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Course outline

This course deals with the analytical tools to analyze nonlinear systems. It covers

1.

Mathematical preliminaries involving open and closed sets, compact set, dense set,
Continuity of functions, Lipschitz condition, smooth functions, Vector space, norm

of a vector, normed linear space, inner product space.

. Well-posedness of ordinary differential equations, Lipschitz continuity and contrac-

tion mapping theorem.

. An introduction to simple mechanical systems wherein the notion of degree-of-

freedom, configuration space, configuration variables will be brought out. The state-
space models of a few benchmark examples in nonlinear control will be derived using
Euler-Lagrange formulation. The notion of equilibrium points and operating points

leads to linearized models based on Jacobian linearization.

Second-order nonlinear systems occupy a special place in the study of nonlinear
systems since they are easy to interpret geometrically in the plane. Here, the concept
of a vector field, trajectories, vector field plot, phase-plane portrait and positively
invariant sets are discussed. The classification of equilibrium points based on the
eigenvalues of the linearized system will also be introduced and it will be seen why

the analysis based on linearization fails in some cases.

Periodic solutions and the notion of limit cycles will lead us to the Bendixson’s
theorem and Poincaré-Bendixson criteria that provide sufficient conditions to rule-

out and rule-in the existence of limit cycles respectively for a second-order system.

Stability is central to control system design and involves various notions of stability
such as Lagrange stability, Lyapunov stability, asymptotic stability, global asymp-
totic stability, exponential stability and instability. The tools that we will use to

iii
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infer the stability properties include Lyapunov’s direct and indirect method and La

Salle’s invariance property.

7. Two control design techniques, one based on Lyapunov function and the other on

sliding mode are illustrated with examples in the final module.
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Preface

The aim of science is to describe the behaviour of a system completely with a set of
rules such that given the present state of a system, we can predict the future and past
completely. This idea of so called “determinism” was propagated by Laplace where he says
“We may regard the present state of the universe as the effect of its past and the cause of
its future. An intellect which at certain moment would know all forces that set nature in
motion, and all positions of all items of which nature is composed, if this intellect were also
vast enough to submit these data into analysis, it would embrace in a single formula, the
movements of the greatest bodies of the universe and those of the tiniest atom; for such
an intellect, nothing would be uncertain and the future just like the past would be present
before its eyes”. Although we cannot achieve this in the grand scale, we have achieved this
in the small scale for many isolated systems through the laws of physics and mathematical
modelling. So, we need a rule to describe the state of a system in its future and past given
the present. Such rules, also called mathematical models, are usually given by differential
equations. The reason is that, as we will see, under mild conditions, we observe that the
time evolution of the variables of a differential equation is completely determined uniquely
from its initial state. (technically referred to as the existence and uniqueness theorem).
Dynamical systems theory is the study of systems whose time evolution is governed by a
deterministic rule like the differential equation (if time evolves continuously) and difference
equation (if time evolves in steps). It is a mathematical art of describing the behaviour of a
system based on the rule it is being subjected to. It is basically decoding the rules to make
some interesting predictions on the various types of behaviour of a system. It is a discipline
that strides across multiple fields ranging from physics, chemistry, biology, engineering
and economics. Also we realize that there are many systems which are physically very
different but mathematically have same kind of rules to describe dynamical behaviour. For

example, the simple pendulum, the flashing rhythm of a firefly, the phase of wave function
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in a Josephson semiconductor junction, the rotor angle of a synchronous generator in an
electrical power system connected to an infinite bus and crystal defects would seem to have
nothing at all in common but the fact is that they are governed by the same differential
equation! Dynamical systems theory gives us a feel that the various systems we see around
us though physically diverse, mathematically are the same irrespective of the origin. Also
it explains why we can precisely send objects to Mars but can hardly predict the weather
a week from now. This is because the simplest model of a weather has a property called
“chaos” which makes long term prediction impossible as the prediction is exponentially
sensitive to initial conditions. It also can explain that the control loop in your thermostat
and the control loop in the various biological processes have some common principles for
achieving the desired behavior. It also explains the origin of the intricate patterns in the
skins of various organisms that we see around us. It also can demonstrate that how simple
looking rules (implementable in an excel sheet) can give rise to complicated behaviour
(like chaos for instance) and how simple local rules for interactions in a large scale system
can give rise to wonderful emergent behaviour of the large system as a whole. This can
explain synchronisation observed in the motion of any biological systems. The tools from
dynamical systems theory can help one describe systems from various levels ranging from
bird’s eye view to a detailed microscopic view and the interaction between various levels.
Basically ,if anything changes with time following a set of rules, dynamical systems theory

can describe it, irrespective of the physical origin.

