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From Visual Complex Analysis by T. Needham, Oxford University The absolute value of the Gamma function. This shows the function
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analysis)")



M 0 olated S’A}njzw(wr forX 2, o a fv/-wéﬁm X(z)
haﬁa&%omm,«%ww@b} X)) car
,61 a//ué,m m He LSern

X(2) - P =)
(2-2)™

whenrs cf(?:) 2a aznw@/-ic ond non-zero- ak 2,




EE 5330 Auﬁ. 12,2013

Ve wol,bmh'u ,d} RoC f yakiornal X(2)

1) RoC ef.ﬂ-ll.«ﬂ Wrw@, an anrurlay vegizn of the fom

w
= ¢ 2l < ¥ LV con be aoamall v 0, 1y con be an Large an oo ]

2) Y e/’ e RoC, thn the DTFT can Ae obtainad
by replocng 2z 4y e
3) Ro C canmok cContain polea
4) \lf Zn] 42 o finite duration m’?wal., then
He RoC 4o tAs enfbire 2-plane , Oxcept fso,aaib,é,
O oandfon oo




5)/;3 X [n] ,w o nj.é,é scoled aeqpence, then 2 RoC

ouwctside o certaen Cirdhe o0 4y or  May 20
.&.e—(a-m»j P Ro C
6)/;% % [n] /m o Aeft - sihd aequence, than e RoC
Anscde o  cevltawn Cirde Ay o MMay 20t
Jc—KaWj P Ro C

-7)/;)5 Hn] 40 & furp. SEAd infinite aequence, thin e RoOC
A Aetween Fwo cirdeo.

8) 2€aC’ musé Az A connecled Y‘.ﬂ?&m sZ{ iﬁt Y‘e?«tm M
disconnrched | the atueo wxpansion faile aince A can 4e
valid awfj one region  => /ka 2o Le valid an trhe O then

NW



Pa'/és and Zervs ﬂem;g;‘{ed,

H(i’): / . = 2
l-az' 2-a

Pﬂ&: 2= A
Zenor : 2=0

a."'u['n].,. bnlt[n] &> 1 + a
l-az' I- bz

2 (2- 222

(2-2)(2- 5)
RocC: [z2l>lal N |21>]b]




H(2)

PO‘CL :

Voo anveskyale Lehavioun ok 2=00, rake

He transformation 2= 1 _

s
Y(s)-= )((2)/

2=/

(b

| — as

=> S=0 42 a 2ero of YG)

= 2=00 A2 a 20O JZX[E)



86

—
!

Zy bo ) b,,bz,..., ém }<__.> bo* b,z Foon AM E.M

—

Roc: lz|>0
m m-1 5
H(2>= boz + b2 £+ by, E4+ 5y - 5,(2)
2" 2"

2 eros Yook of B/i) Thene ane M 2eres an the
‘f,o'o—ufé? 5—"‘#/(4711_

Potra: M% orndin foke ab 2.0

A pole o o 200 ok 2:0 s called o

TRIVIAL Sfole on zere-




Neghlec bing the tivial fole ot 2:0, Me above ca
Called o “AU-Zeo Fillen. Thio Lillen ca /R

&m'[m/{j,
H(z) - L
2, + 2,3 4.+ a 27N
bo Called ar "AU-Fole Flle,” S haa o Frvial
2o o onden N. oo Lilter ca [IR.

N ?mw(, H(2 - B([e)) 4o callzd a= a."/Do[Q - Zew Fidle,”
Az

\%( thene. ane. wun e anedled non-bivial f;o/,,a, theo f< lfer
Wl Ne IR




-1 -2 - - -
H{e)._. /,L&i-;a.za IER = aNli(”') Ia]>O

-N
= I" doNz
-1
/]— A2 Pole - 2ene
= 2 N_ a’" /‘/;ncedaﬁm ',
=

[2]= |al

N 2e0s e on Ha cirele [2/=[a]. The pole at 2-a
Canceds with He 2er0- ab 2=a . There Ao an W-1)* onde
i vial 760«&.



G the Fma- domawn, the impiik-owibput nelabionship con
Le Shown Lo taks wp elthern of fhe EWMj Joms

Yy[n] = a/n]+ ax/[n-1]+ - + am-l.r[w-/vw_]

oL

y[n]: a.y[n—d 4+ x[n] _ aN‘x['n-NJ < Cofuux.sfmda, o a necursive
snplementation the alrove
NON-NR CUTSiVe difftrence egn.

v4n:7 Fo»(c Antrodiccad an The ecwersive imﬁ—&mewfab’m st

e Ceoo anidy get cancelled, gince Lhe gwen fxlten aa  FIR.
FIR filbero canmot have mnmcancdled wnom-bivial 7601«; 1
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/Dm',b.mh'ed of fe Z- Avnefornn :

) Limparity
Yll= a,x,[n]p &, 2,[n] <25 2, X ()4 a,X,@
/eoc,y — Racx,ﬂ Rosz

The RoC 12 olbtea<f oo «(agc s Fthe anterseckHon of tha
two RoCro , kwlt can D=z /(a:?%— ‘Af e e Some /boA-zzm

cancelflalLons.

Y= aznls a ] 270 o x,(*) ; a, xE")



2, [n] = a wn] l 2] > (a]

J-ax'
. N -N
xz [”J = & ‘26[71-”] <- > X 2 Izl> [ﬂ/ (t({ed Next /Pro/bcrljj +on
- a2 e vivakion)
J-aN2™V ! W=l ~(v-1)
9‘,[”-7—-%2[”74-——-> = = l+az 4+ +a 2
)- az'

The RoC a2 |2(>0 and ,(a/vgm_ ran [2]/>la] Lecawae He
/oo.&- ak z2-a ?47% can cellel:

.2) Time Shif#
-,
Xn-mo] 5 2 X(2) ROC s Lddentical axeept

0. P LAe adde bron
07/‘»9 alo&i?zn of © awnd)_ oo




ynl= x[»n-0,] :_r: Y(e"“’):c—‘lwn" X (™)
Note that |Y()|= x|

x[njz 1 -N & n &N

- -1 -
X(=) = 2N+ZN’+---+ 2+ + 2 +.-. 4 2”
N - 2N+
= 2" (1- = ) O0<[21<oc0
-/
NI- ? R ~
= 2 - 2‘”" — - 2
I-z.‘ 2'/2 - 2.,4

ynl. xln-n] = Y2 = 2" x6)

-(2Nn+)

Y(2) = - 2 Iz />0
1 -2




X(’*) . X@)

Jw(N+%D éjw(m+-%)

f
2.’

e

e Jw/z - e-JW/z
SM[( 2N#) "’/z} Qirichlat Rerned

S (w/z) [ See the commaret ‘divie’ in marissl

]

e'J WN - Sim [(j N#T) “’/z]

Y(e?) -
Sk ("’/2)
[ 7n-N]

can bz eaaldy 0btoned ,
|l -az

Iy amelomn of @’ uln-n] a.” ran-N?:;n-NJl-—) a” ="
u&ﬂmg the ﬁmf.eri:zj



3) £ xpone nbial Mu l[—{ﬁ»&'cal-im

Y x[n] s X(34) [2/5] € Roc,
UlNn] > ! l2]>2
- 2~/
A" unl : [2/al > 1
| -(2/2)"'
= 1 [2]1> [al aa defore

I— a3z’




o
Py

Jwem

c

=1y x[n]

x[n] 2TFT

x/[n] 4—2——> X(i/.?J“’O)

X(CJ%J‘O") = X(ij") Modiwlation ./;rolblrfy 1

(- f)n-%['nj «2 5 X(2)

¢xe“)

DTFT X( Jw TE) )(( Jlo-l-‘lt)

S

TX (e"m)

-1

-wc

Loz ass

-7wa¢ E-wc

»/»{7/\. pass

T

T+w



P o duulator Klock a&'a?rum, :
{ Yo the wmrodilator o Lirear stem 2
wn .
Jo 4t time-wnvarant %

ej Uon

%&i'nj the eac/banexi'faz Wlh)b;&'ddgm .Pm,bm_g, denive tha follr "j"
-1
Ybn&’swb'rl- M[n]ez N\ 1‘7\'63”02 Iil>v~.

7

L - 2rGsw 2 +0F"
Hint: Replacs Coswm by € 3™ \%é the poleo
2eNnTUS

2 o
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Recall the exporsmtial rwltplication property:
o] 5 X(@ v o<lzl<ys
Y X [n] ey X(2/¥D I¥lv; <l2l<1¥|y;
Led yIn]s ¥ x[n]
= Y@= X(=/r)
> Y({rz)s X

SM o X():. _Pgﬂ
ppose i (2



Y - P(%/)
& (2/r)

LTF 2,40 a 200 of X(=) ie X300 = PR):O0

then  Y(¥2.)- .B(L)Q = O S Y2 ia a zew of Y(Z)
& (2,

Similandy, <if 2 4o o pole of XR), e, 8(2)-0

then  Y(¥2)-: ﬁ(@%_,oo% r2, 4o o pole of Y(2)
& (2

AU fo(m and 2erom get Wléz}bﬁd by Y

6eomz‘n'caéé,, Cach 7604&/200 gets sc.a(wg,éy Y] and
rotated 4y X .



%) Di fFerenbabion in e 3-doman

x[n]e 5 XD v<lz/<ry
? - adX Roc ?
> 2 T <
X&) - Z X [
g L[5 ,,xwi’“]
= Z: X [n in Tho o—,ém.ahm ae allowed becawae
Ne-oo 2 the ﬁowm Avuer Lo nd—so{«/&fj canuu.j

i the RoC



>enyocfr)s ™

Ne -0

—z dX = z‘ nxlnlz
d2 N=-00
Hence , Nxln] «—» 2z AxE)

A2

Since X(2) ta amalytic un the RoC, it can b2 differentioled anfinite
no. of tings. Hence, the above ﬁmﬁu\l’y can (e hepealedly apptlied
7ZZe  RoC of _zf{% 4o the same aa the RoC of X(2) sxeept
poSsibly fox the dedebionn oF the 60%44»3 circle («F <4 were

part of fhe omiginal Ro(’)



gxam#{»&_

A" wuln] «—y L 121> [al
|-az’

a1 ] o EREREDEED a5 a
d= | 1-az’ | (l1-a2™')”

- az’ 21> (a]
(1-az’)*

<.e., na wln] < > ai.’. |21 > [al
(1-a2)*

Gz +1) a winn] <> a |21 > [a]

(1-a2")?



(nf”) a.nu[ﬂi'l] < > / I}_-,I)[d[

(1-ai')®
Coan bt newnrtten aa,
(m+) & wln] ’ 21> [al
(1-ai')®
Rc'ézai the albove sitzps @ Sr.‘an.‘-z;\ﬁ an l Lk with

- as’
Rol Izl<lal. At what indix doea the farst non-zeroc sample

bregen



5) Km'ﬁéx C'as:.,}ujab'm

Jc*['njb__; X* %) Y‘;</&/< v
(- <] o0 *
> X'y [Z x ]z “)m]
R Na- oo
- X'GEY) y<lzl<r,

The comnesponding propecty for the ITFT 4a :
X*(a*)/ = X (")

2ae'lw



Iieooxnie R, them ¥ n] e o]
Henc, foe rneal-valued geguencea, Lhe 2. bramstom  Sakisliea

X(2) s x*(2*)
Fon such sequencea, +f Z, 40 a 2eno of X(i)) there. X(2,5= O.

JM/bY‘.e, X[Qo): [,
= X(i,)=X¥(zr)
> X¥{2:= (0
> X(2})-o0
> 2¥ lo aleo a 2t of X(2)

J/uuo, Z2ONPS oOoccry m Cam/b&x Car:/ujaZi ,Saurs _
Simidardy, 4t w Lasy to See that polea aleo occur Ain Complx C””f“ja'a ﬁa,bs,



/&a, fox 7"14/- vaﬁua‘ A&ZW, X(C‘/‘u): X¥(e'-"") [c'my.uja,& evcn]
> Ixte™) |- | X ]

= lX(C‘/‘o)I DTFT mag. 45 an
Qven Ffunchon of w

f:xera’.s.e,

¥,
Slar*h'nj e X(C‘/w);- X(CJ‘O), Show that

4 X(CJ”) w on odd [auncbion of co



) TJime Reversal

xX[n] « 5 X&) r<lzl< v
- 2! J o <lal< 1 Jha ppev-alion mckea
x[’n]H X( ) 7"2 Y;‘ C&wwa//bs.z?mce 2o - € aeedrl
Oond Viee-veroa
EXavn.'#lt.
A" wln) > 1 2> (2l
- az'

Usirng e Eime-nevergal frv)ba-{y,

o™ uln] «y 1 l21< _
- a2 la|




|
U
-~
~

|-a' 2
_ -
an 'u[-%-lj > L-a'f, n
/- A 2
—a T wlbn] o
/- a2
-/
Let b=a'. Hence,
- b wl[-n-1] o / .
- bz

s before .

|2l < !
(a]

|l21< __ 1
lal

|2] <
la|
|2 ] < Ia"l
J2/< |61
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Xe Can ngl Ll WK.j .)C[n]:l. Hfaa No Z-framf;ﬂvt-.

Recall
u[n_] = 1 - 12/ > 1
P
Her&,
wl-n] = 1 lal< 1
[- 2
L{,["?)-'_]: =
/|- 2
-1 lal< 1




JC["?J: 1 = U['n.] + ?A[-”-.ZJ

lEoC lEoC

[2/> 1 l2/< 1
Simce Jzl>212 N [z2]l<1 = ¢ = x[nl]=1 haa no 2z transtom !

Slc'mil%, an Aaa no 2-brancfornn

E xerccse

Fend He 2- Branoform of a.'"./ Plot e fHode -2ev0 P,(oi‘,

Fon awhat vatuea o A’ Aoes e tramsbpron exist 2

Jon

Hint : a - awulnl+ atul-n-]



Obanve the dfFerencea betweer modulabion and Lime-neversal.
(D" x(n] s X(-2)

x[-n) «— X(i-,)

DTFT J&):l't)

(- 2x[n] 27, X(e

o [-n) 2L, X(eV) 8 the X(0) motation ia wasd, Hhio sl
e toriMlen aa X(w). Bo ot cortuse
LALS itk X(—E). Be careful ,hen W,ém'z/y
books tal e gdiFresent notation
D Jirme-Doman lonvolubion

o

et pIn] = O] oxfklyln-k]

e~ O




Jhen Plz)= X()YE RocC = RoC.;_ N )?oCJ

P roo R’

o0

PO [ Z xledylsl]Z™

N=s-00 kr-eo

z 2’ .x[kJZ Yln-k]z

ke -0 Nes-~00
-

= Z x[e] z-kYé)

k:-oo

- X{(2) Y()
tence P(z)= XE)YE)



For #tha DTFT,

x['nj x y[”J DTFT X(CJU) Y[CJA:)
Thes Prolberh! foms 2he basds for
FREQUENCY SELECTIVE FILTERING

Exaﬂ'&
n
XInl= & wlnl 5 1 121> [al
|- az
Yo - b ul-n-Je L lz)< 6]
I- bz’
xIx ylnl > L lal< |al< (6]

(1-az')0-b62")



LExercise

Evaluale the convolulion Ain the #ime domawn _ make 2were Yyow
et the Aimits fixed comucHy for N<O amd Ny O.

WNhat Aappens when a 5 b ?
7 7
Reﬁeaf for a wuln] y b wl»]
8) Product Thaorem

o [n] yln] 'sﬁx(e) r(a/e) de
2%) ¢
c
Krnowdedge of inversion imlbegrel 4o reeded 1o prove thes.




?) Inidial Value Theovrem :

Lot oc[n] =0 f N<O
X(z) = x[o] 4 .x[/Jz:’.;. 1[2.72.24-

a X("-) = XxX[o]
2 o0

\2‘ Xx[n]= 0O for ?’l<l, then
X(z) - x[r]£'+ x[2] % -
I FAls caae,

olt 2XG)= xhH] and Qo or.

2 - o0



70) Final Valee Jheorem

Let x[n)= © f n<M

DeFéne vinle XxX[nI-2[n-1]

Hen ce V(z) = (1-2' ) xX=)
oo
V(x)= X (xfn)- xbn-11) 3
N=M

(s 2]
oL& Vi) = L& >t (xn)- xln-1) 3

2221 2] n=M

?

0o
= 3 (xbr3- x[n-11)
N=M



Hene,

= ot

= o4

ok
N

oCé

2951

N
>, (x [n]- x[n-11)

NDocon=mM

o+

o
xtm] - o [Mi-1]

N < oo + ij ‘}/[;k]
+.]

