sumptions:
1. Accurate timing and {requency synchronization are per-
fect at the receiver.
2. The channel impulse response length (L) is smaller than
the cyclic prefix length Lo of the OFDM symbol.

The channel consists of L multi-path components and
has the form

-1
h(k) =3 amblk —m) (1)
m=0
where am is a zero-mean complex Gaussian variable with
Eleiaj] = 0 for i # 3, and Efjom/*] = e 7™ where
B = 4/L., for the exponential delay profile, and § = 0
for the uniform delay profile. In the above model, path de-
lays are sample spaced. For non-sample spaced multipath
channels, the GAIC based parameter pruning may not be
useful. However, with oversampled OFDM systems, sam-
ple spaced channel models which are sparse may still be
realized and the proposed estimator can be useful for such
channels too.

The bits to be transmitted are first mapped onto con-
stellation points X;. The X; are modulated in blocks of N,
using a N point IDFT. The last L., samples of the IDFT
output are appended as cyclic prefix to form one OFDM
symbal of N + Lop samples. In the frequency domain we
can write the measurement vector as

R=XH+n 2)

where, R = [Rl,Rg,.....,RN}T is the received symbol
retaining only the appropriate N samples per QFDM
svmbol, X is a diagonal matrix of transmitted symbols j.e.,
X = diag[Xy, X2,...,Xn~] and H is the N point DFT of
the channel impulse response h. The zero mean complex
CGaussian vector n has an auto correlation matrix oZIx,
i.e., n ~ N(0,021Ix) where o2 is the noise variance,
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I1l. CHANNEL ESTIMATION

In OFDM systems, channel estimation is done by sending
known data on all N subcarriers. We can write equation
(2) initially as
R=XFh+n {3)
where F is the N x N DFT matrix and X is known at the
receiver, The LS estimator for impulse response h is then
given by
b, =F'X 'R {4)
The modified LS [2] exploits the correlation in frequency
domain using the fact that channel length cannot exceed
cyelic prefix length, and gives
Bt = (FIXYXF) ' FEXPR (5)
where Fy is a DFT matrix retaining only the first L.y
columns, namely

[Filpq = &9/

sz,l,..,N—l, qzorls":LCP_l'

(6}

If alphabets X; are chosen from an M-ary PSK constella-
tion, then modified LS is same as truncating the LS channel
estimates (4) to Lep. This is not true if alphabets X; are
chosen from an M-ary QAM constellation. The channel
estimation algorithm proposed in [6] is equivalent to the
modified LS method.

With the linear, Gaussian measurement mode! in (3) all
unbiased estimators lead to the Best Linear Unbiased Es-
timator [1] given by (5). The performance of the channel
estimator can be improved by using Bayesian estimators,
but this requires prior knowledge of the channet.

If the channel is known to be sparse, then the knowledge
of channel length and position of channel taps will help in
improving the performance of the modified LS estimator.
In this paper, we have used the GAIC criterion to estimate
the length of the channel. By successively canceling the
estimated taps in time domain, we can also estimate the
tap positions. This is discussed in the next section.

IJV. SpARSE CHANNEL ESTIMATION

A channel is said to be sparse if number of multipath com-
ponents is smaller than channel length, i.e., some of the tap
gains in (1) are zero. GAIC has been a popular statistical
criterion for model structure selection in system jdentifica-
tion. The GAIC cost function has the form {7)
GAIC(L) = Vi + rIn{ln(WN))(L + 1} (7
where the first term reflects the modeling error and the
second term is the penalty function. Here - is a parameter
which the user can choose, and we have chosen v = 2 for
our simulations.
For the system model in {3), the expression for Vi is given
by

N, .
Vi = 0} in("ﬁ,[)

(&)
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where, c”r,r‘;' 1 is the estimate of the noise variance for channel
length L and is given by

~2

1 . .
&2, N(R — XFhynis V(R — XFhmez)

H

T oA R . N
~ (ts = Bt 1) "FFXTXF(hiy — Bnisz)  (9)

where fmu,;_ is the modified LS estimate (5) of the chan-
nel h assuming channel length L and padded with (VN — L}
ZEros.

