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EEL207 Tutorial 9 Solutions: 2015-16, Sem II
Instructor: Uday Khankhoje

1) a) The equation of motion for an electron using Drude model is given by

m
d2x

dt2
= Frestoring + Fdamping + Fdriving (1)

where Fdamping = −mγ dxdt , Fdriving = −eE and Frestoring = −dV
dx . Given the restoring potential

as V (x) = 1
2mw

2
0x

2 + 1
4mαx

4. So, Frestoring = −mw2
0x−mαx3

Final expression for the equation of motion of an electron is as follows

m
d2x

dt2
+mw2

0x+mαx3 +mγ
dx

dt
= −eE (2)

b) Expanding x(t) upto first order in α : x(t) ≈ x(0)(t) +αx(1)(t), and substituting in equation(2),
we get

m
d2x(0)

dt2
+mα

d2x(1)

dt2
+mw2

0x
(0) +mαw2

0x
(1) +mα(x(0) + αx(1))3 +mγ

dx(0)

dt
= −eE (3)

Neglecting all the higher order terms of α greater than 1 and it is given that x(0) and x(1) are
independent of α. We can seperate the resultant equation into terms with and without α as follows

d2x(0)

dt2
+ w2

0x
(0) + γ

dx(0)

dt
≈ −eE

m
(4)

and
d2x(1)

dt2
+ w2

0x
(1) + γ

dx(1)

dt
≈ −(x(0))3 (5)

c) Fourier transform of polarization P̃ (ω) is given as

P̃ (ω) = −eN0X̃(ω) = −eN0(X̃
(0)(ω) + αX̃(1)(ω) (6)

Applying Fourier transform in equations (4) and (5)

(−iω)2X̃(0) + w2
0X̃

(0) − iωγX̃(0) = −eẼ(ω)/m

(−iω)2X̃(1) + w2
0X̃

(1) − iωγX̃(1) = −X̃(0)(ω) ∗ (X̃(0)(ω) ∗ X̃(0)(ω))

X̃(0)(ω) =
−eẼ(ω)/m

w2
0 − ω2 − iγω

(7)

X̃(1) = −
∫∞
−∞ X̃

(0)(ω1)
∫∞
−∞ X̃

(0)(ω2)X̃
(0)(ω − ω1 − ω2)dω2dω1

w2
0 − ω2 − iγω

(8)

Substituting (7) in (8) and (7),(8) in (6), we get

P̃ (ω) = −eN0(
−eẼ(ω)/m

w2
0 − ω2 − iγω

−α

∫∞
−∞

∫∞
−∞

−eẼ(ω1)/m
w2

0−ω2
1−iγω1

−eẼ(ω2)/m
w2

0−ω2
2−iγω2

−eẼ(ω−ω1−ω2)/m
w2

0−(ω−ω1−ω2)2−iγ(ω−ω1−ω2)
dω2dω1

w2
0 − ω2 − iγω

)

(9)
Given

P̃ (ω) = ε0χ
(1)(ω)Ẽ(ω)+ε0

∫ ∞
−∞

∫ ∞
−∞

χ(3)(ω1, ω2;ω)Ẽ(ω−ω1−ω2)Ẽ(ω1)Ẽ(ω2)dω1dω2 (10)
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Equating equation (9) and (10)

χ(1)(ω) =
e2N0/(mε0)

w2
0 − ω2 − iγω

(11)

χ(3)(ω1, ω2;ω) =
−αe4/(m3ε0)

(w2
0 − ω2 − iγω)(w2

0 − ω2
1 − iγω1)(w2

0 − ω2
2 − iγω2)(w2

0 − (ω − ω1 − ω2)2 − iγ(ω − ω1 − ω2))
(12)

2) a) Start with source-free curl equations 5×E = −iωµH and 5×H = iωεE
Taking time function as expiωt, wave propagating in +ve Zdirection will have exp−iβz and given
fields are independent of y i.e d

dy = 0, we get

iβEy = −iωµHx (13)

−iβEx −
∂Ez
∂x

= −iωµHy (14)

∂Ey
∂x

= −iωµHz (15)

iβHy = iωεEx (16)

−iβHx −
∂Hz

∂x
= iωεEy (17)

∂Hy

∂x
= iωεEz (18)

Clearly equations (13),(15) and (17) are in terms of Ey, Hx and Hz . Equation (14),(16) and (18)
are in terms of Hy, Ex and Ez . So, they are decoupled.

b) TE mode (i.e. Ez = 0)
From (13) and (17)

Hx =
−iβ
k2c

∂Hz

∂x
(19)

Ey =
iωµ

k2c

∂Hz

∂x
(20)

where k = ω
√
µε and k2c = k2 − β2.