4+ X[miz] -x;/

se

+ xMJ+ x[w-2]
e 2N - X[-1]

el

o [e0]

VE) =

x[n]

o4
251

(-2) X)) = x[e0]
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An ol ennative verscom of the Final ’Va&a Jheoren !
el thae diacrete-time S’A';Mwe xfn] Mave the bOne-sided 2- branstorm

©o

-n . .
X, (2) defired aa ZOC[”]Z. v/ P o oL x[») axists,

N> o0
Ns=0

oLt (a-z))g(a)z L4 x [n]

25 1 N — oo

o then variank i For a causal x[n] <t (2-)XG) can ba
mw{fﬁ'ca@ extended to f2: |2]>R} wih R<4,

oLt x[n]= ot (2-DXE)

N —o00 21



Example

x[ﬂ_]z u['nj < > 1 ’2_' Iil>.l.
- z
2- 1L
Flence
a (2-,) Z = 1 = .DchO.J
2951 2- 1

Wok , howeven, that Fo xn)e (-1) winl, dé  (2-DX(E) = O

2951

which doeo nod ez«.d x[e0], aa the Lalter Linut doeo not exisi



Il) Farseval’lo Theonem
et x[n] s X(2) 7 <[2]< v

YIn] «s Y@ 773< (2] <V,

2 xln]yf'[n] = -;3-55 X@)Y () 22

x vy .‘Z‘»y
7‘;7‘; <[%l=l<y;):

For the comeoponding DTFT property, Aed z2- eJ¥



di: js_:/wdw
Z

dz= - 414

= - I

ZAe contour n}nfeﬁvd i becormes a /ud-hézyrd
oven (W ,; w varues felween =-T gnd TC

Llence
o)

T
%
»,,Z,:.f["w[”] T fX(e""’)Y*(e"“’)dw
~-TTC

LExerase

Lt x(e’)= 1 Fr |wl< ), omd 2z for [-w,w)\ [-0, 0]



J4 con Lo hown thalt Ooc[n] = Sim wn
Zn

Using Parsevals Theorem | evaluate

o0
. 2
E S.c'nwcn
2_ 2
N=-oco TT N

Inperse Z- Franstomm :

First consider the claso oF X(z) that are ralonat , d.e, of

the m
Fe X(2). PG
]:)




YE Fhe A}n/nu‘-o.u.f wbt relabion oF o Ayslem fakeo the fom oF a
Linear Constant Cosfficient Diffrrenca Equalbion, such ao the ome
given balno, then the system Pramsfer Funchonn HE) 420 a

vyabional omae.
m

a ylrk] + 2, by xin-e]

=0

Ylnj = —

N
=1

Ja.ki/nﬁ 2- Ivarnsforrn on both scdes,

N M
Y(2) . -2 a2 Y6 4 {Z.' L, i x@)
k=1 =0

N m
Y [ i1+ e "] - x@[ 5 b 5]
k=1 €=0



77’8‘)’162 ) M _2
Z bcz )
Y(z) _ __t=° - = HE® - B vyabional Transkfer finckon
X(2) 1+ a 2"k Alz)
R

Associated with everny 1ccDE, therne ca a rational 2- Dransform.

Conversely , wn'th evew vabimal 3-trancfrm, there o Gn acoocialed.

LCCDE.

Sknce an LCCDE can AL .imlélemenled in prachece ’“"‘:":7 Wl&}b{&'er
andl ooy elements, the class of vabimal TFs sa imporiant. Jhea
claco alerr moddo a Lot of wuseful TFs.



M X(i'):. P(E) = &=
& (=) 1 + 2’ ikz-k

I
N
~

]
M)

wherne i:.l.
(]

Y q ¢ L, we can abvays divide by g a0 that the bading denominator

CoeFfccient wa 1. Hence, i ouwt dora 0; j¢ner¢&'é¢j’ qozi @ assumed.

M

e
SF X = QZL- Pe2 , 4t can be pritien as

N -
z + Z'_,'qkik

kaj




X(2) = Z-W_EL(_C’;_) whouw Here are no ;60&-2&0 cancellations.
& (2

The snverse 2-Framclform of PR apd that oF _E_é'_). AL fFer anéj
. &(2) R()

by o dday of r Samples.

Hence gwe wdl aoowme ﬁo # O and {a=..L

Firsi assume 4hat all He rools are disknct

N
&(i) = 77_(/“ qk£'>
-1



N RES[DUE
X(*) = NP(2> = Z (40‘0@# the MATLAR cCommard

-f ,

-q = 1-9 2 " residue’)
JToe2) L, % "
A = P(i’>
k N

1T (1-9,)

Lel

L#k 2=q



E xamflz

X(=) = -
1-152"+0522

- Z
(1-2"")(1-0-52")

2 n -1 -

7- 2! 1-42

]

Lo jei the unverse 2-Transfoem, we need RoC opformation..




Fhnee choriceo:
()  |=zl< e (i MY<lzl<1 (ny |2/> 1

defb-sided two-Scded vight - Sided

(1') -2ul[-n-1] 4 (yz)" tf[-n-1]
@ - 2ul-n-1] - <’/z)71 w[n]
Giy 2ulnd - (4)" wrn)

The Firnal answor odependa on whick farb‘wlar RoC «wa opecified.
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\Yf M2 N, we rmust Frst i vide Ao jez‘ iuab'enl' and vemaunder
Thwo, X(2) 4a bransformed +o tHe fom
X = ENC,.E.W-:— % Ak

r=0 ksl l-g 2!
e

L’_\F——‘J

T p{_agy"cﬂ- M’(N

-1+52.’

-l - -l -2
2 1.38z2,413
2 2

|
N
+




113 1 -2

L

2
Baard on RoC, #hree diffoent ture-doman Sequencea are possible
() |=1>1: 28m]-9(L) wlnl 4 2uln)

i) L <lxl<d: 28] _a(Ly ubrd-Ful-m-1]

(i) 121<% : 250n) 4 9 (LY ul-n-1]- Sufn-1]

Kepeated Rooks:
’ M
X(2) . 6;?(’- a,_-z")
& R p
;’:"_(l- biz>l_),—<,_%i <




R

tohre M<N=Q + 2, 5
€=

“

(] R
X(2) - Z Aq'- +ZZ ; Ce.k

Q=1 |- bqa' L=l k=i

Ag = XB)(I-bE")

2 b$

c = 1 d* "
"uk - 6, -k / ‘Z”(
(—VL)¢ ({"k>. d$

X

[x(é")('-sé) ]

v{ = Y"oo‘l':
6, = mulbiplicity
f=1,2,
=
v



E xample

X(2) = 12- 22:'+ 142" R = -1-
(1-2a")° ¢ -
c _ 1 do [ 12 - 22%* ,‘3 (1-28)]
1,3 (_2)°o‘, dz° (- 23)°
c . 1 d_ [12 224+ 16 & (;ze)]
"t eyt 42 (1-28>° :
¢ %
- 1 A* | 12-2224062° G- 2?,)]
" G2*2! dgP| (1-22)° ¢l
3 5
Xx(z): % *
) 1- 22-  (-22")  (1+2:5)°

I

[}



Lo proceed further we need RoC imfevmakion.
Your sidd need nesulhs Scrudan Fo He 7’1‘:»1(0«/4':1}:

() (133 .. (nEM-DAuBT 4 1215 |al Mz 2
(m-1) | (l-az')M

Lontour ')"‘[fira’( Me thod

X(2) =

L 95 X(2)z Az
27IJ
C

= = [)u»da.'a&u,e of X(2)2 " evaluated ab #e polea encireled by c]



s
For mua—cﬁb 7{’0’(“" QM an m onden pole ot 2=2 ,

X(2)2"" can be wrtben aa (J:f__). . The nesidue at 2, .o
2-2 )"

1 27 e
(m-0)]! Adz""'

Z=2

(-]

Do venify that the imversion imfegral doto indeed give back >x[n],
we Proceed ao follows :

n-) rwi ~lke| n-/
: 36)((2)2 dz = — 552,04[»]2 2 dz

21T 4 274
J > Jc k- w




bt k-1
= > o[kl _1. 2 aa

k:-oco 277j P
Rccd& | ? .in&(i- - {..1_ Nn=-2
27y ¢ O othevwise
Hence,
- oy
>, x[k] _/_56 2 de = 2]
k=~°o 2”:/ c
/ﬂmn@l&éj,

@)= > xfn]z

":-w



Jw

Lt 2:=21re
X(ret) = D alnlr eV
Ne-=o0

Jw ’ — .
X(V"e ),w, a 2/L-lb¢no4(¢'c f‘ameﬁm.&n w oand Afence
-N
XIn]v =~ can be fought O0F ao the Fourier Sernes coefficients !

Thes,
, Y/
x[ﬂ]Y: = 1 J bon
s fX("‘" b)C‘J dew
-

A

N
xln] - L | x(re?) re wuw
2



We can thus convert fhe real-iniegral into a Contour Ariegrel
4y anokénj He princpl of analyhc conlirwatbon. Henc,

217

oc[n] = /j 95 X@) 2" d=

aa Aelore.



oc [n]

]

]
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. c
—=— |2l> [a] (//\

=z +
2 -a &
. é_*_ z-”-ld

2r) Z2-a *

l 2"
2r:j 2-Q A=




For n> O, the contour encloses one 760& bt z2-a

/

" "
Resiolwe abk z-a : (z2-a) =2 = Q@
2- 2 2=
rn
For M< O, Z Can e (onctlen aaq 1 whee 7 >0
z2-a 27 (2-a)

Hewcz, OnNe Car NnNow easj@ See that C encloses not anéoj ﬂ.z
75012 at 2= bul alar an n? onden fole ek z2-0.

Thuco , nescoluea have to Ve evaluated ok 2=0 and 2=-AQ.



Rescdue ab 2=a : (2-a)_2 _ar
2-2 |2
n-J
Resedve at 2-0: _L A 1 I
(m-1)I Hga"!' =2_a |z.o0

n
= -
Hence, fox n<o, sum OF residues 4sa 2ero.
"
Jhees, xX[n]= a wuln]

Repeadd for X(2)- L with RoC |zl< [al
l-a 2’




Power Sences Method

Exampleo :
(1) X2 = z’(:-_zi_i')(né')(/-i')
2 -)
= z _ .E’.i -1 4 %2.

-l -2
l+az + & %% -



4
—> ] 1,a,a,..

1
N=0
() X(2) = 1
l-ax'
= "a.'i
[-az

J21< |al

= -a'z. ( [+ A2+ &2 4 )

= "ai d-i 42—"'
-a

> 1

-2 2

-3 3

2

- ‘
:'a:a;

-l
1-a2 ) 1
-
1-az2
az'
- 2 -2
az -a 2
a2 *
2 ~2 3 .3
a’z2 -az
a2
-2 2 -3 3
-a.z a2 ~-ag- -
-az+_1_) 1
1 -a'2
a2 ]
Az -aa
-2 2

a..'a 22 -3 3

a 2%-aa

3

0,0,0,...

2-2

1+az + Qa2+




by X (2= [-a
(132°) -a(z2+Z')

. In])
the RoC o, lal< [21< ] there He (onnes andvnﬁ X[n] 4e
% ‘<t 12/ ) F b

c.e., it 1o twr-aided.

J{ we cavwy owl ng-a&%‘&‘m olrectly , we 2ull jef o atueo
exlbma'an ecther anm P owens o 2 (anhcausal aeguence, Cornespondeng
to J2l< (al) on an powers o 2_’(cau.s'wl— ALguenice , Loneoprndng

o |2/ > _I,’_.’ ). We audl nok gek Re turp- sided Leguence.
Q



Lo \7(4‘ e two- sidad Answor, we Mmuskt %wce.ea( as llrws :

X(2)= —1’__ + az

|-az' |- a2

R

cawsal Ibw»é ankcausal 7bart

I21>]al [2) < _!
lal

//e nee

=1 2 -2
X(2) = l+az+a 2+  cawsal part
+ Qa2 + ﬂ-’i’f AnhCacesel fdrf'

3
> z v :a’z:a’:laa’:a’iaa"'}



(V) X)-= e™

= /.’.,2,' +Ai2+... I&/(OO [WW&IWL&M 266_]
; 2/
&> { L ! ) ! ! 1,0 O:O
)4, 3! 2’)“ ) ) ) ?
n=0

viy Anli+az') |215]al
Dbtawvn e amswer M&b‘fﬁ both Onito wxpansion amd

the oi'fferenbiation property.




The DTFT 4rnversion fBrm,wéL can e olevived ffom the 2-Bransforn

An vrsion i,nfejrd Ly aunbshbeting 2- ejaf‘ The contour énéejmé
now Aetormes o Wﬁzjrd onen tHe neal-valuad varabte '

S = dw:dé

J'z‘:

2= £

Hence,

T
o [n] = ;lEfX(CJ"))eJ“me I DTFT
-1




Recall, the DTFT oleffinition :

(- ] .-.wn
X(e”) = Z xnie DTET

Nes-co

Since X(e'”) ia a 2T-penodic function, the DTFT can be
thought of as the Fowurier Sevies expansion of X(e*)
2rifh x[n] ao lthe Fowurier <ermiea coeffcients. Henee the DTET

40 'noi‘halnj bud Fourier qunceo an ahsgm.s.e,



EXaméAs
(i X(e’®) = 27T 56 T <we T

= 27T f: Sw-21k) vald fr all w

Rs -oco

= 27 g(w)

n
- Jon
x[rls L (275067,
-

= 1

1 LTy 21 Sw)



- w,n
1) CJ T 277 | 2w Slw-w,) ~Z<Lw<T

~

which adar follrws from he modulation property

Gily  Cos o <2157, 77:[5(4,-@,_ 5(4,+m°>_] T b <T

I

(v) Sen o 277 F[S(w-w,)_ S(aﬁw,y “L<w<T

(v) x[n]-1 -NgnsN PTET s Sin (2"’*')“’/2
Sun (9/2)

i) X(eJ“’X-{i wl< w,

O vithevwise



.9(.[n,7.~. i
21

1. dw

Sin w.n
Tn

|

Hence,

Sin w,n DTFET

T n

?

-

-wc

Ioleal Lowpass Filler
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Jw
4\ HH P(e )

Hr L
s S]] _ Sin wn
TN
Exercise
nl




Example

x[n]

x[n] = a_nu[fn] - a ul-n-1]

<> 1 -[- 1 Ia'l< -1-
1-aed¥ 1-a'ed”




oaa._m. x[n] = S'j‘)’l.['ﬂ].:{ 1 nyo
-1 n<oO

066 X(CJ”> = 2

a— 1 | - e-—JN

Thues, sqn[n] & 2
|- e Y%

sgnln] and uln] are nelabed as follows: w[n]- L 4 Lsgnlnl
2 2
fen ce

wm] &, T Sw) 4 L
|- eV

[C&m/barc this w~fh u/f)éﬂ_, 72'5(.0.).,. l/JJ)_]



Some properkes of the DTFT :

N=a-eo

0o T
Z oc[nlyyfnl = ;'TZ-fX(cJ”) Yy(e‘l‘") dw

T

o [n] ynd « .'_/x{s)y(a,-e) 1O Note: X(o) io vcid snsiect
27

of X(e/*)

-
_

— ,
aircular Convolilaon on

tha ﬁefa,kng avann,

Devive the above Lovo fbm,berfu.s frmﬂ» zu cwvu.s,bmdm.g 2- baanslBom
Counterparts .63, wbabéuér/:g z=eY



-7 ",
.96[7’)’710] e ch X(CJ‘O)

L
Notates X(e’*) /43 O mj[;, Lon,
%&{x{e"‘)}

los w,n «—> Tr[g(w-wo) + g(zo-;-wo)]

Sin h,b‘)'l < E[g(w-wo> - §(ﬂ)+wo)]
d



DTFT Symme by Pyp'pl?h:@&'

xX[n] = .xR[mJ+j 2, [n]
X(w) = XK[AJ> ,LJ‘X_z(w)

X (@) = ‘i [::ZR[MJCBs lon 4 .Il[hJS'A«'m wn]

Ns-co

X.z (w) = n;w[xl [n]Gs wn - 'IK [n] Sin wﬂ]

Y oxfn] eR, X (-0)- XR(“’)
XI (°w>='X1(zo)



[ XC)|™ = X )y X ()
dj{ x[n] 46 neal-vatusd, the ma.jmz‘bw&. of the DTFT ¢a

an even funchon of w. The phace OF lhe DTFT ¢a

an odd Functkion of .

Recall that if aln)=2"L[nl, thern X()= X (-©)

Exal:éb.

h[”]: 1
H(CJ”) =

-M&Lnsm

Sun(@m+) WY

A

Sin &f2

S >




D2

0.4

0.3

L

LEs

]

0.1

02

0.3

0.4

0.5

0.3

0.1

Frequency



Exercise \%t x[n] = jxlf-nj, L&, puredy cmaginary, then
Whal aymmabry, Jf any, oloes the DTFT posdras 4

Exercise

A Gs(wsntd) —s HE?®) | —s yln]

Lot A In] o real-valued . Then, H(E'%)= H*(ev“’)
H(ed®) = (et 198 sotune 06 = & H(EI)
Show that yInls A |H(e*)| Cos(wn+cp+ 6G,))

Ja Zhe above x[r] an eigensignal 2



=) éa.&'&'éi

co

A LTI ,aysl.e.m 22 BIBO giltable .(.:f Z IA[‘"J' < oo
N= - oo

= glkfnJ°ern| < co

N=-0s

te, unit cirde 4o part of RoC.

causa«&’iy_

Fonn a causal aystem with tramsfe function H(z), the RocC s

oF #He form 12/>7 whoe V. o the vadius of He

max max

Fucy thermos t ,60& (wx have toawmed H(Z) aa Y"di'iavm/()'



Lben 4o o cousel ayStenn stable ¢

Considen the frorthermosit pole . In Zhe ﬁan‘?’@l frachon Lxpansion, Lt
IV /A jivz rise o ( a.ao.am/nj .S‘.e'M}S& )bola

A/z > Ak (ﬁkjn wuln]
.L—PK::’

= O il < oo [7] I, 1< 2

N=0

= |oll podes must lie inside the wunit circle

Sunce ¥, <1, the unit cirde 4a now park oF e Roc,

max

which condition wmust Ne daksfied fo BIBO Aia«&zi&;i}.