The GAIC estimate of true channel length is obtained by
minimizing (7) with respect to L.

The following steps constitute the GAIC test,

Step 1. Initially set the limit P = L.,

Step 2. Caleulate the cost function GAIC(L) for L =
1,2,...P

Step 3. The GAIC estimate of L is then obtained as

L=arg min{GAIC(L)}. (10)
If the channel is sparse {which is usually the case in
practice), then the channel length estimation alone will
not fully exploit the sparsity. The sparsity can only be
exploited if we know the tap positions. The procedure for
estimating tap position is now given.

Step 4. Remove the effect of estimated tap by setting
hie (L) = 0, Hyy = Fhye and redefine R = XH,

Step 5. Repeat steps 1-3 with P = L — 1 to estimate next
significant tap position

Step 6. If L = 1 go to Step 4.

The values of { L} give the position of channel taps. With
these estimated tap pesitions, the improved channel esti-
mates are obtained as

hus = (FEXFXF,) 'PEXAR (11)
where F2 is the modified DFT matrix retaining only
those columns corresponding to estimated channel tap po-
sitions. In other words, the (p.¢)** element of Fy is given by

[Folp.q = e 7277/ {12)
p=0,1,.,N—1, ¢€{0,1,.,Lep — 1},

where g reflects the estimated channel tap positions in the
range 0 to Lep — 1.

V. APPLICATION TO SPECTRAL SHAPING SYSTEMS

In spectral shaping systems, the DC subcarrier and some
subcarriers at the edges of the spectrum are not used. IEEE
802.11a WLAN [9] standard is an example where the 11
subcarriers at the edges of the spectrum act as guard band.

In [8], an algorithin for channel estimation using GAIC is
given. This uses only channel length information, but does
not exploit sparsity. It is possible to have channel impulse
response egual to the CP length, and yet the number of
significant (non-zero) taps is much less. In such situations
channel length estimation alone is not useful, and exploiting



the sparsity of the channel taps can give significant advan-
tage.
Counsidering only useful M < N subcarriers in (3) we have

R =XFh+n' (13)

where n’ ~ N(0,0215).
The LS estimator of the frequency response is given by

H), =X 'R’ (14)

The modified LS estimator Hon . is given by

Hoo = Fu(FIXIXFYIFIXYR (19).

where F' is the DFT whose rows corresponding to zero
subcarriers are removed, and only the first L columns
are retained. In other words, the {p, ¢)'" element of ¥’ is
given by

[Fpq = e 327pa/N (16)
p=1,.,r8.,N-1 ¢=0,1,., L —1.

{where we have assumed that the number of subcarriers in
the guard band is (s — )}
The modeling error in this case is given by

V= % In(52 ;) (17)

a 1 S ' Fas y!
O'ﬁ:L = H(HSS - H"mls,L}HX'HX (HES - Hmls,L) (18)

H/,, . is the modified LS estimate (considering only the
useful subcarriers) for channel length L. The procedure
for sparse channel estimation is same as explained in the
previous section. Here the effect of estimated tap is removed
in the frequency domain. After estimating the positions of
channel taps {L}, the improved channel estimates are given
by

Hy, = F(FTXPXF) ' FYXR (19)
where F'; is the DFT whose rows corresponding to zero
subcarriers are removed and only those columns corre-
sponding to estimated channel tap positions are retained,
ie.,

Flpe = gmIBmRaAIN ) (20)
p=1,..,ns N — 1, g€ {0' ":LCP - 1}'

VI. SIMULATION AND RESULTS

An OFDM systems was simulated using N = 84 useful
subcarriers with cyclic prefix of L., = 16 samples. The
preamble data is taken from a 16-QAM constellation. A
spectral shaped OFDM system similar to IEEE 802.11a [9]
was also simulated with N = 64, M =52, L, = 16,7 = 26
and s = 38.

