The Wave Equation: Initial Value Example
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We start with the wave equation in 3 dimensions:
0 (D : E) ~ 0% = — Ak
which has the solution
£ = [[[ [Akele ) 1 BRpel o k)] g
Suppose we are given thattat 0,

= 2sin(koz) R+ 3coskyy) 2
= cos(kyy)X—sin(kox)y
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How do we find the fields at later time? At 0 we have
E— / / / [Ael(F7) 1 BR)el (1] d
and we have from Faraday'’s law that
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where the minus sign comes from the time derivitive. We can also write this as

nfi = [[[ [kx Ae () kBl (F0)] ok
If AandB had constant directions, clearly, we can write from Eq. 1
E(F,t) = f(k-F—ket) +g(k-F + ket)

Then, the magnetic field is given by

Ar.t) = % [ (-7~ ket) ~ kx gk-r-+ ket



where we have ignored the cross terms qssuming them to have zero mean. For a uni-
form medium, the fields are perpendiculaki@nd the result is
FX (RX ]?) = €ij|)25 fj (Elmnkmfn)
= (6im6jn - 6in6jm) i fjkmfn
- K- F(F-R’)
= K[f[?
So, R
= o k 2 2
ExH = (I~ lof)

as expected. The net flux of power alol_hgs the difference in the power flux in the
forward going wave and the backward going wave.

Now consider the initial conditions. There are only thkealues present, namely
koZ, k1Y andkoX. The directions are got from the multiplying coordinate, since it has
to come out ok-F. Since the equation is linear, we can break the problem into three
problems, one in eadhvalue.

ko

kiy: E = 3cogkiy)2 nH = cos(kyy) % (The directions of andH are consistent with
each other)

N>

E = 2sin(ko2) %, H = 0 (H must be along % X = ¥)

ko%: E =0,nH = —sin(kox)y (E must be along, so thatxx 2= —Y)
We now solve these problems in turn.

1. Forkoz SinceH is zero at = 0, we requireA— B =0, i.e.,A(kg) = B(ko) and
A(—ko) = B(—ko). By inspection we can write

E(r,t) = (sin(koz— wt) 4 sin(koz+ wt)) X
Then, the magnetic field is given by
NH(F,t) = (sin(koz— wt) — sin(koz+ wt))y

2. For kaX nH = —sin(kxx)y. E must be along,"and is zero at = 0. Hence,
A(ky) = —B(ko). Again, by inspection, we can write

N <

NH(F,t) = (—sin(kax — ) — sin(kox+ wt))

with
E(F,t) = (sin(kox— wt) — sin(koX+ wt))
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where | have usedx —y = X to obtain the direction of.

3. Forkyy: We havezx X =, so the directions o andH are consistent with each
other. Att =0,

= 3cogkiy)z
cos(kyy) X
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Thus, atkq,

A+B = 3
A-B =1

which yieldsA(k;) = 2,B(k;) = 1. Thus
t) = [2cogkyy— wt)+cos(kyy+ wt)]2
(r,t) = [2cogkiy— wt) —cos(kiy+ wt)]X

. Suppose that in part 8} (F,0) = cogkiy)z. What then? If the wave is to prop-
agate along, the E; requires aHy and aH; requires a—Ey. Thus the solution
then have been

E(Ft) = g [cogkyy — wt) 4 cogkyy + wt)] 2

_% [cogkiy — wt) — cogkyy+ wt)] X

nH(F,t) = = [cogkyy— wt)—cogkyy+ wt)]K
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+5 [cogkyy — wi) 4 cogkyy + wt)] 2
Thus the missing components of the fields would have appeared one
. Suppose that in part 8| (F,0) = sin(kyy)%. Then, we would have had

f(2)+9(2) = 3cosky)
f@-9 = sin(ky)

Clearly the solution is

3 1.
i = cos(kay)+sin(kay)
3 1.
9(2) = 5cos(ky) -5 sin(ky)
ie.,
~ 3 5
E(rt) = E[cos(kly—wt)+cos(k1y+ux)]z

+% Isin(key — ) — sin(kay+ )] 2

[cos(kiy — wt) — cos(kyy + wit)] X
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+5 [sin(kyy — wt) +sin(kyy + wt)] X