Jf ﬁwml a Scrmple pote,

(1) (n+2) - (Nem-1) a”u[n] —> = 121> lﬁ,"
(m.1>] (1-p £

Z ntl;bkln< 00 | ff I'Pk | < 1 fon ANY £

Hence all poleo must /P Slm’c@ Anside the unil circle fov a causal Aystem.

Fon omn anhrausal system, the RoC sa of tha Prmn |2]/< V. whene Yoo i
the Wﬂd&a.s of Hae Lnnermost fov&_. \gfn MM Caeae, Jov Sia..&z;("{j, all fo»(&o
st die S/rz‘cég oumtscoe He wunit Céircle. e a;ow.n e umet carel

3 p ant o e RoC, which 1o evoenkial {5 BIRD Stalility.
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Paliq- AZJ‘emY 7Z¢WM
Lk B[n]=0 for N<O and Ak A[’n.]ézz. et L[] $oS5seSs

J @

DTFT H(e!®) = |HE™)]e Ther

-
f/«ém [H()] | dw < co
-

-

Conversely, «f 1H(e)] € L [-2,8) and [| balile®) ]| g < oo, than
7

thene exasks O@w) s t. the fidlen with Brancfer funchon

H(e'? = [ #(e'?)] - e"leﬁu) oo an rnpaclae ritofonse thal ra causal.



Obsenvalions

(i) H(e’*) cannot e zere- over an Anterval.
(i) H(CJ"’) cannot fe constant over an {néervel.
(iij) The tramsibion fom -famﬁand to stopland cannot e abrupd.

(r) The real and imaginary parts of H(ed®) cannot fo independent.

Zo Qee how tPhe Yeal and ma.jinaiy -farz!: oF H(e‘j"’) are volated,

Lve f./ww A ao )G%WS




"4’?9 A ] can be wnitten as
ALln] = /Ae[’n].,l. Ao [”J

Lo here

A, [7] = »A[-nj; 4 [n] 4 [n]= xA[nJZ_ 4 Ln]

Y Alr)=0 foe n<o, Aln] and AEn] do mob overlsp except
ab N=0. Hemea, Aln] can be recovered fom Hh [n] as fodiros:
Aln] = 2hLrIwuln] - A [n]85[n]
= 24 [nI%[n]- 4[] §») (v A Lol 4 le])



OTOH, aince A4 [o] =0 a&oa?a, We car. necovern AHln] Fon

A [n] fr Nn>o a"’fj Alod wnformation 4o needed for fald necovery.

Reecall Aln] o 5 HE'™) < H, (e‘/"’)+j H, (e7%)
Aln]+A4ALN] Jeo -Ja
Ae [n)= > N : 5 H (@7%) + Hle™~*)

2
Y hlnle R, then HE) o H(e®). Henee,

/he[‘nj - HR(CJ‘O)

Moo Secall

U[n]e—3 TT g[w)+ 1
I-e ¥




JHence,

D
L Jo ¢ 1
24 1] uln] ¢« - fHR(e )[71:5(4.,-9).,. -jm]dé’
- /- e
/4 je
Jw 1 e
= H (e ) _Lf/-lk[e ) e d
-7 1-e
But :
1 i-ésw-_f&"'w = _-1_-.. - l Cot(&’.
1-eY¥ 2. 2bs w 2 2
#671&/
R

24,[71.7%[”](__—) H[CJ).,.__.fH (c )d5 -



- H () relod - 4 3 fH () oot (L8 do

Hence A [o]

Qakc[-n.]u[n] ~AlLod=hL[n] <—> H(c"“’) = HR (e"”") .;.j HI (e‘/“’)

)/
H(e) = Hy (e™) s j (7)< H_ (%) - L [He (%) ot (252 do

Hence e@uaﬁvjj thie neal ank .irna.j.c'mty parts, gue get,

H_z (V%) .

T
-1
- /HR (/%) Got (L8 do
-




Simidordy, omz can show

T
H, (V%) - - / _ &
R Alo] + ——— [l (/) ot (52 ) do
T

The alove oanre golled e Discnele Hilberd Famoform rudabionships.
Jhwo, for a cawsdd Qeguerce, Ahe neal and mey famls of H(e®)
one not md;)é-wwévnf % Ahe neal and »&mq.ji/na:y f:m/:r are related,

doeo Lt crpdy Lol D majm'hcc& and phdae one alao swelated ?
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/9 xln,fejwaéa an Mo DHT Ju!ab’an&éx}s e all Prnecpald Value

“n fz;rvnla, , 4.e,

HI (e’ . -1 PV//./ (c )c,,e("’ ‘9)49

- e.,,[ ff W*f( )te ]




St 4‘6{«6‘@

Lot Hfa)= B() _ BRI
AR TT(-ps)
XY, &
loe £now Mok, 4{ Me Ayz&mh Covcal, Hen /;.—Maév&g e Seguure
l$, 1< 2 vk,
Tests /Adv.e e den'sed Lo check 4 /f,c/< 1l Ve wtloclt W,SA'a'i voots
C'_m/b-a—fal'im.

Forr 27 onden ayoterms | e wll Show- Mhalt Ha condilions o be

S‘al—:’s‘/);w( are @



Alz) = |+ a, P a P

1) a1 < L 5 -1<ca, <1

2) lal< l+e, 5 @ <lt+a,
~a, < l+a,

Theae tondilions are a. ..
SabskEad tn Ko

friMbjW re gron

Shoeon o Ha rz';//pf,

He 26-called Stadilihy

ZYJM?.&..

I the ghooled nagion, Ba Yools occur im complix copfugali pairs.



e will considen Ha cace o Compler  Confagalea roots First .
A(2) o (1-red® ) (1-rl )
= - QWéSlooi.‘-l- rig2
= l 40,3+ a3
Stakidity demando that
la, | = r< 1
la, | = |2rbos w,] < I+

For st-a,,&',&.’@ , rools ypust Aie inaide the wunit gircle (aAoMIy cau.m&'{y)



Hemee < 1 = la,l=r"<1 ,ie, tha fivst condibion A4S saksfied.
O<™ e 1 & (1-7)°*>0 = 2r< I+r"
O<"™<¢ 1 « (1+r)*s0 = -2 < [+
Hemnee larl < [+ 7*° = [ 2+ Gos w, | < 1+ 7

This we Aave sthown that the 44‘461'&'5 Condilions ane sak'sfied

<ff e complox Cawjujaﬁ rools are inside Hhe nit cirele.

Now considn  Ax)s (1-0527")(1-7.5") whoe -1 <7v; < 1



-1 < <1 = 0<Il+7<c2
1 >-Y.>1 = O <I-7Y<2
FHenca
AUd= 1+a,+a, = (1-1;)0-73) >0
AGD . (-a,+a, = (1+Y%)(1+7;) > O
:7«/1/44, ~—a2, < |+a,
} = la,l< 1+a,
a, < lta,
Henca, once aqain, the Conditions are SabisFied +ff the real- valued

Yooks are Anside He wunit cirele.



Double real poles—Causal signals Complex-conjugate poles—Causal signals
—T Plane (n) 5
e & Plane i . ) f e f(n)
4 N o T~ Plane » o
/ 1) | 119 N
% 5. -y 2k 9| ‘ Q00 m=1 Tt
i . RO \HL,LILLL "
% | ! A @

z-Plane (t’ fn) '\ -

e ol
;

~Wp

z-Plane S(n) ]

N Lol
I3, NP B L 2 1 \ 1¢, ' LS
NP : e m il
—— wg [ T é’ l n
Pla : i 5 o ‘~.\
N | | \ 2
B L | S T oo L M
/1 R : J B ‘ ,_,HP,,QLL; = ;
RS o o : z-Plane Jn)

g
|
|
i
1: o
DD DD
i

1 m=2 _,"’
fs t
/ ) X - 7 1 z-Planc 1 © Lj” — R ——0—4 :Q’? ? T T T ? e
il i \ 5 ; . ~ F-wpf ) L 4) ‘L n

e \ | /\ .y gy vy oce o o= o o 3] - " # \ i 5 ‘ i K (L i

\ | 0 é | el 8 i ‘7 -»:*Hoﬁ—*ﬁ | == ‘\\\

Re. e 5 | o ‘ e

~— s

From "Transforms and Applications Handbook", Alexander Poularikas (Ed.), 3rd edition, CRC Press, 2010
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What modea one fresent o He owlbud when
am  Anpuk ca applied?
Lt X(2)= BB | foaonime, for sllestrative purfosea,

& l(3)
onhy airfls foleo ane present sn Xz). Jhen,

& Q
X[é) = PR - Ar —> "
&(2) kaZ.'L /-2 i:, kZe:, Ak (£k3 wln]

(a Aouming C'M.s'a&'{'y)

(€ 1ln) ans calad ao the inpud modes.



Sim'l%, At H(z)-= B() = Z

nN
«—> B, (B)"
A(?-') k=1 /- I: i‘ ng, k( k) ulnd

4 a-?a)n. Gacuming cmaé’@)

b)) wln] ane calted as the maturel modes (aleo called ayoben modea)

HE) R(z) A

B L3

e=r 1-&F ko 1,52




Hence, a.aoum)/g C‘M.S‘a.&’t‘y,

& n Y,
y['n] = Z C‘e (34) u[n] + Z llt (Plc) ulnl
é=1 R=1

(- _J L J

. —
m/nu( rmodea nabtural rodsa

/9 md-,b.«.é consiSks 4 .in/b.w.‘ rodea and natural rrodea .
Inpud modea are the parnkcudar solubion

WNalural wrmodia ane tha Aamogtmom Solulion



Sinidon arqumen’s apply fo CT aysiems Goverred 4y LCCDE

Y($)= P(sD _ B® 4--):‘7({') = A'-nlbut‘ rodles + naltural modea
&) A

x[n] —>t MHLr) |— Yyln]

AhMmle o wln]
Xfn)s b wln] bta
Y = x(2)He)



1-az |- bz
- 4 [ a _ b ]
a-b I-az' - b=’
—y & a uln] - _b b”u[nJ
- b a-b

natural wmooe ____T /L__ inpuk roole

Y xMm]= a”u[n,], Y] = ('nu)a? uln] «  REsonAnce |
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Typical 272 Ondorn Section

g HG>. BEY | brbsbitni”
A (2) |+ @,2 ¢+ az£2+...+a:‘lz

where @, , b € R. IHa ﬁ»l(ow»nj sl o Lypical faiv, agouming

SA./VI.M %o[ts :

Ai + A*k

|- p 2 I- K2

-/
(Ak fA:)- E(A:bk*/’kﬁf)
1-(p 46XV 4 Ip 172"




= 1’0*'*;"2 »é‘)q é‘@
I+%£+%i‘ k

Zhs above 1o o Lypical qecond ondwn ection thal shros wp in prackece
an e ponalll form 4'm/>«&m¢nt!'ab'0'n ofF digital fillens.

o the~ faoléu(ar SFovmn -
HE - BG)  _ bpeo (-3E)

Al2) d -
TT(I-p 2
k=i
-1 -2
Jyf,ucal 2"20/\'0(0\: Sechon : Cot G2 + Cp2 c‘k ) az e R

/+4£U%£z
whee two wm,b»&x-mjujw& roots Aave Sten Combined — Cascade Form Seckion.



Cre - scoled 2- Tranelomn :

The two.sidad 2- bramoform cannot be wsed for solving LCCDE il
irubal Londibons. The One-sided 3-tran-form aa nm‘ur% e?""/‘éﬁ""
bo do ar.

X, () = Z: x[nls RocC.: [2]>7

max

N/ ¢ima - Shif & »}Sm,ber@ behaves d{ffer.en{-@ when compared

with <k two-sioed counterpart.



Let R2 O and Lt Ylnlz x[n-k]. Y 1o aey fo See that
—k .

L (@. 2 X, @) Thia 42 idintical to Ba nesult of the

two- Scobd counierpart.

OTOH, consuden Y [nJ-= X[ntk] whene k>0. Then,

x : 7 ..o, 0,0, x[ol, x[1], x[23, xls], ... 1

y: {..0,00 xle],x0J,.., x[/e-:J,.rgzeJ, xLler] xlks2], ... }

X, (2)= x[o]t x0]2 3 2xfo]3 -



Y (@)= oxfe] + xlkw] NN S

S iy ~k ~ (ki
X_’_(g)— Z 2["’32”: aoc [k] 2 +2[k+ﬂz{k >+..
W;
e k! —m
\':.[2>= zZ [X.’. (2) - zz[hji J
ns=o0

Nobk that F all tHe inihal condibions ave 2ero, lthe



Excarple  The one-cided Francfom can br ased for sobving the currends

a4 the cedrewst shown Loelorw :

I !l Im
| L LY I.

i

ai
L

The ol ffevenca egualion that vedates He doop cumvvenis
L, 2 Can tasily be venfid to be #e following:

7n ! Nt ? N¥+2



2 - 37: + Z. = O
n Nn+/ N+2

UrwsPomnfv Ao Mo‘we, Lo ga‘,
I(a)-3=[z6)-1,]+2[16)-3,-25] < o

2% 32 +1

We can eLminale 2, fom #a equation redafed to e Ffivst Looh:

Ve 2R2;-£,E = 2.';- 22;-..'4.

R

2 = 2 Cosh wn 4 = - (Vkis) Senh wn Wwhere Cosh w =3 Skt
" () ° \/.?/z (] ° S




Nob on 1he Convevgence condition of the DTFT

Recall 1he ﬁlé:u,mj e Rrition. :
00 .
Hle®) = > Anged"

n:-”

IF |H(eM] <o, thn |5 403" < Z 1411

Jhus, the DTFT exislks JF Ha Seguence 1 aésohécé aummable.
Tbia tondibion w swfficenl bt mot MeceSsary. Segumences Suck as
wlm] avre not aoésso&«h.é, summabts bk yet possess DTFT.

ZF the Seguenca 4o absolhely aummable, the DTFT will be a
conbincous fiunction of . Elvl.ﬂ?]
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Since the DTFT s mlmhj bk the Fourter series expansion of
the 2/T~f>w'od¢c Fezmnfj domaun. function, He ﬁ‘&owaj Mean — Square

Con vargence lheorem frv  Fourier Sevies s apblicable.

N
=jwrn :
\7&0- AsSevies Z'&‘[”J’CJ Con VLY es to X(CJ"’) o e ™Mean -Square Sense
Ne~-N

z
iF X(e¥%) 4o A guare Antegrable pyen L- 72,71), L e, flx(e‘,“’) IPdw < oo
Y. o -
Lot x (e - Z x[n]e . MS Comvergence  Muans
N=-N

N

T 2

JIX, () -X@") ] dw _s 0 a5 N_s 0.
T



WNoke that if X(e™) ia Aguare-inbagrable, Han x[n]ed, [why?]
The Lack of pointwese Convergenca . onhy 1NeAn-Sgucare Con vergence

o Llleskaled &M’L Gabts ,b,{;nam.mm

San b N - 'Tl
"
-+ i
- - “e T
Sam tgm qmj%_:q N N
— / \
- NsnsgnN J.\// \¥"
- s “ 7



Eelab’ms/w'_ﬁ Between Xatﬁlaa. & 7-bamneforms

et aclt) <X XG)

oo

Define 2, (O = (B>, SG-nT)

Nec-od

= Z x(nT) SC-nT)

Nec-ocd

e -St
X, (D= i ()] < fxﬁff)esdi-

[~/

= Z x(nT) e~snr

Nec-od



-7

Recall X(2) = x[n] 2

B{j &z‘h'nj .2’(7"7') = I[”J, we See that
xb(sD/ .= X3

i-es

T 2 :
WNole that oinc e’ e{s*‘, T x)T’ XP(.5+J 2.7;"):)(.6(3)

7 maps (@) Hhe Left Aalf of fhe s-plane #+o inscde

The rnapping e’
the wnit edrcle, (b) the 40 axia to He wnit cirele, and (¢) the right half

oF e .s-plan.c o Oubside e LNt civele.



Horizon tal Lines «n e s-plane get maphed to radial bines in the
2- plane

Verdcoal Lines «n e s- plane ge! maphed bo circles un the 2-plane

= Wtrkical staips jet.‘ mapped to annular yvegims.

