First Test (25 Marks) Apr 11, 2006
Dept. of Electrical Engineering, IIT Madras
EC301 - Electromagnetic Fields

>> Derive your results.
o> Draw diagrams wherever it makes sense.

> If you cannot evaluate some integral and get closed form answers, that does not matter.
But | do want to see clear formulae.

1. A certain kind of electron beam of circular cross-section contains a current density of

A

= jwos(%) 2

netic force on the electrons.

i. jis alongzand depends onr. HenceA is also alongZ. Thus, sinceA depends
only onr, Bis along®. ...1 mark

ii. Using Stokes Law,
r T[r/
2By = 2Ttuo/ jocos<> r'dr’ 1 mark
0 2a

- i ron(D)+ 2 (1o 1)

Thus,

By = ZMT)[:'oa {r sin(%) + %a (1—cos(;;>>] 1 mark

= jof(r)  for convenience

iii. The force on the electrons is given by

-

JxB = —FjBg

_ —Zuf[ioaf [rsin(g) + 2%" (1_ cos(;‘;))} cos(%)

= Wojég(r)(—F)  for convenience

...2 marks (1 mark for direction of —f).

(b) Determine the spatial density profile of electrons,n(r,6,z), that ............. [5]
would be consistent with this profile. What velocity profile do the
electrons need to be consistent with the current density itself?

i. The Electric Field balances thej x B force. So

—neE = Wwj3g(r)f 1 mark



)
E=- n(or)e

The divergence of this field givep /o = —en/ego. So

02
n = uosojoar{rg(r)} 1 mark

1 mark

e er n(r)
° e
N = 2 [t - S o)
)

Note that g(r) is the dimension ofr, while j5/e*c? has the dimension ofn?. So
this equation is dimensionally correct. This is a nonlinear equation and has to
be solved to gen. The velocity required is then given by

Jlz= —€ny

2. Current flows into a square junction and flows out through two leads as shown in the
figure below. The problem is to compute the current in resistorR;.
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You may assume that the voltage at each lead is uniform over that lead. i.ep(0,y) = Vo,
@(x,Ly) =Vofor 0 < x<aand ¢(x,Ly) =Va for a < x < L.

(a) Solve Laplace’s Equation in the junction and obtain the potential ............ [8]

as a function ofVy, V, and Vs. . o
The boundary conditions for potential are voltage specifications along the left and

top walls and zero current specifications on the bottom and right walls. (1 mark)



(b)

We solve for the left wall first (top wall grounded):

cosh(k(Lx —Xx))

@ (XYy) = cosTkL, cos(ky) 2 marks

The potential has to go to zero on the top wall, which requires

KLy = (n+1/2)1t 1 mark

Ko — (n+Ll/2)n
y

So
2 cosh(kn(Lx — X))

"= Z) cosh(knLx)

On the left wall we have

cos(kyy) 1 mark

00

Vo = %cn cos(kay)

n=
Solving we obtain (since we have a guarantee that the differemibsterms are orthog-

onal

C —ny ( y) y llllal’k
n

Similarly for the top wall, we obtain

2, coshly(Ly—y))
@ = Z} coshinLy) cos(lnx) 1 mark

wherel, = (n+1/2)1/Ly and have

Vs [§cos(Inx) dx+ V3 [7* cos(Inx) dx
Jo coZ (Inx) dx

dnh = 1 mark

Determine the currentsly, I, and I3 that result from your solution. ............ [4}
The currents are got from the Electric Field, i.e, the currentl; is given by

l, = jyd
2 OJyy

Similarly 13 is given by

A Oy (@1 + @)



()

Note that all three currents are linear combinations ofVq, Vo and Vs. Further, from
the divergence theorem for current,

l1+12+13=0

From the uniqueness theorem we have that the solution fo¥; =V, = V3 =V is
®(Xx,y) = Vo everywhere. This corresponds to a solution with no current, as there
are no gradients. The given problem can be split into two partsggy and ¢, where @
is the function above, whileg, satisfies zero potential on the left wall and/ — Vi and
V3 —Vj on the top wall. The solution become®(x,y) = @(X,y) + ®(X,y). Only the dj
coefficients (defined in part 2a above) contribute to the current and we can write

a
l, = —0/0 Oy (o + @)

l sinh(lnLy) /a
= -0 Ihdi————2% | cos(lyx)dx
n; ""cosh(lnLy) Jo (I

00 a
= —0 9 lydhtanh(l L /coslxdx
n;nn (n y)o (ﬂ)

where thed, are given in the previous part as

(V2 — V1) [2cos(Inx) dx+ (Vz — V1) [* cos(Inx) dx
Jo*coZ (Inx) dx

dn:

Thus,
I, =a (Vz—Vl)—i-B(Vg—Vl)

where a and 3 can be read off the expression foll,. Similarly for I3. The general
solution therefore becomes

<G11 G12><V2—V1):<|2>
G G2 V3 -V I3
The Gj; coefficients can be read off from the current expression, and have the form

0

a a

G = Z/\n/ cos(lnx)dx/ cos(Inx) dx

& o 0
L

Gy, = Z)/\n/ cos(Inx dx/ xcos(lnx)dx
a
Lx

G12=Gyp1 = ZOAn/ cos(lnx)dx/ cos(Ipx) dx
e 0 a

where .
A= —Glntanh(InLy)// cos(Inx) dx
0

andl, = (n+ 1/2)11/LX. Gij is symmetric as required by reciprocity.

Obtain I, by solving the circuit problem. ... [3]
This is just simple circuit theory, now that we have the admittance matrix.