The channel estimation algorithms are compared for the
following channe! models

NMSE (dB)

—h— mLS (6 tap channal)
—4— mL3 + SCE (6 tap channsl)

1
_4512
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Fig. 1. NMSE comparison for exponential power
delay profile
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Fig. 2. NMSE for exponential power delay profile
with 3 significant taps (802.11a)

1. 6-tap sparse channel with L = 14 for a system with 64
useful subcarriers

2. 3-tap sparse channel with L = 14 for a system with 64
useful subcarriers

3. 3-tap sparse channel with L = & for an 802.11a system.
The location of taps between first and Jast tap was random-
ized. The performance is averaged over the independent,
quasi-static channel realizations. Channel estimation was
done using both modified [.S (mLS) and moedified LS with
sparse channel estimation (mLS-SCE) techniques. Their
performances were compared in terms of Normalized Mean
Square Error (NMSE) defined by

E [Z ECR fi[k]r]
NMSE = k -
E [Z 1H1k11“’]
k&
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{for spectral shaped systems only errors in useful subcarrier
locations are considered). The NMSE plots are as shown

10" —— —r—
- mLs
2] -+ mLS + 5CE
| —=—_ideal channe! knowledge
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Fig. 3. BER comparison for 802.11a with 3 significant
taps (exponential power delay profile)

in Figure 1 (for 64 useful subcarriers system) and 2 (for
spectral shaped system). It can be seen that as the number
of significant taps decreases, the mLS-SCE performs better
than mLS since the number of parameters to be estimated
is small.

The raw bit error rate (BER) plot for 16 QAM data
is shown in Figure 3 (for spectral shaped system}. This
reveals an improvement of 0.5 dB in SNR at BER of 1073
with mLS-SCE when compared to mLS.

VII. CONCLUSIONS

In this paper, we have presented an improved channel es-
timator for sparse channels. The proposed mLS-SCE al-
gorithm uses a combination of GAIC and successive tap
cancellation in time domain to estimate the tap positions.
This ¢an also be applied to track the channel length and tap
positions of slowly time varying channels when used along
with pilot data.

REFERENCES

1] 5. M. Kay, Fundamentals of Statistical Signal Processing,
Vol. I - Estimation Theory, Prentice Hall, 1993.

J. -J. van de Beek, O. Edfors, M. Sandell, 5. K. Wilson
and P. O. Borjesson, “On channel estimation in OFDM sys-
tems,” in Proceedings of IEEE Vehicular Tehnol. Conference
(VTC95}), vol. 2, pp. 815-819, Chicago, USA, July 1995.

B. Yang, K. Letaif, R, S. Cheng and Z. Cao, “Channel es-
timation for OFDM transmission in muitipath fading chan-
nels based on parametric channe! modeling”, in JEEFE Trans.
Comm., Vol. 49, no. 3, pp. 467-47%, March 2001.

(2]

(3]

H. Minn, V. K. Bhargava, “An investigation intc time-
domain approach for OFDM channe! estimation”, IEEE
Trans. on Broadcasting, Vol.46, no. 4, pp. 240-2:48, December
2000.

109

[5] O. Simeone, Y. Bar-Ness and U. Spagnolini, “Pilot-based
channel estimation for OFDM systems by tracking the delay-
subspace”, IEEE Trans. on Wireless Comm., Vol. 3, no. 1,
pp. 315-325, January 2004.

H. Zamiri-Jafarian, M. J. Omidi, and 8. Pasupathy, “Im-
proved channel estimation using noise reduction for GFDM
systems,” in VTC 2003-Spring, Vol. 2, pp. 1308-1312, April
2003.

H. Li, D. Liu, J. Li, and P. Stoica, “Channel order and RMS
delay spread estimation with application to AC power line
communications,” in Ddgital Signal Processing: A Review
Journel, vol. 13, no. 2, pp. 284-300, April 2003.

E. G, Larsson, G, Liu, J. Li and G. B, Giannakis, “An al-
gorithm for joint symbel timing and channel estimation for
OFDM systems,” in Proceedings of the 1ith IEEE Signal
Processing Workshop on Statistical Signal Processing, pp.
393-396 Aug. 2001.

Wireless LAN Medium Access Control (MAC) and Physical
Layer (PHY) specifications: High-speed physical layer in the
5 (GHz band, based on IEEE Standard 802.11, 1999 Edition.

.

[6]

[

(8

[