T Ae s. plans an:?o;m,x.e.) S=0O, gets mmapped to 2=1

WNote ZFhat Sc—;—hi" Sumce bn 4s a rwlhvabued funclion

e .s)ygb. 750.&6 2, = r‘,’cje’ gets mapped to an Anfacde number of
J & Jle+2nm)

pownbs, se, So L Ln Ve = Ldn re = Lonr Ly (6+21rn)
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szuena.q Kesponse of Si.,s[ems with Rakomal JTransfer Funchion:

Freguency sedectve ﬁ’lécn‘ry da very Lmporiant wn many prackcal
acpplbcabions. Qe con obbacn the freguency nesponse Ay
H (') = H(2)
Zter 'w
pronded the unit circk aa park of the RoC, e, e’ € RocC
Zf e/ e RoC, He aystem e ateo BIBO oitable.
I f/zaeb'ce, we wdl Concerr ourselves wilh cawusal and stable

Ay stems. Sn partiecdar, W Wl Nestict ourselves to the claco of



LTI aystems characteized by LCCDE.

Some im pontank freguency nespmses ane: LPF, HPF, BPF, BSF,
A ffenentiater, amd Hillbert transformey:

TF the sgu‘em ta to be causal, then ideal, brickwall jillers connot
be realized , aince they viodal e Ffalyy-Wiener Zheorem.

e will af}bmxc'maé te adleal vesponses wesing Yational Irarsfer

Functions, e, by aystems that are rnealizabbe.



N M

Grnsiden Y[n]= - a yln-kly 2] b x[n-€]
k:( -C:o

Jaka,é? 2- bramshrms and Simplifying,

M

Z b E-L (2>

.té_). = H[i)e ._&LMC = Bz
X(2 14 5a, Sk Al2)

le=o

INM] onolen Z\'L"f/z'a/ poke o zero

N f:)wafucl- orm

) m m

——o “N-m TT( 2-
M (2) < bo 47.-.7_/’ 2¢2) - b2 et ( Zg)

N o

k‘n‘(/-é‘;:‘) JT (2 b))



; . 3,
Since the agyelem da abable, €' € RoC. Heme,

. m o j%wm
H(e™) - boer(N~M) 7T(e -Z¢ ) _ MGJ X H(e'™®)
7T( “he) ij::;fm
‘ 1
lHEe™) | 2 |5 le V2 "”DI Ie -2
7T| b |

Becavse o 7ba,(¢ or 200 al 2-=0 doea nol contrlule to the

magrnibude freguency nes ponse., Hey ane called TRIVIAL «pa&/zzw



Jnivial folm. and 20602 Contrilbuile to Ahe phaas n.ea,éanse.

Considn 17~ 2,1 Geometrically, #Hio denoles #a distance

Fom % (point on o wnit cirels) to 2, (zee at 2:2,). Thus, Hhe
rnwmeratoe bem 4o Mo produck of all M distances fom v
bo all the 2eres. Simidandy, te denominalor sa e prodect of

all Be distances fom €9 4 au he polea.  Finally, [ (e ] i
the ralio of these Fwo 7blzaalua.‘ of distancea, mulbiplied by
the gawn term [b, . (e chongee aa 't changea .



Jw

‘ e Je’"~0l=1 5 Tnivial pole (on 200) dosa et
Jw
ZL./ Ie _Fk l

NI7E

Becawae /H(e"/"’)/ opoana a (awge range, o plol e sz‘ude.

o a ,(aj.sca,(e. In pmﬁ'w&m,, we plot 20 .lajlo [ H(e’?) ]
( on, equivatentl, 10Log IH(e®)]*). Tha gain term |b, |
W!u»{fj Shifts Hhe Cclerve ap on down an the -»{0\7 <cale .



The Same geomeetric Mim/beaﬁ'm Ao ddo good A the s-plare

=

alar, lohen «v'ném}bmlénj Zhe magm’ﬁw& of HG) Foy-

Se\'ja.
rakonal H(-s), M
| Hega) | = b, | R i

f,ma-/»k!

/H(J.a.)lia e vatio of the product of all the distances from jao
To all lhe 2enbs to product of all dhe oiStances fom jn to all
the fHolea W»&f—c',é&;o( 4y /bo/.



Jhe above jzamz‘a’c dinterpretation neveala Ahal thene 4o No foimé
an the S_ plane Mal wa ab a constant distance ae we rmove
alrng Mhe 42 axis. Hener Thene 1o 20 concepd of bivial pole
wn  Ahe S-plane (undke wn e 2-plane, wheoe lhe Origan ia

al a ConStank olistance aa we 720ue ad'rg te wnet a’rc&).
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KRes ponse Of a Single complex 2ersr:
Lot HE - 1-rels’ |
[H(e)|® . | 1-rel%ev]*

e 14V~ 2r Gs (w-0) /up»(aci/nj "t Ly ‘-w’j,{ws a  Affered-
nw/:m&z aa A [n] W%W-Da&ad, Lxcept

A pank i [broad. tohen =0 amd lo=TC
NE Gl . 2 2
<8 Minimum occurs ot w=6, IHE*),, (- .
\§ \ 5 ?722ax<mum occuvs et =0+ /H[e"“’)l: = (1+7)
N ~
} } —> 2
U 6+ T 2 Fa,n_ v = 0.7) IH(CJ‘")I = 0'0/
(-r* ¢ e

' i Jw 2
S PA pr vy JH(e )Im = 3.6/

> 4



For o s4
S’my«(e camﬁ&x pole,

Hz) = 1
7- reVo5!

= the
Log plok of JH(eM)™ o the
Mjaé‘m of the /bn.wz‘o-us pAod

£ T
9
3 .
e (,“92__76—'-‘*“
§ 1L\
8 e
/ B.;"IT —>
(-r*]

o o= o]



Fole nean the wunit cirde Aoosts the frequency response

Zerr nean lhe un't crcle attenwates the freguancy reoprmse
&fow/bm oangl Jﬁjﬁ,éass J&,élw reatized M&)ﬁ 8’444‘74(: Cdm,b(vx 2ers

N /r\

/ \ LPr HPF
fa%+ >

LPF HPF

\/ —>

2T




&..’ow/bm angl ﬁjl,&ass f.ué(m nealez ed u&wy S‘Mjé W,élw( pole

/N /N

/ LPF HPF
——
\H( LPr
—>

2T

The vnown difference between am LPE rnealized wusing a pole versus
Omother nealized wsing a 200 4z lhe Nanwwneas of tHhe pascbond.

Zeonos cause Shonrp v-alleys and broad peaks an Aie jluzmnag Nesponse

Polsa cawse Shaonp peaks and broad vw&g‘ wn Ahe j)uzmawg Nesponse




Lonsdter e follorwing two LFFs,

(1) Realzed Using a Pob :

H(i‘): -ﬂ_ O< a < 1
| -az!
| H(ed?) 1% o 2
(1-a)*
= 100 (2048)
'f-f a=0-9
2
(V) L _ 055
l+at®

() Realized a&mj Q 2o :

H(i)‘—" l*ai.l OD<a< 1

[nee'® 1*. (+ad®

'f-f a=0-9
JE 2 2
I H (e :>l = |+ a
= 181 (2.58dR



TJbhuwa, the 3-0B Banduidth forn an LPF nealized u&&nj a

. ) 71‘ y :.‘q.
W?&iwu_z_»ode

Tte 3I-B Bw far e LPF realized MM3 a W»&. ﬁaa& can

be sthown Lo be IL ,d.e, fifleen bimes narrowen.
30

Exercese: Denive the 3-dB MSandw:dl of HEez) = 1 ~1ca<1l

-1

l-az

Podes are »mone powmfw& o &A,a,éhj the f/uzum@ reoponat

/ﬁbm 2LN0S.



LPF: Single Zero Vs, Single Fole

g ! !
0 .......... LF'FUSMQEE[‘D ............... =
g BEN T e e -
- | . : 3
£ aal.... N - .| 2 s e L d SAB Banrdurdit
= -0 ¢ :
= LPEF Lsing F'III|E:§ of LPF realised
3_15_ .............. Rgenzen st TEERUEY ................. .............. .jfov&“.eafg
o ] ] ' ' ternes Srmallen !
1 R EIRLIER LRI SYPIUPPIPITVINRIPVRTPINTRS. Vo8 :
i 71 R P S ...................................................
s ; . ; |
0 0.1 I:I.EF 0.3 0.4 0.5
requency
=7
H  (2) - _— V. H (2)- 1+092
LPF 1092 LrF

Po ate jm Aaa feern norrmalized Lo amé



e canr add mone .760-(% Ao ﬁ&é A j[d-&’m 16@40«@%4:

/N AN\

ARG
o

»6’74(4:71.4&'6 procdires foe  odeSignong Mm 20idl L2 «éa«;ﬁé o e

494,'7«2 bal [fudlen Deaign course.
Llacaicl Analog Filtena: Bublerworth, Chelychev, Eliplic, Bessel
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Aaolgning polea close to the unit circde fo geb a shanp filber
Mmakea the rneaponse armsibive to pole Localion .
Crmscden  fCx+Ax) = (), Az -f(z,)

>  flxpadx) - f£(x) = Ax- £'(x,)

= Af = Ax x )
=,
riedative (‘,/./,W i x

Af can ALecormne Iar‘ye <f f’fzo)h Large . Hence, f f£C) nepresents
the frequency ruoponse of a 2ysktem., L) wott be large . the



Zranscbon Juytm obt ssz,b fa[t‘m Such Ju.s'/éansu e eensckve to

S»nall h o goa in 760,&. Aocabons.

27 prden Faller : Thoa fidber bo ator called ac
Ahln] . ¥ Sen[6(r4)] ulnl a PLPESONATOR
Send
H[i) = i = = i
(- ve'®s')(1-re’®2") |- 2pCosO 3 4252
IH(CJ‘O) 12.-.- i

[14 ¢~ 20 Cosli-0)][14 +- 27 Cos lw+6)]



JHE@)|

\

duwe o the 199& alt
. : . 7‘—37/9 2«/44( m[crfm
_';t w. a;o ’.r M Couese G
SHIF7T 4 the fzﬂk
Location! &mﬁmwd, the faeak 2o
NOT e al (o= 76.

Jhe ex/bm.s.s:im for the peak Location te obtained Ly Solving

wo = argmax =8
w [1+ v~ 2rGosCw-&)][ 1+ *-2r Gos(w+6)]

Exeruse: Show that w = Cos' [ _/_’.‘_”_2_. Cos 9]
2



Interference sa reduced < A2 polea rove fa/:{fwa. a.,édwt'. Fhe
Hest Le « Ae ©= TC . Fe this vatue e

fm /ﬁ{ij can. e w2 when z DI 2 Og )

L = .ZZZ., £.e., thane 1o ne slu'fé in peak doca tion for any ' !

Inbenfernnce alas rneducea aa V_, 1.

Note MAat fon o Adstined fa.eak Ao Are Seen al W=, # O, e

2
/uwfu. -1 < _{ZtLCasesl
r—



Example of Peak S‘h’f%hj:

20 ; : ; : 191

covwespond o V=08 and 6=TC .

g 3 i i L : /o

Zf Lhone wene 7o Mfm/.&w»a, #he

peak  would have been ak i =

-1 | DRy | TR 1

Log Magnitude
n

}% = 0:-05 . Fhwevern, due to

%é&nfwnu, Sre actual peak

-10

18.5

i i 1 i i i 44 . 7
1] 01 02 03 04 0 0.02 0.04 Ccours & = 0 035?) ac ca
Frequency Frequency 2E

e Seen Sfror the Mz&sx




J 'rwl,bnmzed Reson ator :
The Nesonalon Lo o Crude [Landpaso Fillen. A canonce

B PF »ust completely /uJeoé f/u?mng co)—n,/bmené:s ak
w=0 and (vo=T. JAhe jivzn rneSonalon Coan tre

mad«fu,a{ Ao "f/“"‘ Lhese Lo f/vz?m ney componenls A
Ly a.a(d«.'o:zj 2enos abk 2=741
_‘[m/é/w-ed e Sonateovs
- - fOle~ 200 4 Lot .
HE) - (1+27) (/- 2) Noke Fhs zeros ane

| - 2rlos 2 '+ pis? o al z- 711




T A x'/m?b.)wvul resonabon olao awffers frrrn- f.edk -S‘»A"f»&"nj
e to tad M&m/wwa,.

Exercse Denive be 2X pression forn Ahe prak Aocation .
Comrmunt o  dhe 2esult.

Movirna AVMje Felben :

Aln]= 1 0sns N-] > HE@= |- 2
N

H (e9%) _ e-JwN/z S Nl
N Sun ©fo




Irnaginary Part

.8

Pole-Zero Plot of Moving Average Filter

.......................... g
........ £ PR A
H A L i
-1 05 1] 0.5
Feal Part

Lag Magnituda

Magnitude Frequency Response shown in both log and linear scales

e i w Sttt ot M i e s i B o
o ] (e e R i B e e L R et (s

_Bq_.. =

=

=

o

5]

T B Ll A et N e e e e A e -
p T T P P PR T PP (S
1+ 4
a i i i

a 0.2 0.4 0.6 0.8 1
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Wo beh Fifter Used Sfor Jurnom'a@ orne or 7one siruwsadds.

(onscoler H(Ez)= |-2»rClos® PR

AN ?,H[CJ"’)I
T -0 © T ®

Tf r=1, the 2on05s Ae on the undd cirle
ond the frequency /usléa-n.u Goe= to 2en00 al (=20 [Gren curve imbhe atr fig]



HE) = 1-2cse 2 42>
Whele the jlu%z'no‘y Cm—n./bmenz" ol w=3136 us nulld, the nokhi
fdt‘mfs response < far from the el nesponse  Shoum bHelow :

N Toteal Notch Filten

- _\

I

6 w

JAhe jd‘«ym notdh /«Zéu& Jus/ban.s.e. can Le im}é/wved, JJ aaldc'ag
[

poles at 7"6'{/‘ whoe V- e <dose Tr 1 .



{\
.
- > [ Srprovest
° i‘; }E Nokih Fulber
/ -0

-l -2
&oa/b/wvwl 0 tch fo&‘m : H(=) = v '26"592, * = -
1_2vlos®z 4722

Ev

&w»f&nﬁa Y- cannol e 9nadse A2o close Lo 1 é«ummc%

Lirnilations tomposed by finil precision effects.



Lomb Filierns

-l

Lonsider the Simple LPE given Ly H(2)- 112

<—— ensures um@jm

Jhen alt w=0

’

-L
H(z‘):. |+ 2
2

TR (24D /,
The rwoots ane new the L rooks o; -1 ,4.e, ej N

The foe ako wreewr alt w= 277k
L

gM(w»fj, »for 73 %47/-/:@90 facZ(w, we sbart with  H(2) - 1-22-'

and gt H(z) = 7-22-1- . Rooks : ‘L’;t rookts ob[ 1



1 JH(e'®) ]

1+ IHCE*") | fov L5

1 JH(e'*)]

Y =
—>
T 27T W




\Qrbt H(z) = (-2 N then lH(er)I-':I S, N@/,

Magnitude

Magnituds

Sun @w/2

for N=lo  and L =3 ane given below :

o o
(1]

I

o o
L m

o
na

L]

Frequancy



P/ﬂag Res ponse

Recall that the standard fom of Hz) fon a rational TF is
H(2) = bo 77—(/ 2,2 ) (tram ;.mqm tiow)

ZZ_ CI=f o

Hence,
m

B0 < angit,d 4 3 argfe-25"0 - 2 angf 1- 4,69

£ =

Fhe form o a Lypecal ferm 1a arj{ 1-re?”’ X



am,ﬁ { d - chge.JwJ = anj{ l < 7‘@3(&:-9) + J' .S'jmz(m-a)}

= ¢ -1 V"Sdfn (w-8) ] WMote . / - S 'zfﬂo/:’ _:i
- [ [ - Y Cos(w-0) - (4)# C4>

Le ane entenesbed cn Mhe OVERALL phaae reaponse. fon a Ayoéem
with neal-valued Loefficionts Mo phace nesponse Wil be am
0DD funch'm ? Lo.

Lonsiden Mhe cace O<v< 1 and 6=0, ie., nealvalued ivnpudse



1/{*): -1 - rz-,
s H(=’) - av-9 { 1 - Y"c.‘/w}

= aryg { v }_ an{C‘/m}
Greomebric sﬂnlml,émfaéz'm:

Jw

B, = a«nﬂb of Ahe vector Jaéniwj e O

O, = an e vector foinine e'” & 0
Note : Trivial pole on 2200 : 7"’ 4 J j

L., pole or 2oeno- al The vaaﬂ Mfo&-, £.£., W )zwjéan.s:e M
0 rughm will Conbnibube T

the fo/w»u response . 9, - 52
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Forn 0<Y; < 7, <1 the shahe of the

pAhace wfem.u Lo Showr Lfelow

Aé w=0, B :8=0 > 6,-8, s 0

\/4‘{ w-=1T, 9,:92=7Z- > 5,-92= o

JM é?ﬂﬂd tw=0, b, smlreacea

rONL naf&@ fMan B, > 6,-850.

