Uniqueness of field given its divergence and curl
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There is a simple and a complicated proof of this theorm, which is called Helmholtz
theorem. It states that, givén-V and0 x V, the fieldV is uniquely determined. The
simple proof is as follows.

Simple Version of Theorem

Let the G(F) be curl of an unknown vector field and 1&{r) be the divergence, and
suppose&/; andV, be such that

DX\71=G |:|-\71=f

OxVo=G O-Vh="f
Consideld =V; —V,. Then

= 0
=0

where@ does not depend on the path of the integration. Thea —C@. The zero
divergence ot then implies

M2p—0
The boundary condition satisfied byat is that it goes to zero, which |mplle|s—> 0
asr — co. The unique solution to this problemgs= 0, i.e.,U =0, i.e.,V1 = Vs.