Once we know Hz , we can calculate other fields using (19) and (20)
5×5×H = iωε5×E = ω2µεH = −52 H
Taking the z-component, we will get the wave equation

∂Hz

∂x
+ (ω2µε− β2)Hz = 0 (21)

Solution of equation (21) is

Hz(x) = A cos(kcx) +B sin(kcx) (22)

Substituting (22) in (20)

Ey =
iωµ

kc
(−A sin(kcx) +B cos(kcx)) (23)

Applying boundary conditions (Tangential Electric fields are zero at metal surfaces) i.e. Ey = 0
at x = 0, x = L
B = 0 and kc = nπ

L where n = 1, 2, 3...
The final field equations comesout to be

Hz = A cos(
nπ

L
x) expi(ωt−βz) (24)

Ey =
−iωµ
kc

A sin(
nπ

L
x) expi(ωt−βz) (25)
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Hx =
iβ

kc
A sin(

nπ

L
x) expi(ωt−βz) (26)

Similarly,
TM mode (i.e. Hz = 0)
From (14) and (16)

Ex =
−iβ
k2c

∂Ez
∂x

(27)

Hy =
−iωε
k2c

∂Ez
∂x

(28)

Once we know Ez , we can calculate other fields using (27) and (28)
5×5×E = −iωµ5×H = ω2µεE = −52 E Taking the z-component, we will get the wave
equation

∂Ez
∂x

+ (ω2µε− β2)Ez = 0 (29)

Solution of equation (29) is

Ez(x) = C cos(kcx) +D sin(kcx) (30)

Applying boundary conditions (Tangential Electric fields are zero at metal surfaces) i.e. Ez = 0
at x = 0, x = L
C = 0 and kc = nπ

L where n = 1, 2, 3...
The final field equations comesout to be

Ez = D sin(
nπ

L
x) exp(i(ωt− βz)) (31)

Hy =
−iωε
kc

D cos(
nπ

L
x) exp(i(ωt− βz)) (32)

Ex =
−iβ
kc

D cos(
nπ

L
x) exp(i(ωt− βz)) (33)

where their propagation constant is given as follows, β =
√
ω2µε− (nπL )2

c) Given E(x, z = 0, t) = ŷE0 sin(πx/L) exp(iπct/2L) Comparing this with (25) by substituting
z = 0, we get
kc = π

L , ω = πc
2L which implies k = π

2L and β = −i
√
3π

2L (i.e. wave is attenating)

E(x, z = z0, t) = ŷE0 sin(πx/L) exp(iπct/2L) exp(−
√

3πz0
2L

) (34)

d) Given E(x, z = 0, t) = ŷE0 exp(iωt)
Here, this electric field is formed using multiple TE modes, i.e.

Ey(x, z, t) = Σ∞n=1

−iωµL
nπ

An sin(
nπ

L
x) expi(ωt−βz) (35)

⇒ Σ∞n=1

−iωµL
nπ

An sin(
nπ

L
x) exp iωt = E0 exp(iωt) (36)

multipliying both sides by sin(mπL x) and integrating from 0 to L, we get

Σ∞n=1

∫ L

0

−iωµL
nπ

An sin(
nπ

L
x) sin(

mπ

L
x)dx =

∫ L

0
E0 sin(

mπ

L
x)dx (37)

=

∫ L

0
E0 sin(

mπ

L
x)dx (38)

iωµL2

2mπ
Am =

{
2E0L
mπ

0

m is odd
m is even

(39)

⇒ E(x, z = z0, t) = Σn is even(ŷ
−4E0

nπ
sin(

nπ

L
x) expi(ωt−βz0)) (40)