Hence the W W,be 0; Ahe ﬁﬂw
/u.sftmaz W Aa fo[(ows:



5 Phase response for single zero at re?”
- ! ! : ! : ! ‘

Phase

i I i' i 1 i | | |
: 02 03 0.4 05

Frequency

J; B # O, the curve well be cenbrned ot w=0 rvather than at O,



b e Liit ae V51 He %W 1 orngle Q?Mﬂ/{d

As Me 206 Lenda trwanda Mhe unit civele,
the %W«MW& lendo Apwonda T :

As v tenda lo 1, the Mm;,zmmi&;{%bﬁ

y/A

M;{t zbewmw

/- Cos w

- For. v-= 1, {the expression for the phaae

9(@: o Sin o - tay[[ﬁan(z_g,v
2 2




Hence

J . w w>o0
b (w) = 2 2
_%‘ - _202 w< o
-
Jawlbah(amf Featuwureo : Lios 1/
M‘W=

@) Phaae Jurmnp o T at w= 0

) Slope of Mhu Linean pphace poart 4a _ L




\% vr-1 and 5#0, Jam/b ? 7T wed! ozcwr at w=86
Slope 1wl okl b2 lirvar with yatue un changed from _ L

2
"4@ collec ton % 2enoa on the wndt cirele will geve
e Lo an overall f%@a_a_ Nesponse Lol o8 LIVEAR
WALA Jurn?és 3_1 /. Occur:l»n,j ok Afe Localions ozt

He 2ernds. %/@(o/b,z?/ﬂp/&rum)ujtm egualo
__izv_. I,C Hhese 2eros oOccuY am WMX con‘//ﬁa&

pairs, He ovenall nesponse wall be odd aymmelbvic.



et there fre @ 2000 at w=6 on the unit cirele.

Let e gregquency neaponce bo egual fo H, at w=6
Consicen the fraguency reafpomse ak lo= 87 ; det it be ¥
The chonge am H(E™) oue Ho all the othen poles and 2er0s
will bre regligible decawse of Mo negligible charge im
bodh Mo distamces ac wdl ae dnglea. The ondly charge
will be Conbibrndid by e zerr af w=0. Tha 2e0¥
torbributes o phacr chavpe o TT. Henee, #H, = H-e€ .= - A,



Alence cno.s.fuj a fuwé Onden 2820 o0n The unit circle
Coautses a &.ﬁr» MM;» wn e f/uwn7z /uo)éw
gxang.é—(n.

/#b[”]: 1 “-Nsns nN

H(e'®) < Sum (2w 0fp.
S @Wfp

[nos.su'rnj cach 200 introducea a ,acgfn— W!



Imaginary Part

i i
n} 0.s 1 0.5 .26 1] 0.25 0.5

Feal Part

\9% Mhe alove
Sepanale plots,

the polots 2ol

Frequeny

e 7 Neop onsS M loﬂw‘ aa twe
jlc%fymﬂ—{;ncfua& am?:( fﬁ«w /é»éfx,
b2 ao whown' below:



Magnitude Response

Amplitude
o o
m [2e] —_—

o
IS

0.2

FPhase Response

T I

0.25

Frequency



Bg convenbon , a segm change wa hown aa O fkau

Change of TC (vathen than ~IZ) for > O.

% bln] = 1 osms2N, HE) = e-J.wwz gmszvf/“’/a
o

Zhse rnagndude plod rernains wnchanged.

The phlace pplot acquires o Llinean phase Lernm i

alope egumata __gl_. He »new W7m'z‘m(x- and

Hhaer f,da& orne sthowr below.



Magnitude

Magnitude Response

0.6 0.4 0.3 Q.2 0.1 0 0.1 n.2 03 0.4 0.6
Fhase Response Showing Linear Phase CGomponent
.r | ! ! ! ! | !
g
i o} TR M. Cngane] SR o o i, ) (R s, EEREEPHERE, PR o NIRRT b o it D EEEE G, MR SO
o : : :
§ Jump of pi §
| | | | | | | | |
a5 0.4 43 oz 01 0 0.1 02 0.3 0.4 0.5

Frequeny



wbhen we cnoss a fuw.l' onder 30100 O the Lnct e, e

acquinr a 76»4/4,«_2 Mmﬁx— ? . slb( we CROSS ar /VAOJLM
2o, we acw}maﬁﬂm W oF/N77:.

ﬁena, c/zas.sim.j a 2’00/7.6&/:. 20 Clawusles a 7644&: %M}L

% 27, which couses no aign Change /

L xercdse !

Plot M ma?m’/«ua& mdfﬁw flol.s of [n)-bln)xhln]
whene bln]) (a0 ao ahown /a/ue. X2 muie .é.eZaw'awL avowund
2N ChoSsings. MNhalt 1o He &lo/é:a’/ e //ufmwa? nesponsae
at e 2210 Aocabions ?
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Can there Nt OeS conbivieities an e 76%4«1. m/bans.z othern than ¢ ?

Recall +hat

o
Het®) o [@Ne? ™ o 4 ")y j b (?®)

(]2 s HE (e 4 42 (™)

tar' Kz H(Ee™) 40
2] (“’) = ”R [CJ‘O)

uno&/.:m.l Hre )= O



By d;/(m‘é/m, Q) € (-2, 8] ie, -TZ< O®)<TT
WNolk #Zhiat eré Ro C of BGe) and HE) 4ie a rakonal Dranster fenckion
%’a-nu HR (6"/”) and /4’1 [flh} aAre cmol-a'nuaus funcl‘fm.s‘ % o

Do conbinuities wn B(w) widl occur an the follroing two cCases :

() At fouints cuhnn K (e”%) 0O amd H, (™)< 0 b, = T
- +
A /{z(e'/w")< O on /{Z(e‘/”°)<o (or o), Haen
9([00-)="7£_ , Ol T . Hence, Mhe ﬁm Jemps -gy 2/,

L. e. 7T - (‘E) = 2.

’



(1) Y H(e?™) = 0, then 6(w,) is wundefired oand fene pfhase
cannold fe Comiinuous ab that point.

The no-0f Powmbs abt whith Me phace can fecrme ASconbinuous

% ﬁ'm’é Necawse H(z) 40 raekonal.

me/és g; 2T am B(%) can be Iuermoved 6:7 a.a{a&‘mj on

Swbbrackng integer e Lhifples A 27 - Called |PHASE UNKWRAPPING
Y e olefine Ol swilably at poinfs whoe H(e'™)- 0, 4o
it possith 45 gt rid of oliscom trrucctuee 4 O (@) ?




e answen aa NO Lecawuse We Canned geb rid gl Jernps
of T (odd ruclaplos) by flace urwrafpong.

Nowertheleso, thene ia o way b make Lo phase Conbinuoua
foro Rysbems trth nabional fransfen functions.

Crosseng a 2e0r on He wunit circe inboduces

o Sugn chonge. Bud |H(e)] 4o COnShraimd to be
non-negative. Hence Mhe phaae 40 forced b Seurmp Ly TT.
I e replace [H(e'?)] 4y Aw) , wherne Alw)<c R, thewn



He cﬂom;,a 0’/ g Can e OS5 onbed im Alo) and the

%W Can /Lcmax/m COnrveous,

Henee , Wwe oftwm/éaw e 1’1}%«17&67 Jw/;an&c ae

H(e'™) A(w)e"ﬂ%
T CorEntlows W

neal-valued | j.e. ferebr

Lo take on both

tve and -ve Valueo.

The o&wm/éosc'z‘iaw A(w)e‘”b(”)x,’a 2ot unxfzm becauese



The o(ecmm/bamﬁm Can Le rmade MW?M ,4% e enforce the

O < 4;(0)<7L

EXa.m&
Recall the example where hln]e 1 0sns 2N
- [ LON .
H(e’%) - EJ Sim (M) %%

Sen W,



TAhe teseead majm’z‘za& - phace a[:wm/éo.a'z‘ian neselbed e a Oz
that had Jarr%s 7 VT ald Ye 2ero é’)zo.s&t.aﬂ:?s. .¥ WL r:o//aa.

IH(e') ] 4y AG) wwhere

Alw) = S (2m41) %
Son @/

then 49/0) = —Nw, which ra sezo conkrnwus. Mok that

A[w) 3évm above Now bakes on both Frve and -ve values.



Fhose nesfonse of a aingle complox pole sa e negative of e
phaae redoponse o)i o oingle Complx Zere

Ovenadl rwocporse aa Ahe M%%mﬁma&uﬁm
andi Videal fpa{w and 2eros,

TJake o Arok at Example 5.10 on O/blbcnvﬁu'm and ,Jcﬁafcrfs,
"Biscnet-Tima Signal Processing” (2nd editim)

See aloo MATLAB's UNWPRAP and ANSELE Cornmands.



Zoben we Avine discussing causol Sipnals, we aw Hhat H, (e/%)
and K, (/%) are 2ot independent Lok related. Doeo <t
mean  [He®)] and 64y ane aloo rnedated !
Conscden

H )= |- af's [-redr’

[H (/)] = |+r* 2~ Cos(-0)

5/ [l«?) - fM.’ Y Sen (w- )
|- bsle -6)




¥ =1 =J@ <
Wow Lt H,(2)s —a”+2 = -re +2

H, (e/%) = - rellre™
Hz [er) . //2*(8./4;) = (e‘J“i re"./b")(e JY r"e‘/e)

= |4+ 9~ 2r Cs(w-6)

l

3

= | H, (e%) |*  same ma7m'£aa£z 7‘1.5‘/50%& /

Phaqe ries ponse ca ol fferent :

92(4’) = i‘ax" Y S O - Senco
Cosw - Vlos P




2o o H (2) ta at )'*c‘ja

: |6
2oro 05’ H~2) ta ab L e’ Lo, the odd 2210 co Juf»lcc!zd alboskt
r the tenit cdrcle .

\%é ! ;/2(5)= ‘4 + 2‘, / ¥e'?
= -a*[l- ] \/ -
9‘
e

5‘aw& facfoﬁ yueded Lo make Jhe ma;maéudb Ldentyral
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&) 1
H (2)= 1 _ _é_z"
>
~TL )
- 9(@)
H (2 - —E'-Ju:'-’ 1>
" >
-TC ©
From owy previowus reswlé,

/ﬁ/,(c:""’.)/-.-/ﬁ/2 (/%) ]

Aud B, () and 6,(w) anre veny d«ﬁwm‘.



rolher exampdle :

-1

G,(i): 1-2

-1

Gz(§>.= -1+ 2

Sumee -142 = -(/-—i'>,
the mun LA'P»&'ca Fon

-1 /u.swa‘sixna.s“,&é

T W
-z
2
e
) (-
=
2
t —>
T T w



: ~1 -t , ) .
Since 1-a2 and -a*+zi Aave Jdentical majmfudée rusponse,

¥ -/
H(z)- ~&*+=2
l-az2"

Haae  unit magnitude Nesponse. Thea Can afoo e Seere fom

-l - 3¢
H(e'®) - -a¥ e’ S = | (7- 2 =1

I-aeV® evw(et%_a) ed? (el -a

A ftﬁ(/m weth  Unit on constant méﬁmz‘ua& Jus)éms:e ta called

a0 an (ALLPASS Fulten|.




Noke that both H (2) and H (2) are causal gillers. Nevarlbheless,
Enoswing M 7ognithede nesponse doco ok fudlp wo an
Adermining e phace recponse. Towever, 4 the fitben bramsfer
funetion wo nalimal, whethen on nok Me oyaobem ia Causal,
for o given Mag nihede rueofonse, Me Nurmben or chodces
for b phace nespornse so foimed, providsd M filbon onden
1o Afza’f:'.ed.

I Sre case o 1-.ZL£’, lhe ondy other aystern with identeal

ma.gm’z‘uafz nesponse 4o -1 s =



/\ /\ Fon H(a)a - L3 thoe
F?/ —> + P s e TWO Aj»alem.s r i
2 Z=2
\ \/ LAdentical Mmag. resporie

For Hé):(/-r’e'/a?:')(h re’ %) therne ane FOUR _auck possibilities:

y, /N N N

A AT
PENPES




P e

on a %Mm wuhth N pa.&s and M z2er0s, Can Yo §a1esS
7 j

Aow ma”:y ﬁm%-:»&z‘sz LX4St ?

\944 ‘
Sorne fnaczéca/ cases, We ana given | ') * andt
r1e g uiined P/ f';"d H(z).
Recall J
call Yol H(): HE and W@ 2 4G )

Jeo -

2=€ oo

Za €

M

\/4 3¢ne/\-a,l w/bzu.s:s,(m 7‘;, HZ) 4a bo 127-(/-6(2")
N
[T - e




qumy/j boé' 2, " .
() b, ATO-ER)

o N *
7T(/" dkz )

k=

Hence,

Cla)= Hea) i ()

m -1 o
_ B2 ¢7=T("C¢2 Y(1-¢,2 )

o

7'\/’”(/- A 2 )(]- djz )

k=1



Tf C'k{a, azmag/-/(e), C, 42 ol a 2es ?C’(z)
Tn addtion 1/c] 4o ataor a 2en0 o C(2). Simmidandy,
A, and 1/g* are th poles of C(=).

'3 Xam,blt-

4 (2 = (1-2)( 1+ 22")
(1-0-8ed™Z')(1-0-8e™%')

1 (2) = (1-2)(2+ =)
: (1-0-8ed™Z)(1-0-8e™%')




Venipy that HIH(G*)= H2H (f*) = CC2)

Tbr pote- 2en0- ool o C(2) ta Given Below :

froblorn : We camnol go g CG)
b H(Y in o unigue marmen. 8 we

> Agawme Cowsal & Stalts 47¢£ms, ten

Ak ﬁa/&a ? HC2) Ahave Jo lr ansude

the prwé circle. Bl HRe 2enos Can
Lo a/ry.w/wu/
Exerese How many a&ﬁmf H(z2) 9i‘u e fo He \92710; c) ?
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roblinn : Given IH(c"‘”)lt Aowr Coann o€ jd H(2) wndr Be condbon

that H(r) 4o acowrud fp boe vabional ?

Lot HG) be g the form f(/*)) whire  the pobynrmial coeffieients
=

one nedd-valua. L(s,,;n.j He facfamd form , we Saw that

M -1 *
;lT(I-Cez )(/-Cez )
77 (- A2 ')(1- d:2 )

k=1

SCence tha Coeffrcients ane neal-vatuwed, e rpods occur on c'aw'/uja& pairs.

H(2) b () _ b:




Hemee the factors nelaked % ¢, arve:
(L-, )02 (1-¢72)(I-¢, =)
Bk, (1~6}2-’)(I-C;2')= 1-¢ (243)+ ¢
and (1-6*-’)(/-63‘2)= 1-¢(2+2)+ 8"
= H2)H (/3¥) 42 a fémﬁm a 2e2'
Jhua ,
H(})H?%*):"V’/w) w hene wa_é.(z¢£')

Sance bln]le R, H(;.-):./fy(i-*). Her ca "V(w): H/i)f/(%;)



E"Va&cab’nj He alove ak i,eJ‘:’ we gk
| H(e))* = V(coaw) = A*(w)
Example

(2 = 1-32_'

-2 2
2

1/¢2) #1” (Va¥) - 10- 3 (2+3")

5‘ -f
T--;—. (2+2)

[ H{(eI%)]* - 10- 6 Coswo  _ p2/4)
E _Cos w

‘f'



Conversely, given A'w), Me Steps o get H(2) are :

1) /Qelb.(aa Cosw 4y W Jo get VvV (w)

D Find Me rook w; o fu rum. and din. o Viw)

D Form the egealbion _é_[z,«i): w; fon 2ach W . Lk the
rooks be 2o and Ifs. awhene 2. demofes M. nook inside
the wunit circle.

) Zews/Potes g the tonbnswn H(2) are He 2. as oblairned.

8) Fhe constant K asocociated wifh HX 4o 0bbainsd using

ﬁz(f) = FV[J)






Thaes, Hl)s S2-1
23

Ly ConsStrnuchon, aince 2, 4a the root That s inacde the wnit
canele, H(z) fac all 4fs poles and 20005 wnside Me unit tircle.

A f«'ﬂm whose 760(44 and 2005 0ne inscde Jthe wunit circe

w colled ae a |MINIMUM PHASE f,d(u.

We will <ee 2»0ne aboud 2n™ phaae fxﬂm Latern . The pro ceao
o; 94&’&'7 #(2) from [ #Ee®)|* o callod ,cf?éecz‘rd fLactovt2ation |




A ennale )7ethod :
M one -énsc'?/ué ento the Sp:cz‘ml factovi2ation f}z&%—&m Can S
0btoned by considining M follrwing albernal approack.

Lonsidwn e W/S;&M:j Z:ll:__
»+

(1.) Fon 7:3‘/”, Z:jf%% > Qa W rafrvm -721"071?)
Z Goea fram ~joo to +jeo. Thah ¢o The wunit cirele qa »nap hed

to He mazm% AXALS.



(/7) vaf /"7 [< v U canr 64.5’4'{7 fe Seem At %’s )":cjx'aw
R ma/b,b.zd to the region RcfZ]é O, 4-e, Ae e gior
anside o unit circle sa rmabped Lo Mha Aeft-haly plane.

(ff’) Lot /77/> 1. U can 84.5’.4?9 de Seen Hat Ys )":zjx'aw
w ma/b/a.zd o the negio \EfZ]> O, «-e., Ae regdlo
oubside fhe Unit carcle na ma/é/b-ed Lo Ahe /‘u;ﬁ,é-»ﬁag plane,
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sbéf‘n—t N._ = W= [+W
w+1 - W
"y-i-l
2 2
Recall thalt 2 = _‘(’74.7") Hence :[:2:’_ = W= 2
2 wrs il
YR T

Therefone, Hip)H (Y ) = H(HZ ) V) = 7/( I+

/+2

Dapme H(LE). #,(2) V) V(Lh )



Yence, V(W) HZIHECE) .V (2?)
The atove fawwu/az'-fm 1 am.a»(oﬁa,us Lo  A#e Spectral faez‘on'z-ab'm
fp.zw%m’ 47 conliruows - Line s{yskms writh vrakonal Hansfen fenction.

