Laplace’s Equation: Example
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The Problem

V = sgn(x— Ly/2)

y=Ly

O0%p=0

y=0
X:O En:O X:LX

A 2 — D problem is solved here as an example of the use of the separation of vari-
ables approach. We wish to solve Laplace’s Equation in a box ofisiby Ly. The
boundary conditions are:

¢ V =0 on both side walls.
e E,=—0¢/dy =0 on the bottom wall.
e V =sgn(x—Ly/2) on the top wall.

As in the class derivation, we look for solutions of the fopx,y) = F (x)G(y). Sub-
stituting into Laplace’s Equation, we obtain equationsHandG:

F'+kKF = 0
G'-KG = 0 1)



The sign ofk?

Depending on the sign &, we obtain either trigonometric or exponential solutions.
Since the RS of Laplace’s Equation is zero, atleast one of the two equations in Eq. 1
must have a negative coefficient. Suppk&es negative. Then

F(x) = Ad*+ Be™®

We requireF (x) to be zero ak =0 and atx = Ly, i.e.,

(e i )(5)-(5)

A andB can be non-zero only if the determinant of the matrix can go to zero. The
determinant is given by

detM = e Kx — & — _25sinh(KLy)

and can be zero only K= 0 or Ly = 0, both of which are uninteresting special cases.
Supposé? is positive. Then the equation becomes

F (x) = Acoskx+ Bsinkx

and the boundary conditions imply

(coiLx siniLx)(g>:(8>

The determinant is now déit= sinkL, which can be zero whenevkre= nn/LX. That
is why we choos#? positive in the rest of the derivation.

Obtaining the Solution

The solutions along must go to zero at botk= 0 and atx = Ly. Hence

F(x) :sin(nn ) 2
Lx
The solution alongy must have zero derivitive gt= 0. Hence it can be chosen as
() = cosn ) ©)
Lx

Thus, the complete solution can be expressed as

Qx,y) = élcn cosh(r::y) sin (T: ) (4)

Evaluating aly = Ly we obtain the final condition

Ly hd nm . [ nm
_ X)) = hl —L -
sgn(x 2) nZlcncos (Lx y) sm(LX )



Using orthogonality we obtain

mrt Lx Lx Ly . /mm
cmcosh<|_xLy>2 = /()sgn(x—z)sm(l_x)

0 modd
(1-(=1)™2)L¢/mm  meven

Thus, the final solution becomes

0 LX
& 2nm

o(x,y) = (1-(=1" (5)

cosh(2nmny/Ly) sin(znﬂ )
Lx

cosh(2nmy/Ly) Ly

In summary, all problems reduce to finding basis functions, generating a sum, and then
solving for the boundary potentials.



