Laplace’s Equation: Example
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The Problem

V =V,psinB

A cylinder is partially filled with a dielectrie€; with the rest of the volume being
air. A voltage of\ysin® is applied at the wallr(= b). The problem is to find the
potential within the cylinder.

Laplace’s Equation in cylindrical coordinates is

1 1
Far (rar(p) + ﬁag(p: 0 (1)

You are expected to know this stuff. If you don’t read Appendix 2 of the textbook,
where the vector operators are “derived” in generalised coordinates.
We try the separation of variables approach and guess

o(r,8) = F(r)G(6)
Equation 1 now becomes
%maam+%%ezo
Multiplying by r?/FG, we get
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Since the first term depends only orand the second only of, we can set them
separately equal to a constant. To short circuit the next part, we can see that the system



is periodic inB, which means thab must be trigonometric in nature. ThaReriodicity
implies

905G +n’G

r20°F +ro,F —n’F = 0
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Solutions are of the form
G = Acosnb + Bsinn@

and
F=Cr®+DrP

Herea andp must satisfy the characteristic equation
al@—1)+a-n’=0
Clearlya = nandp3 = —n. So
F=Cr"+Dr "

and forn= 0, we get
F =C+Dlnr

In the region O< r < a, ther " term is not acceptible and we get
2 /r\n .
9(r,8) =Co+ 3 (%) [Cacosd+ Dysing]
n=1 a
In the regiona < r < b, both radial terms are acceptible. We then get
i ryn ry-n .
@(r,0) = EoJrnZl [En (5) +Fn (5) } [HhcosB + G, Sin6]

One great simplification that we get is that the boundary potential has been given as
Vo sinB. Orthogonality means that onf{y; = Vj is non-zero and all the oth& andH
coefficients are zero.

@(1,0) = (El(%> +F1($))vosine )

The boundary condition ait= b requires

b a
B <a) +R(p) =1
At r = a', the potential becomes
cpz(a+, G) =Vp(E1+F1)sin®

Let us see what happensrat a. First, the potential must be continuous, since the field
is bounded. This means that

Vo (E1+Fp)sin®=Cp+ z [CncosnB + Dy, cosné)
n=1



But these are orthogonal functions and it is obvious that énlys non-zero and it is
given byVy (E1 +F1). Thus,

o(r,0) = Vo (Ex + F1) (%) sind 3)

We are almost there. We need one more equation to pin dowand F;. Let us
consider the displacement vector Consider a cylinder radiud and heightd such
that ther = a surface cuts the cylinder.
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r=a
surface

Now we send\ to zero, while keeping < A. Applying divergence theorem to this
“pill box”, we obtain

Dr(a",0) =D((a",0) for all ©

ie.,
*soar(pz(rv 6)|r=a: *slarq)l(rve”r:a
Using Eq. 3 and Eq. 2 in this equation we obtain

Ei1 R . Ei+F .
_ — 2 \Vhsinf= — Vo sin®
80( a a) oSIN 81( a ) oSIN

g (E1—F) =¢e1(E1+F)
Thus we have the following system of equations

(7 W) (R)-(ale)
The solution is

(5 )= waan( = we ) (e ) maan( m/at)

So we finally obtain the potential in the cylinder:

ie.,

b €1/€ .
o0 { Vo(2+8) gl (D)sine,  r<a @
’ 1+ag; /be b -1 ;
VO( b/?fé/boé+ E}fg/b ?) sing r>a

Let us graph the field lines fan /e = 2.25 (glass-air interface) wita = 0.5b.
(* 3)=

epsl=2.25;

a=0.5;

N=100; // set to even number to avoid atan singularties.
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We work with a cartesian grid and set all points with r>1 to a potential of 1 \olt.

(* 3)+=
x=linspace (-1,1,N);
y=linspace(-1,1,N)’;
phi=ones (N, 1) *x."2+y."2*ones (1,N);
r=sqrt (phi);
theta=atan(y*ones(1,N),ones (N, 1) *x);
phi (find(phi>1))=1;
indx1=find(phi<a”2);
indx2=find(phi<l & phi>=a“"2);

indx1 contains the indices corresponding to points in region 1 whil&2 con-
tains indices corresponding to points in region 2. We now use Eq. 4 to comuie.

( 3)+=

phi (indx1l)=(a+1l/a) *epsl*r (indx1)
.*sin(theta(indxl))/(1/a-a);

phi(indx2)=( (l+a*epsl) *r (indx2)
+(epsl/a-1) ./r(indx2))
.*sin(theta(indx2))/(1/a-a);

xset ("window",0);

clf;

xselect ();

contour (x,y,phi, 20);

The Electric field is along for this case (Scilab plotsvertically andyhorizontally)
inside the inner region, and connects to the wall potential in the outer region.

The reason for the Electric field being cartesian in the inner region is $ied = y.
Soq(r,8) Oy which means that the Electric field is uniform and algnén the inner
region. But in the outer region, there is also a term that goes Iik@/sirwhich is
definitely not along ory.
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Figure 1: Potential contours of solution