Fhe &64/6: fan- the alberrals Mmetfodl are :

D Replace coa w Ay /+:// Ly get V(W)
I..
2) Find alt e rooits W, of YV (w).
3) Fonm M egn ZZ=W; = Z . VW amd -VH

2 olenotes the root wxfi m;az‘:’vz neal parnk.



4) The iéo&:/zm q H (2) ane tha 2, o obtained.
5) The tenbknown 1'//’7) ecquate 7-/,(’7': )
Fhe ?aww terrm a2 fo.wnd( ‘frum 7-/12(0)= '1/,(0)

LEXample
A%l - 10 -6Gsw
i-&‘osw
VW) - _H-lEW Wl W._
1222 2 2



Not : By consbuction, run” phase Solution (s obtained.



(o b Q'D&évg_

The phaae nesponse can e either Stactly Lnear o nondinar.
Swpposa the freguency respomse sa "2erno phase’| ie., puredy
neal-vabued | thn we nued vot bolhow abowt fhace reoprmse.
Considin fha wdral LPF.

4‘1

Scn w,n

. —
o "% We ¢ TT"n

TJhe alove Mu— ta 2ol rnealizable.



Suﬁ,b 0Se e aﬁ,énoxx'mcz&' e deal LPF ..u&.'nj a raliernal bransfen
funchion , wilk Feguengy nesponse 2houn delow:

dh R i Gemro e
N \N‘// Funchion. a#zwx—é/maﬁm

-Ww w

Zo nealize o fobler with “Roo plhace, agouming rual-vabued Lrpedas

msf’w; considin A ij ALl Guanece of/ 0}%439’&»3:

X[n] - T e o " v/ [
fnd-— e | Reversal e _-)&v::d_éy”




Y da eany by venify Hhab Y (e’?)o X(e) [HE)]|
- 17 Eens phace filter

%ﬁné.«n&(&{y, M alove cequence % aﬁmﬁm.s neswdls e a
7non- Cawsal f(‘—[éw—, and Senta 20l nealizalte.

Instead o Zoo phacs, 4.5, we had Lirean pheaz /A oukpck o HAa
ALY A T faﬂm wkidl o o Jlelayed version of 2eno fohaas
fc'»d‘né ovbpik. Aliowgl dday 1o o destordon un the sthick

Sense, 4t ca a ézmgn one. .



\7{ natimal bransfor funchon approximations with Lirvar phaae
ane nealizabte, then they ane whal gill be Lmplorrunted an

76/7.«.(::.‘7'&& .

Leb Coswn 4 Cos wyn ba an input L a filler.
Pecall 24« fo[{ow.onj Jesell :

Cos lo;n —_— H(CJM) B /H(CJ“’o)) C’os (&)O‘VL.,L 4)‘/(@1.‘%)>




J—& we want only deloy distortion , L.e., oubpul Can, at the worst,
ordy be o delayed version of Yo irnpuk, then
y[n)z x[n-«] = Co.s(lo,‘):()

]

Cos (to,n - w,x )

Tbus muans, [H(e!%)| =1 and ales- X H(!) - — cw,
That io, ba phase nespmse rmust b proporkimal Io fnegusncy,
aport fom unity gacn at lhat frrguancy.

hen HMerne ar two cormponents, for olelay dstortion,

yln)a Cos (w,772) 4 Cos (o, 7o)



= Cos(wn-ww)y Coslw,n-wec)
whoe oncs agan M plase shiflt fae & be proportional L
§rrguancy, Loe., Ainean.
Seppose a fller haa gaen [H(EP)]= 1 for is) 2, fut e
phace nesponse o not Aivaan .  Fhe onclbut YLr] wil e
Y[n] = Cos(un+ 8,) + Cos (w,n + 6, )
whee 8, 1o nob proporbhomal o w, .
el the waveshape Lo preaerved %



Note Title

EE5330

Océ. 2, 2013

07-10-2013

L

Ww- .

\% Ao fm 1o 2ok Minean,
Wawsﬁa/ée will not be

Cos o, 4 Cos Wyn. Jhe ned

Wavz%ﬂ,éu 10 2ot ﬁm&mvw(_

}b/u.sm.uwt. Zhe blie cecvrve za

cenve 4a Cos (v, n+ 6’,),(. C’o.s/wzn-i 92)

where O se not proporiional to

¥

b, xtw., i Wl canse 7rerc A’(dﬂ

Amplitude

Distortion Caused by Nonlinear Phase




L nean PW with slope -L il Cause o a&*&y % L Sampbs.

The  Slope, am jeneral, ta not constrained lo fe an Anfegen.
Whal io the maning o a alope Mok wntroducs non-satege
Adelay !  Asswming a Samplng period T, a frackmal delay o
L+3 means Mhal Hhe owtpud s M Sampled version o the
wndendpig  Contivuous. bime aignal odaged by (L#S)T.



W-»{,"ybée 62
——

\% H(e'*) - e-‘iw(“é) W, < lwl<w,
o) Olhsrunse
and tha impuk X(E2) faa compments only 4 tha pasoband, the
ML‘PM <o Geven :”6:71 s
. fX(er)eJ Adw
2z
-7

-4

= Z xX[m] Sime M-L-§ —m)

mM = = o0

':7[99_7:




Growuhp -.D..z(tuj

T e _ P (e whoe P ta the Conbinuous

I e phaas funchion

Phoace Delay

w

A P) = -ow, lhn Zé(m)g 'Z;Kb)a of [ constant!]



73(47) and '2;(4:) Aave e fo.{bamy Antbarprotation :

J% o marrowband Qignal ie pacatd Mrowgh a nanrowband fc'[{w,
/A envedope % Ma  orlpet ju‘-S ab(aya( by 7 /bo) and Ba carnien
,a«uﬁm a fkw—by 7 (w,) , where L, wa Bs Centre f-eZmng.

Jo) _ .
e ] oy o

Tl . V() B VM () _zm{ H'Ce%)
’ He () + H () H(e™)



Fon o Single torrplx 200,

¢(¢o) = i'am-‘ r- Sintw-e)
1- » s(w-6)

Y- Cos(aw- &)
r+Lo- 2tos (w-6)

= E[k’):

Jé Jé
Jf <Ll and we neplace Ve '637?,'6 M
e alove LrxpreSsion Jveals Ahatlt e jvw,u,édda:y ANCheades .
Shal 4;0, Mféc/.o.n-j an ALnside-unib-oirde zenor alowk HYe wunlt

circle St it nows Aite pubside Aorcreases ARe Frowp dda7



U nits % ‘23(10) anre Sam/éo(z.s

Fon neal-valuad 4 [n] 45(40) ;IS(w) = ’g/w) ©£a an Cuen /an(z‘:m.
[Mmmawaa&l{ry W and -w st He Same _]

7"7(40) 50 un LA fmﬁmd ? Lausal, stabte foll_m.s

%(w) can aqowme ary neal-value , ot m%wé an 4'914.‘.4;0:..
N goneral, Ty (W) te a4 nolinean f.«ncb’m.

A Jza/é.c'd Change s phaace | fypically caused by poles or 2o

close o Bha wnct civcle, ol couse a Spike on Ty ad.



Sonce Mirnean PW 4w cacential 7%)» 76/1430;%‘7:.7 wa‘ue.ska,é.e, we

Zv.cﬂ .e/xa,nfu'm .4'/:: cm&%cnus .u.n. o e d[a(mle.

Lernear Phase Generaliaed Linear Phase
™ ¢ G \\75[“9
> >
w 2

¢(¢o).—.— -WwT pled = B-WT,



Linean W ‘e a .s,éeu'al Case % jcrurw&'eza( Lnaar Abase
M’“/ /83 0.
Fon d4ofA case ‘Z'j/w)_— T, ., a constart, Bud,

Z (W= |7, fon Llinear phase
?- z)é ]6./?- ;&mv‘w{déd Lenear /SML

lob ot msz‘rm'-nl:s, Af ay, a e m,bo.s:eal o f’ﬂw&‘ i th
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PW‘,,&'M’@ 7 y(AJ)) l..e., H[to): #('A:+277) M&‘ Jzeal- pal«,edm.s's o; i’Az.
m/b.u/a.e reesponse, i.e, Alm)e R, complad rith Limnean ﬁm, 4 rnpose

Some conShkracmits. Ve will woe the Hiw) notabion nathen thon the wswal He').

Lt W) < A(w)e')(p-w-g)

Hw+2W) = Hl)
€ A(”)Gj(ﬁ-wza>= A[w,tzn)e'l(p-w?’—z;’-’g)
-J 2T,

=> Alw) = Alwt2m) e 2

Sknce /4(10)6’@, 22} é‘z



2)

To =M = A= A(w+21T) priodie with pwiod 27

= - 1T . . . .
To- My L > Al =-A(w+21T) pode it fﬂuod /A
-w.b.;.u+_2':

Ao, aince Alnle R, H(w) s H (o). Hence,

Al ed P9T) _ 4 o (BHT)



(7) % 3= Alw)= AC-w)

Even %mmﬁ'y

o,
@) Y B AG) = -Alw) Odd aymmeby

Jbwo, overall, we -Aave FOUR ﬁas&%%’h’es:

Ty =M B=0 Alw) = ACw)
TyaMit p=0 A= Altw
= = =-AC
Ty=M p-E Alw) = -A o
‘ZagM-}-é ,B:ZE Alw) = -A Cw)

Sntigu group. dilay
ntegurt grosp lay
ntegee grog by
Intigeiy groop lay



S'Mlb,bos.z Lo fmz%u Adorme Ahal Ainean ﬁm fﬂm <a CAUSAL.
Aln]= O for N<O. Furst conscden the case L=0.

v/a /A
A ln] - ?17;_‘/ Héw) e Jwen 4 - 2” Ad)e -j@y " i
=T
r ( )
)é wz- ~jw(2Te-7
[QE”]‘—fA(w)e 7 VI
T
= 1 A(w) e-Jwt andw = //L[”]

27
-T



That io, fon B=0, Alnl=h*[27 -n]|fon ANY Liruon phace filion.
Henece, «f Lue fu.n.z%u aaume A [nJ- O fon Nn<O, »A?Z‘Zj—njz()

for N> 27, = |th fillen o FIR

For f- _277_.‘_ . Show Llhalt the condition Lo be Salisfead e
-/A[”]:‘»A.¥[29'”J

«A[”]:: ﬁ¥[2'23-‘”_7 = %mmf)y around N = 'Z:,

«A[‘r’]= - Ay[sz -n] %d%°~4:7mmf>y around N = '2:7




Lt the FIR filhor be defmed over Mo inmbernval n=0,1,. N1

Hevnee Alnl= o 76)* N<0 and N>N-|I. Hence 2LTy=N=-/, de,

"rj - _/g__/ . Therefone, if the Length (N o Hhe Zuﬂm ia O,

E

47%‘4;:4 4 2’_ .S'a'rn.jb&.s.

1e an /t.’nl.ltj!/b)' «(f e M;ﬁ L2 even, '23 ewé’

Thensfone, Me oleloy antrodiuced by a Linearn phace FIR fﬂm

Lo 2ilhen J/.rw(lfﬂz on 4'717‘4;-02 ,L._Z/T 5'49—/76&5.




Kergth
Oold
Even
Oold

Evert

St 77720 bry Growp Deloy
Evern.  p.o N-C ot
Evernn p-o —AZL
Odd  p- = _’VZ_°’_

Qold e N-C

Nare
Zypr 1
Jype I
Zype 1L
Lype L
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Scrnce 2‘2:75- N-l , for an FIR fw((u with real-valuwed coefficients,

%[N—/-n]: i'A[nJ

FS
I 1.1 1. II I’II
| B |
Jy)b‘ I Jypc Ir -77,6; 1T .77/;‘ N
N=5 N =4 N=5 N = 4
1'3:_52;_!:2 'rr.%ﬂus 73=%-_1=z ‘7.'3=:’*3-_1=1.5



;9% o fc,[(m f/zoalac:es Af-n«£¢7uz Maﬁ , the output can e
S&’f&d Ao e Alff @ Hhat Many Qamples and He m134'n46
and ﬁ'&‘md ,a,c‘gm.@(.s Can e L“t.m~d&;7md.,

\25 AAe Mm Ao.'w‘rodaas M-Sﬂ‘h’%&_ dda?d, Ha /&'W-a&:fnnuw{."
4.0 not 760.5544& Wc.e. Ha SAA’{A.‘ Can a'né Le an Mézﬁv:..

J»yf“ T arl T o brodicce 4./)4.4.‘4;% do&?a
Typec IL and IL an boduce M-.sm—r,b& HAelays.



Amplitude

Input and Qutput of Type | Filter

Vs g Input and Left Shifted Output of Type | Filter
. T ¥ T 1. T T T T
osl. | . | Ampe i J
- l | i .
= g -H = LI Integer shift equal
£ | - ' g to 0.5 x (N-1)
< qslif- i | i produces exact
! bl I _ ; alignment with the
SELSRE LAY LEIAL R AR R LR I RIRLEIRIR RIALE PR S input
4.6 i L i : 45 , L , .
0 80 100 180 200 0 10 20 30 40 50
s Input and Left Shitied Output of Type Il Filter
1.5 1.5
1k
ast Neither of the
5 integer shifts
2 5 closest to 0.5 x
3 (N-1) produces
< as exact alignment
with the input
A4k
1.5 i i : ; 4.6
0 10 20 30 40 &0 0 5 10 16 20
Time



Fon \7776:4 I and TL, the Cenlére of&ymmﬁy falls on a darmple
Fon JZ,&::I and T the centre o{ .A»ymmby fal(s W'dwa:y Oelroeen

Sar

Symmebey da bolh nicecsary and aufficient for an FIR file
bo b2 Livear phase.
Symmebry ane Scfficient bud nok Macessany for an IR filtn
Lo bu Mlirean phase

HlnT = Sin we (M-) Lo Airnear W&& for angy o .
7T (m-o)



Yowever Hl[n] 42 .a:ymmzﬁic arowund N= av»{y »uf & 45

,o'n»‘e?m. on im(.eiu,; <.

F/uque-nay R«.s:,bmsz, %ofinear Phaar FIR Filtens

Hw) = ?Z[n.]c-‘lw”. U o wswal Lo Lt M=wN-1.
h=o

Fonr Zyfoe I, blod=4[Mm HL]-Alm-1], and ar on. Hence,

- (=i _iM
Hlw) = 4lo]+ 401V o oy A3 Y% prmied™

.J (m-Dw

= Al)+A0JeVY 4 + Ali] e + A4 lo] e-JMw



-1

P { [#] . Z‘ 24.Ln] cas(_;f;[w)}

-
Alud
S:o"r?u'lav"o{y,
M- 1
- jwM/, R R
WOMPELY IEPYTS Cos ( 2, w)}
N=zo

1 —jwMe [ = , M
R P € )

JI=

€ <

| M-t
H (@) = j e‘JwM/z { sz 24[n] S4'n( -’21’--71_ w)}

Ns=
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L ere Localions of Lenear Phaae FIR [fdlles:

Recall that Linear phaas iormposes the follrwing condifion
Aln] = * LIM-n]  gubere meN-]
Hence

H(z) = + 2" H*(%x)
Suppose 3, 40 a 2000 o HE) That 4o, H(2)=0.
Thris »means that

H[i,): O = 2'0M y*(’/g:> = ’/20*.40 aloor a 2eno



. Ja' Je .
Thuwa, f ve' 4w a 2a0, then Le 1o alesr a zerr.
.,?f Alnd e R, thn vel? will aloo be a 2e = __I_e-JB 2ol b
r

a 2eno- oo Jbua, a caw»/;«éx 2ea0- Malt ia 2ok o the wul

cincle r2mst Occer am | Sels o yan fon a Ainear -p/um FIR Zf—t#m

aithe neal-valeced .ém/b,w{a.e. Sesponse .

% Y= 1, the [same 2010 | Saksfes boh H(2.)= O and the

H{)%)- 0.




Al[n]e R and Ainecar phace
Jo

>ean t,%,m‘,if re’' e a

2Zeno, Hern e Sek a)z nelotidd

: )6 )
Zerod sa { reV , ¢e'+"9}
r



Lenean W fu{(m alao- Aave (onshained 2o,
Fon an F/R ftﬂ% -fﬂ["ﬂ,
N-1
tH(z) = S, hinlz"

n=90

Qe il examine HC1) and HED.

N=I
) = S, AlnT

n=290

N-1 e
HE) = S A LnT(-)

n=9o



) 4 -




Cannod ba used Cannok be usel Coannok La used
f’” ém'.(a&'ng fan ém‘«(a&'ng f"” ém"(a&'ng
HPF LPF, HPF LPF
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[@usal, statbte , lirean fﬁaa.x. fﬂm sl yotional Hransfex
fawcb’ms Aave My S mC&S:ané F/R .

e 204 .S'«éa.a@ mone about a-a-,ba.ss and »min” phase fz/lm
A k/:a/z-du al(-/éa.ss fﬂm Can ba Luonilten ao a cascade

? K f{r.s[ erder all-pasco Sec bons.

