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Property I  For every elementa inafield,a-0=0.a = 0.
Proof. First, we note that

a=a-1=a-01+0)=a-+a-0.
Adding —a to both sides of the preceding equality, we have

—a+ag=—a-+a-+a-{
0=04+a-0
0=a-0.

Similarly, we can show that 0 - a = 0. Therefore, we obtain ¢ - 0 = 0. a =
0. Q.E.D.

Property I For any two nonzero elements a and b a field, a - b # 0.

Proof. This is a direct consequence of the fact that the nonzero elements of a
field are closed under multiplication. Q.E.D.

Property III'  a-b =0 and a # 0 1mply that b = 0.

Proof. This is a direct conseguence of Property II. Q.E.D.

Property IV For any two elements ¢ and b 1n a field,
—(a-b)=(—a)-b=a-(-b).

Proof. 0=0-b=(a+(—a))-b=a-b+(—a)-b. Therefore, (—a) - b must be
the additive mverse of a - b, and —(a - b) = (—a) - b. Similarly, we can prove
that —(a - b) = a - (—b). Q.E D,

Property V. Fora £0,a-b =a - cimplies that b = c.

Prooj. Because a is a nonzero element in the field, it has a multiplicative
inverse, a~ . Multiplying both sides of a - b =a - ¢ by a1, we obtain

a“‘1~(aob):a_1~(aac)
(a’"l - a)-b = (a“l ca)-c
Lafp=1r8
Thus, b = c. Q.E.D.







Question-11: [ et § be a nonempty subset of a vector space V over a field F.
Then, S is a subspace of V if the following conditions are satisfied:

For any two vectors w and v in S, m + v is also a vector in 5.
i3, For any element ¢ in F and any vector win 5, a - wis alson 5.

Proof, Conditions (i) and (ii) simply say that 5 is closed under vector addition
and scalar multiplication of V. Condition (ii} ensures that for any vector v in
S its additive inverse (—1) - vis also in S. Then, v+ (—1) - v = — § is also 1n §.
Therefore, S is a subgroup of V. Because the vectors of § are also vectors of
V. the associative and distributive laws must hold for S. Hence, § 1s a vector
space over F and is a subspace of V. Q I,
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