-/ -t -JQ
M- ~2c+2 . Z-ne ©
(- 2 |~ v elei!
K
Hak(i)"' gZT l/k (2)



P -/,
4 )L/k(é/b)z ﬁ(y): arj{e'/‘o_yl:e-/ k7 ﬂr’j{/-YZEJ

b, -
keJlo]
= arqg {4-‘/‘0.}-{. arj{l-f,‘;eﬂgke‘/wj~ arj{FY;
[ Yy Sen (- 64)

[- Vg Cos(w-6,)

= —w_ 2tan

The overall phace nesponse 42,
kK

Pl ~kw 22, tan' TkSm(k-on)
k=i [- Ve Cs(w-6,)

Jhe aeooccated 3@0/,4&% ‘o

7:7(‘0)= -;{% )

& kI g



k<
Y Cos (w-8) -y

= K4 2 _
k=i [ - 27, &s(w-o,‘).;.r;
K 2 K 2
= Z -7 = Z -7
2 Jo, -Jw |2
kar -2V Gslw-0)+7; ket | 1. r e’ e

Simee Ty<d Vk, T,)>0 for an all pos il
MMar, sance ‘Zj/m): ~ P, Pli) 4a a monebrnic Aecrneasing funchion.

Ore can alac casdy prove the ﬁl[aw»vg :
>1 1zl< 1
1zl =1 — Fthwo pw,S-mé Ahodds for /7;"(2-) alat

IHI( (i)l = =1
Z| > - L
<1 lzl>1 e



We aleor aaw thal H(2) sa called aa a 222irnéirner W ft,&é.w.

Af all <its ,6@&.5‘ and ewrs ane Anoide Bhe wunit circle.

Lo Sex Mo cormechion felween a general HE) and 5

associabid menimum phace and all-pass dacrmposition, Lok

H(z) te auch Zhal 46 Aas ondy oe 200 owhside Ha unit oircda.
Ao #(2) (£-)

Thal 10, lhe 32010 410 ak \/-x,w'ﬁvu le, < 1
Ck



Rewnilt HC2) as ‘fo%ws:

- .
Hz) - 4, (z)(/-ckz') 2 -a
[- ¢ 2"

Since [61<2, W (2)U-62) pa minivum phace omd
-f * .
2 - e ) a,l(.,bas.s.

-1
/- €, 2

Thra 76./70&&&07.« can Nw /u,é.mtca(. foﬁ- vieny owlside - unit-civele

2erno, ard hcirce Ay H2) can be torilten aa Hm (i’)‘é’lﬁ/&>



Y H(2) hae 20005 on Bo wunit tircl, Harn Mose 2ews Cannot
VA ﬁmf ? /v/m (2). Henee, Zhe 2r0st jemrd o&wn«%oa’ﬁm gz
Hl(z) wa ae follows:

H/i).: [/Wum (i')‘ IL/ [i> - H (2‘)
Uuc )
twbhne H, (2 cortawvns all the wnit cArcl 2005 of HZ).

% o ,ay.s'lxm 1a  minimum M, causal, and Stable, it

AN vense /.zy.s'hm ta alao causdl, Stalbls, and »Nirnum f:ﬁw



H(x) = H,, (H, (2 [ ()

Cancel puck _/

H uc (i)
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W all-fpaao D&z[ém, fms.ums /.u?,,.,al eneryy.

ap
Nzl - 25 lzmmil?
Ns ~-oco
2 e 2 s
”:\IZHZ = Z 1:11[”-]/ = _I_fIY[er)/Zdw [/Da/weva[,'a Facnen ]
Ns -oco 21
-

Y€)= X(e¥) K, (™)

IY(e?) 12 <« Ix(e™)]- [y () ]* _ | xte™s)?



Hence, ince [ X(eI*)]®< l)’fe‘”")[:—

Nan) « 0yl <e, 2 lzln1]* < 21y

Nes -0

Zhak da, the|all-paao fc'ﬂm preoenves energy.

e will now -f)w-u.e e yé{(ow/w:g S'z‘ra'nfu. nesult :

No No
2 lxrn3l? 2 5 |yl ?

Nz -od N:~-o0
.l'_e., HAe Jw'nvuby Swrnt of He MM &mw‘jy O)Z an all-,ém
f(l[m 2 a,lwagd Aeao than on egual to He wzvusfma&n;j z‘/'b energy sum.
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Lonsider Ha ﬁa({omj causal and stall all-pace f’l(.m. :

X[n] 4,_4*[,,3 I 3[51.7

©o

e sthowed earkien fhat 2 /Z[ﬂJ/zz Z/‘y['ﬂ]/z

Nz-oo N:c oo
Since tha filber aa causal, amdd L ifp 1o applud ok n=0, e
droen Limit can bu reploced 4y N=0.
Noer Considin tha followsrn <fp: % [n]e {Zf’ﬂ nsm,

o n>n,



Lty [n] be fhe Connesponding owtfel. Thom,

o0 oo
>z = 25 |y ool
NnNso0 ns0
no ”0 2 oo

2 2.
>3 laeml 2 Sy ndl s 5 |y o
n=0 h=o nzn,

7, oo
2.
_ Syl Z Iy,['nJIz [Simee 3y Il ylnd for
n=o n

:n,-u 'VLS'VLOJ

”,
> > ly [n)l
N=o



Thwo , forr an al-pacec f:&‘n, 2*;’ [2[n3]% 2> Z/y[njlz

N=o

He aboue reswll car be sed &b sbhow MKak nu'nmféj,as.e. f‘l(u.s
Aave i ALrast ¢ neryy dbb?,

Recall Mok oany H(2) can fe a&c'm—»/boaat as ﬁ%ws:

Z[n
260) —sl gy |2 Hy @ —> Y

M/in

YInl o the ofp Of am arbbrary, causal, Stable filben



Z, [n] 4o Ha o/f, 7 G rmlndruerm fﬁw Ca,unhr,éarz‘ 9 1 2).
Zfszrﬁ the previowa nesalé

”o 71,
> lamil? 2 2 lymmal?
N=0 nN=0

Jhat ga, the Minirwm.-phase fo&‘u Shas the Apast enengy /(a7
Hernce Ahe Lernrm " maremenm ..(Aj " 42 more accwnals Han

the well-entrencted " murdrucn W ’ me’mlagy.



'Cawsal "DTFT7 and <4 .4'»17642%572%:

Recall that 2X[nJ=0 for n<O omposed nestickons on lhe corresporalen
[YMS;/arM:S' neal ard 4'm637.¢'n4/y 764;4:.
S'.u/S,éa&c norer HKat XD O fon w<O, (e, X' ta "causal’

Sence X(e’?) ¢a 76-01{0&&2‘, v"oawsal " bene nmwans X(e/¥)s0 for

T <w < 0. Simidar .ex,b/u.ss,&nj Xln) aa x [n73+2,[n], Considen

X (e) = oL [ X(e™) 4 X*€V?)]

X o L [xee?) - X



We con recoven X(eI%) oven O<w<T from ecther Xc(e‘/"’) an)(l,/f‘/“’):

X (ev%) _ {ZXC(CJ‘O) O<w< T

(o) “ML< w< O

X (%) _ {2\} X, (/%) O<w< Ir

(o) “ML< w< O

Ore can alor ndale X, (/%) and X (/%)



U 1o eaey Ar See Hal

i IR o

7 Xe (%) “I<w< ©
Fhat 41a,

X, (ed? = X_ (™) H(eI?)
lohere

/-/(cJ‘Q:{‘j O<w< T

J

~Z<w<K O



Nole Aol X/n] = .Zk[n].;-jl.z[n.?
J:R[n] “—> Xc/“/"’)
X, [n]e¢e s X, (e/®)

Gm,bé/x ﬂa/g Band Fillern

jHE) :
.,,:" /N H{i) /N +1 1+1H(i)/\ +2




Lot Gl2). 14+ jHE), whene it follows G (%) - {2 O<w<TT
o

T <w< ©
Henee o an arbibary X[n] do fillend wsing G(e/),

A Ot fruck acgnala DTFT Nz tomeo "Cawsal’ (or " one-gided”).

2[n) —> 1+4HE) —> Yln]

g[n]g SIn] y j»ﬂ[ﬂj

Hen ce,

y[n?: x[nI%x ¢[n]



v Ln] = (S[n)sgh o) s xln]

= x[ﬂjfj X[n]x A I[n]

= alnlsy §alnd = X, [n)y § & [n] = [, 0] 8 2 0] ane
2ot independent

where x[n) = X In]se 4[]

Since H(CJ”)z{-j O<w<?  one can casily wnify (Rat
J "Z<w< ©

MNfn] = S‘i’”z(”%) nEL O i
n/2 hn]es HE®) o called aa
[») n= 0O the TDEAL PHILBERT T RANSFORMER.




L xercese

Expolorne the rele bionshep batween Me neal-yaliced Aalfboand fc?&‘u
cam/b»&x A,Aqo&wnal fw&‘m, ond e Sidberl Fransformen. v/ nesponse

abz o neal »Aa{{éa—nd fu&‘u s GAvem Lo low-.

/N 2
Real M%-émd
gt
- % I
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Smﬁdnj_:

/" ﬁ/was.s of "’W/b'&"fj f/zom’de.s Me /6174.09& fateweenn the CT
and D7 drmains. Lo connect His Sfxcﬁum o a CT .54'7,“,&
wibh that g T DT Qegmences Qbactram, Wwe se e Heoredical
frame waovk o Ampadas - brawn Sampling.

F,a2: CTFT fneguancy 2 = 21F

\7[, Lo : DTFT D(/uywney w = Zl'f



x (+) <—s X (F)

X, (¢) = 2 (£ f(t)

whene & | S(t-mD
Nn=-c
-4T =31 -2t -T [0 T 2T 3T 47T T/,-) = xs(f) = Z .xc('nT>§(£-‘nT>
N=~o0

co —i 2T F ¢
-~ o0

S J 2’7(5)" ' l
= Z Q;‘-(-nT)e s Sonce K = -
Nz -co



Al ernatively, «ﬁ(f)e-eP(F)a__’!__% S(F-nFK)

N=2<~00

Henee 2 (€)- $() < X (F) 5 P(F)

n

) oo 1 2T (E\n
Thes X, (P) = ?l__ké X (F-RF) = E.z;(nr)e ! (F)

Howr doea the .s,b.ect‘m/n. 4 Ae x.‘m,&u&:z-érmh Sampled. Signal relal

o He .Sf.ccfrum 7 Q Seqwence whose valuwes ane J¢[n]-= Zc,(ﬂr).?



That b, are X&) and x_(F) redatid ?

N,

\X [7]

i

4 =3 -2 -1 ©1 2 3 »4 " -4T =37 -2T -~T O T 2T 3T 47

Zo relate e spectra ? the alove aignals, alcf"nz x[n]2 .:L:(nT). Hence,

0o :
X(GJ‘">= Z' .X['nje-‘,wn

nNs -od



oo -' F vo
Recatt X, (F). 2 xc(nT)eJZF&:)

N=- oo
AAe aA&J, them ,
X@E%) . X, (F)

Fey W

2T

SMCJ. f: ;0;%. an E: TrL- , the alpue CW‘ %
Variabtle converts Zhe K- pndodic >.(5(P) anto the 207-parniodlic X(/%).

Y twe plok ta DTFT ae o fumchon f= L2, He freriod

27
Metomea 1. Fhese ane swummanized an the Figene Latows



> b

—> F (Hz)
. . - >
sh 6 Rem O
/\ = 2wF
Ta, o (rd)s)
Ton | w(rad/samped

D

/\ w=2%2f
f : . —>
7 5



: 0 Jho _
The chamge o varioble Fy W means fhat XEW)| - x05).

That ta, X(eI%) 4o obtained from X (F) 4y scalog & by F.

TJbhwo, an W»A—éj f"—'%‘”@/ £ Ha ju.‘s rmaphed to| L = 2;:%

Nolke 21hat w, 1e 2 dirensSiomess @uanﬁ'@.
TZhe Same a/n&bj fegmn@ /‘;/‘/e jez‘s m,éfcd_ L a daffwmf /Mfwuc%
:«/ /:; c/\Arym- Jn parfv'c,«/ar; u,f E > _/'; , them

S2 )
2K fo o 27 fe
3 5

S)



74«-5, a  bandlivniled Sfccb’m with BW [ 3¢L".S mafﬁ-enl Ao

a bandlirmited 4f4cbm uath BN Fe .21 [w ’rmfﬂﬁ'm_], Howeven ,
s

the sSame m«loj S,b-ecfram 342‘3 convmée,d. Ar a 4/>¢cz‘ram Lot T

2 arnowe. bandwidtb.  fe . 20 «f .S'am,bM alt £ > F .

- S
5 2

7/4,«4, mce.aoiuc{y &7«5 Samﬁ»&)\j p’mgmnu}s Aeads
A MMV:@ narngwband. 3f.ecz‘ra, Mmj

76/w¢:¢.s'.s4in.j mone i ffi' el (in terms of futbers rueded,
-proce.s'.a}tj Sf.ad, &c‘.)
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EXAM&
x (£)= Cos 2nkt

X, (MT)= Cos 2T F,T

= Cos 2T fe n
ks

Fo

5

= Cos 277'f°n. whine £ =

= @S é)on

Recall the Hancform 7bm Cos 2T Et <« z_'[S(I-‘-I-;).,. S(F-u‘;)]

We reed 4> denive X(e’) .Sémrh‘/\j f}am He alove Xc(F)'



F— S(F'o o - S Fs
X, (F) = :?LT_[ F) 4 S(F+F)] BsFs &

7z &(w- 21 Fe)
Fs

Woeo conseden _LS(F-B)| = _'_.S(ﬂ_.-f%)
2 F‘—> 75 2T 27)’7
2r 7T

= 7 (w-w,)

dince dlaxtt)= | (x4 L) and w-2nf - 27 Fe
(2] & 2

Siméilarky, | S(F-FK)_5 - $(w-w,).
2T

Fhs,  Corsw,m «—> I[S(b-w,).,,S(wm,)], e Cafecied.



Example 4\)(‘(F‘)
Sm 2”":*
x (¥) =
tt 5>
-Fe . Fewo
- S F-kE
X, (P = L S X (F-kB)
Ns- co
.20 Fe co
, S R <-—>.'_Z' rect (F-kED
T
T rn ke oo
Yenca A X (%)
1
" } } >
-2 .yxg % Y v a2 w



Exa mk&-

ScnTTF
TF

2 (V)= {-’- lel< %2 <> Sanc (P .
o offevisa

Sumce the sigral lo rut tandlimiled, Sampling will cawse aliasing.

We ned Lo derive Ha 7bm ox[n] ;{1 ~NENSEN Sin (:N;Dw/,_
Sin W2
Stavhing feorn Lhe Geven 2 (£).

T F

o aid Sen TM(F-kER)
R Z T (F-kE)



X(CJ‘O): _1_. i S T 2177 k2
(L _ .k

R=-oo nT T
2Tk
_ = Slwn.(w
.- &_277_12)
B
. oo . (to-zme
%«..s’, San (ZN-H)"’/z = Sin FX;
Sin 9/ Rs-oo (w-ZZJTk

Thea . the Dindcilel Kernel ae A ﬁ-wocé'c func:.‘im fo.n-rmwl f.—am

e m&; ne ﬁncz‘r‘m.



o He  alore e.xamf.&. 26 AKave acowumed Jhal nore % e S‘alv)&&'l\j
ﬁa,c'-nl-.s fhﬂ o a a&lfcmﬂb'nu{é.

Sa'rn:ﬁ.&,}\q al a discon z‘:’rm’t‘ﬁ

Recall Zthat

oo
jné&
f(f).-., P V. 5‘;‘//’(&)&‘/“ ,
- o0

whow PV. stands for " incpal Value Fhe LHS e nol /ua@ £(E, Lue

f(£-+)+ F(E)
2

Theo egualo f(t) ond, 4f FlO) de (combinums| at t. Clherwise, the



“nverse framsfomn yiedds e average of Ha fomction valdies om citfier
Secls of Mhe discontinuty.

Recall Hhatl #e SampAed m;;nal Speclaunt 1n /éww:aa&’c. Y can fhenefore
be expressed ae a Fowunien Sonces. Hha coefficients of e Facnca
asies ane not ankitrary Lkl closdy rudabid B Hhe e function.
Recall e followeng Faunien Senies:

(-]

2
Z d(+nn) . L 5, e tohene T, o '_?{”‘

Ne- oo -Q, Rz- oo t



Hence,

Fla) x 2/ 8(ainn,) =1 Fl)y 5 e
Nz-op 2, R=-<00
co co
- T
Z’ F(na+nn,) - Z F(R2)x eJkn L
Nez-00 k=-°o 'QI
Oco Co



We have & neplacn Yhe above Somple vabue f0€T,) toith it

aveage valus of KT, galls or o disconbinuity.

- af
TJhua «f .2(((): e a Ul(t) —> !  and X(c‘/") e
atjIe
. oD
w olbtainad as _’__.Z / | The S pecteam Conrnesponds to
T .
fes-co a—i'J 27T(F'k§>

QA Sequence whose Sample vabue ok =0 4a 1 , and not 1 .
A 2@ =

mﬁhu.\ﬁ

+
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A )(Mim? ¢ F, Ha 5415:: maﬁéu Ao f= )52_ s the DTFT domaun .
Thois deads b the folloeoing :

X (t)- (s 2T FE y (D= Cos 2nF ¢
- € kHa, E: 24 FkH2 Foa 16 kHa, fs‘;l,.g e ta
3
aA[n)= Cos 2 3*’0i% Y [n] s los 27 16x10 n
24 x10 4 @ x 103
3 3

= X [nJ



7[445, 34'wn X [n]= C'aﬂ%Z_ﬂ , o cannot tell hethen At 4o o
reswtt g Samplng on Lhly aignal ol 24 kM or a 1 k #2
Signal ok L@ kHz. o oeduce [Rs birue aigmal freguency
s Hz from e given Sampled Seguamte, we nead anforpmation
ook F

Noke ARok X_(F) and V() fave no ambiguidy an nevealing

He Srnue Aignal f)uzmcy,



N X (F)

1

1

-32 -2'/,&

- 16

Y. (F)

[ T 1 1

>
8 F(kHa)
AR,
‘r -
~le € FlHz)

Both XS/F>a/nd )_;/F> 2

‘44 ll( -32 32

T 1

Sl . 1(.). 1Y

ap Ao e same X(e’%) :

/\X(cJA:)
| R N W
-27T - -%’Z_ _?3_71' T 27 (73]



The Disecnele Fowerwen Jransfrm (DFT)

Recald e parndowa Forrerilen .)u/;.;u.S'e'a—n!—aﬁm,s 2ce Noave

S eeen .a,o-ﬁ/b:

J"»ﬂlﬁb. Varnialile P 2niodie ? Sfpect‘rm Pernodee ?

con Fneous Yeo Line 1o CTFS
Con b nwowo neo Confnuous %Y, = CTET
'S cnele no cvonnuous Yea DTFET
Aisenel Yes Aerne 1LS DTFs



x[é'fTD = 2‘((‘)

oo - [t
X(0a) = fx/f)e‘ja At
-

ST aln] Prhd

No-oo

xX(e'®) .

X[n+Nn]= x[n]

- nN-
x[mjs >, a e’ W e = L xn]e
k=0 k k N Z’ J

o bt A

J o
X ()= Z a e a - L x(t)e AL

P k- T

3 (2 &
o (6) = .2,_72/‘)(@)8‘/ o&é

X [n]-= —fX(C’J@)c

JL”.E—Z’. ..J27Tlen



/(f.uﬁfo&c. x[n] 4o Hnown fﬂﬁ- n=0,1,2,..,N-/. die dcﬁ'm e DFET
a2 fo%—w.s:

vl - j 2Tink
X[k] < Z: xfje N

M=0

From tha ole f<ni bion it pollows Hhat X[k+N] = x[k] and Ahence

the Narge of -'k% Anbernest wa (K=0,1,2, ..., N/

Jhbe DFT can A ex/bJu.S'Seal a&énﬁ Mmakix - vectorn notakon.



r T 7] rx[o]- Fxtol 1
.J'zﬂ' " z["] X['J

T
l

i J [xea] X

x X

— —

NxN Nx | Nx |
U can ea.su‘{,, La 7/.¢)u°f¢.'20L Mot W <o fad(/zmk’ L.e., nnank M,
and Sence LA nverlible . ij/oM X can e obtainad fr&mi(
as fo%-w-.s

=1

x= W X

—



Jon eqguation jérm, the alove can b .ex/b/zes.szd. ae ,

zﬂkn

ox[n] < Z,’ yregel Vv
k=0

e Lnverse bramsfm implies  X[n)= x[n+N]. bt o, even Lhough,
70 Momw/!l-im waa mmade aboud x[n) osmtside [0,n-1], The
.Df’7':{h4nquank Lo ses 7&ﬂubuta%; on x[n].

Thwa , folh 2[n] and X[k] ans periodic. Thra o

nemindscnt of DTFS. In facl ta DPT ao nothing ub a

o lighthy mod fied version o the DTFsS !



giv—cs Gack oc[n] .
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DET as the Sarmplea of tbe DTET

S«u/b,bm e Q.caoiume .,b(apé X[n] 1o 2ero- puclside [OIN-IJ

The .,
M= -jwrn
X(e'®) - Z xnle
N=0

\Zf we Sample X(e’'?) at N wruformdby Spaced foints, L.e, at

_ 2k = O N~
h)k = N f&ﬂ “k )1, 2, ) ,) f&n

N=0

J N-1 _j 27k n
X(e "’)| = Z x[nje N = X(r]
w:wk



Thuca, amothen antenprebation o Mo DET sa witwing <t aq /R

S amples o A DTFT

Sinee  X(e?*k) < X[k], Hhe Anuerse branocform Lxpression ta sdenkeal,
the implication of awhich ca Bt e Get X[n] Lack, nathen Hha
X[n]. Hocaever, da befone, X[n)=2[n] for OsmMmsN-1.

Jo -M:w(u,bnu‘ Ha fw’aa&'u;éy, we ee Mat o [n) AMecomes XIn] fecause
arf Qampling X (e’?). ["Sam,ba;y t Ore drmaon Juscdls 4n a
periodic nupatilion am the other domain]



\% N wa aa(d, there well ynol b a Sam/b{c. COMISPMJUIj b =TT

\? N sa cven, there w.ll be a Sampde Cwuus/bmdc}tj L tw:-TC

N=3 N =4
Since both x[n] and X[k] ane p.au'odc'c , e need to consioe (e
and.ces owen Abe range L0,M-t] ondy.



Thal J;aa, M Andex .:{'“ ru/b«&ad .6-:7 'l mod /V’, and
ole notedd Iy <Z>N = 2 wmod N

P levwéxks

1) ax[»]+ a, 2] s aXle], a X[e]
- ;2iTkn,
2 aln-mdsx[<mmi] e s €N X[k]
94[(71-%>~.7 ta cadbd aq a cirncelar SA#.
rzeghld s““‘/j ASarme aa bt
g e 1] s
o

12 3 01 23




Noke thal there ia snp redabionshfp, £n general, Sebroeern Hhae DTFT
% X[n] and .2.’[<71~ﬂ,a’.7. Powever, tha £aJvu.s'/6m¢{c'zg DFTs share
Ahe Maé'an%}b jé ven adlorze.

oo, acnce Mhe Seguance SHhaa e 4'77764«.}.4( fw‘o&‘a;@, & SA#
q n-n,, where O0sNSN-l, Lo Mhe Same aa N+ M, where m = N-7, .

J‘z'nln
3) e N x[] s X[k-t]s X[k



-l

4) i) @ yle Z XDlylrmd o X[&IYIE]

5) x[n] ynl < L Xkl @ Y(k]

¢) 2 = (2Lod, 203, ..., xn-11)"

2 H 4y
X = X% = (Wx) (W=
H, 2 H
- ZNW=x
- N x2Z
Hence, ?_4.”& = XH_



D 2 mI y X[k] = X*[Nn-k]

= X[1J=Xx*[n-13,
X[2]=x*[n-2], and ac on.

Eecovudnj the DTFT fom the DFT

% fA«- DTET OD{ an /V—ﬁcu'né Seq e nce ‘a 44»«,644 b o sef O,L
ak feast N -umform,é A;baad fm'-nz‘s, wr Lan JSwcover Ahe DTET
f/zpm Nhe DFT woithout any Araa an «c'nﬁnmaz‘ian.



N-1 - o
X(e’®) < Z:x[n]e
n=zo
zn'/:n .J'wn.
Z 5 xraedw ]e
N R=0
N-/
= > Xx[e] p(w-21k)
R=o0 N |
N-1 .JION
Jwem e _
- | = =
bm P(w) Tn e e '-ch

Nok that P

-Jw N-1) /2
e

+N-1

Sin Nw/2

Sin @y
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Xlk] = "f™ DFT fin vabice
Yow can we {ranslale bonv andex Ao friwe M@Jofz fmzmncfz

X[k] = X[krN]
X (F) = X (F+F£)
77'-! nee, f& ke ® vé—tll MW lﬁ' _ﬁ_ . é- (ZM-»JWA,ML Jn%zx)

N

A - O mapae to O Ha
k& =1 maps t Fs Ha
: N

R:N-l omaps o N-L £ Hs



E ffects of Zee Pada&.hi

(orn Scolen Ho N-point Seguence 2x[n] (a&/&md over n=0,1,..,N1) and
ks N~point bramsfrm  X[4&D,

- 277kN

w~n=-/
X[k] = 23 xlnded W ko Ol ..., N-l.

N=po

Wow consider Ake ﬁ%zwnj L- £ aent (L>n) aegeuence yln] :

ynl: {Z[ﬂ] N=0,1,..., Nt
(w) nesa ”1”*',),”’ L”

3[91..74,5, e iw-,éala(zd v sion obz x[n] .



lnscdern ta following L-fount DFT of YLnl:

YAY - 2Tkn

)/[k]: Z y["n]cv = *:0,/,..., L=/
N=0
N-1 .jzv'/en.
- 2 ammde’ t keo .. L
N=o

L-) .
Wok that Y(e) o 5, ymiel”

N =0
N-{ —
< 2, xrmie’
N=0o
= X(CJ”)

Gbvod 1o, Ma undm_@@ DTFT nemains He sSame .



Lowwever, aince Abe DF7 Can L -ohz‘u/b/w&ai aa Sam)b»d)j Ha
DTFT, }m-ﬁad,&,}:j enalles ms o Sanfple Ao unduégg DTFT
alt a f—tm set % ﬁu’na‘:.

_(‘\
"[”]: S‘A’;" -—L'zg.zn .nsol,)u-;,: __-.;—:_ | \
Red :  [b-poant DFT In T
Qrreen : Jz-faa'v.l' DEr (contamns | \/
Ha nad Samples as a Subzed) : IVAVLVAVEY

1] s00 l0oo0 1500 20 EE SZIE 3000 350

Magu/n.: 6 4 fa.u.\.l DET
( contawns 1% nad & graen Samples

DTFT and 64-pt DFT
as a Saulrset)
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Fhe Fast Fourier Jvancforn {F’F7'> ﬂ/@aﬁz’;{m

-2
VW

Recall the follnocng DFT difinition , whire He notatirn W =< " sa
msed . e Swuffix N oam /\{’ to drop frack when Here 4o no ambigudty.
WU 40 comvendent to wse x, Anstead of x[k].

- - o -

[— 1 1 a1 ... 1 Fx" Xo
1 W N" .. N”" x, X,
1 N' N‘f‘ Na(m-,)

' - W-1) (s
I AR Vil | £ I I




Each row snvodves N rwedboplica (mjzbeh;xj He Sfact Hhat Bis ta ok
e fon e first row amd ofirst column). Since thew ane N auch rows,

M o o; mueclbiplies aa N-N,on N°. Mleo, forn each X » Wie Neguure
N-1 additims, and tolally there ane N- (V-0 addibions, or, rowughly
N® addibons. Thus M staight forwand caw».,b-aﬁtﬁm % Ae DFET

NG uuines N m«ﬁ‘c}&("caﬁms and N? add.tlions a)élémxc‘ma{l,?.
Decimation-en- e FFT /Iga/u%a :

Considen .&Junia'«j whp X anby 4l 0dd & evan indices L2 fone Cornpeuting






Sumes {6, 3 & MKt M. point DET, Hay ans percodic
wath fm’oal N TJhes G = s and a0 or. The odove sof

2 N

° 2
ofi eg/»caz‘ims can L Ju,bm.s'exlmt. u&&nj y/A fo%-wx«:y Lloer. a&ai:mm

N
-E'.DFT

BREK

N
-E'.DPT

KBRS




Recall thal #he no. of vl fadds for an N- foint beanston 40 N

The com/b«uéaz‘im Adenivad alove Aas Zwo __24’. brans forms . \%fy Juﬂu)‘\e
2.(_2/’_)2 W!ﬁ}é&)é‘. I adol fion COMGA'MJ Ken via /\{Vk Jeeguus voes

N omulbiplios. Fhaws, N* 5 2.(N) 4 N i Ha neduckion in #e no.
? Muclhiplees.

EXam#élﬂ-

Y N=8, N-6b4, wheeaa 2.(4)2,;4/: 2.16+@ = [0 < Etp . Thun,
tbis "divide and congacen Y a%fmack Aeads b Cm-r?é«l'az‘v'md Sav,(vys.



The Seguances g and 4 can fm/f-.u dividad wnte HKeinn oOAdd ared

—
—

Cven sindices omd Me above s{rwﬁj_y Can 4z ex/b.&z{.ed once none.
.% N e a powe 4 2, tae division by bwor canm b cannied ouk

—4)72 N {inus.

The wmjéu/aﬁ'anaz Sav.inﬂs /A'o»%-w— e Sarmee faﬂun:

2
N7 2@+ N 2[2(%>2+EMJ+N

Fore N=8, 2ve gef b4 5 L0 5 32



N 74%@@1, «% N wa a 760#/()& c){ 2, 2e can Conkinue /.
ﬁ&'w’a& @ Lo M”t‘:l we Jweach seﬁm'nz‘s 0[/ v{e-ryz‘ﬂ tutvr.  Hhe »no-

%Z Quch Sz2g rrents 2 «JOjZ/V.
/\/2__, 2(&2’_)24. N —> l{:(ﬁ’->2+ N+N_ 4[2(_8/\_/_>2+ ;M]_;N-P/\/
2
= 8(?'“) 4 3N third Stage

Jhcs | ,% Lhena one lojz/V Séjmnfs, Lhe 0. Wﬂs/aaé(s will Ae

N - »(ojzll/ albléao.zemm’.»{g




Thws, fom O(N?) 2wt fodds, e Ahave corne Ir /VIOJZIV 2t . [adds.
I N: 1024, Mo Savings 4a »A«méud-fo,(l} c.e. bwo ornders 4
2agnilude !

Jhe FET a%om'ﬁm wa  the pruincipal reason oty DSP 40 a-
prackical and aa fpoweful oac it hoo tecome Loday. Bt

fon Me rresen ce of Sauch FET- by fre alornitims, DSP cwoadd

Nocve nemacnad only ao an acadsmic carz'o.sdj./
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Note Title

05-11-2013

x|[0] - e - X|0]
N\ /w/g\ /‘:’3

x[4] > - 2 X[1]
W w2 %’!\lr‘

x[2] - - X[2]

4
0 Wy ’ w2
i - > AVAN ;,3]

x[1]

Bu&% Deagram forn an 84t FFT (DIT J»?mﬂm.) :

From "Dascrete-Tima &gnﬂ/ Pmaar.c)nj"
ﬁy 0/5/6en—4ur;n R Sehkafer



Forn N=8, the onduw in which lhe (ffy oppears s,

%, %, x, Z‘¢%' x, %, =,
9y 9. 92 I3 Ao H He g

v
9, 9, 9 9, Ko Fu F Hs
A

Thia onde Ao nothing bk Mhe e oblawed Ay ) nepresent
e indlex on «64'71% folz/m—, and (1) St Juvrxysx;rg Ao Jeepres enta

Zon.



Andex . (0]
/ 2 3
L Ky &

bina
000 oo/ olo oll loo /
j’é V o/ llOo
A rneversal :
(oY X7 (00 oro 110 oo/ /01
Lt rnevenseo indey : O y/3 2 é B
/ Y
3

Nokle Mot L fcnag af
074 Conscs ts of_ Z-thmf DFTs

'g (- g ’ :

P _
(-] b ﬁo +£1
P "J
, = £, + f’eJn‘g f S
o 1

+

/1

11



Sinulon Ly Mbe Becimation wn Terma (DIT) algonitinm , thee 2x sts the
Decimation in Fragusncy (DIF) aGoritim , wheedn Compulnlional Sawngzs
2ne obtaired by oividing s SRguence Anbo 4b5  finst amdt Second
podves Successively (rnathen Mhan antso ifs oah and even Cndicen).

Qe 9«-‘ e Same Wﬂnd .aam'n;:;, »&«/{ the Xk Now- a#m

in Mt neversed o :

Forn N Mot 1ae 214€ o o oscrer of 2, FFT alfwu'z’;{ms LALSE
factoring N ambp ifs —prime fackvs (nesubling wn the @o-called
Priome Fachrr Jymb’m)

PAlhen N s 2{ Swch FFT a«(gim’ﬁms are ealbd siadix 2 algoritims.

Efﬁ'a'em‘ a?m'%ns Lotcst evenn IWwhen N 4a f/um !



Sinee the Sinucturs of Bu Trverse DFT (IDFY) 4o furdamentally
Shrmidan &y Mal of Pe DFT, FFT algonithms Carn e afppdied for
Ha efficient Compubohion o Ba IDFT alor itk ovdy tnival
modifications.

Because o Spu existence o B FFT claao o algoritins, fre

N> 60 (rowghly), A do mmone officimé &b sualize Comvolubion o tus
Seguuncea Ny mulbiplying e nespactive brdmoforms ard compubing
Hhe anverse hranofom of 7 product.