Ramaseshan C
Graduate Student, 2019
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Lecture-1

Introduction

All systems are inherently nonlinear in nature. This course deals with the analysis of
nonlinear systems. The need for special tools to analyze nonlinear systems arises from
the fact that the principle of superposition on which linear analysis is based, fails in the
nonlinear case. This is just one reason for resorting to nonlinear analysis. Recall, the
basic circuit analysis techniques such as the nodal, Thévenin, Norton etc. are applicable
only for linear circuits.

The course subsumes some level of mathematical exposure to tools from set theory
and calculus. The requisite mathematical preliminaries that are used in this course are
brought out in the first module. Most physical systems can be modeled using ordinary
differential equations. In the study of differential equations, it is natural to seek answers
to questions on the existence, uniqueness etc. of solutions prior to finding a method to
solve the equation. In the second module, we address these questions and seek answers
to some of these them using the notion of Lipschitz continuity.

Many physical systems can be modeled accurately using the laws of Physics. With a
bias towards mechanical systems, a plethora of simple mechanical systems are worked in
the third Module. All the information needed to describe the motion of a system lies in
the total energy, which is constituted of the kinetic and potential energies. The examples
that are presented often serve as benchmark problems in control.

The study of second-order, time-invariant differential equations is given importance
due to the easy visualization of the system behaviour on the plane. A major part of
the study involves nature of trajectories in the vicinity of equilibrium points or the fixed
points. The characterization of different equilibria and the study of the local behaviour

by the method of linearization is recognized as an important and a first step in nonlinear
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analysis. In module 4, the focus is on second-order systems. Some nonlinear equations
exhibit many interesting phenomena such as limit cycles and chaos. The former is the
topic of study in the fifth module, which is devoted to a much general class of solutions,
namely the periodic solutions.

Stability is central to control systems and has been the subject of study since the works
of Alexander Lyapunov and James Clerk Maxwell. Maxwell, a Scottish physicist and
mathematician, in 1868 analyzed the stability properties of the Watt’s governor, 140 years
after the invention of the steam engine. Much of nonlinear stability theory that is used
extensively nowadays, called the second method of Lyapunov is attributed to the work
by Lyapunov, a Russian mathematician who published his book “The General Problem
of Stability of Motion” in 1892. The method makes use of energy-like functions that are
sign-definite (positive) and looking at the sign of their gradients along the trajectories of

the system. The last module is devoted the stability analysis of nonlinear systems.
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Module 1

Mathematical Preliminaries

Objectives: To understand the basic definitions in set theory and their properties.

Lesson objectives

This module helps the reader in

— understanding an n-dimensional Euclidean space and the concept of length of a

vector by way of norm.
— understanding the properties of open, closed, compact, dense and connected sets
— identifying a given set as an open, closed and connected sets.

— deducing how the sets are mapped using continuous functions

Suggested reading

e Mathematical Analysis by Tom M. Apostol, Narosa Publishing House, 1993.

e Principles of Mathematical Analysis by Walter Rudin, McGraw-Hill International
Editions, 1976.



Lecture-2

We begin with a formal definition of real spaces.

Definition 3.0.1 Letn > 0 be an integer. An ordered set of n real numbers (x1,xo, ..., x,)
1s called an n-dimensional point or a vector with n components. The number x; 1s called
the k' coordinate of the point x or k' component of the vector x. The set of all n-

dimensional points is called n-dimensional Euclidean space or simply n-space and denoted
by IR".

The real line is an example of a 1-dimensional space and the real plane is a 2-dimensional
space. A typical vector in IR? is denoted by [z o] .

The algebraic operations on IR™ are carried out using the following rules.

1. For z,y € IR", x = y if and only if

T Y
T2 B Y2
Tn UYn
2. For x,y € IR",
1+
To + Yo
r+y= )
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3. For a € IR and z € IR",

aTy

QT

ax,

4.0=[000---0]".
5. For z,y € IR",
.Y = Z LilYi-
i=1
6. The length of a vector is captured by the norm of a vector. The norm function

[|(+)]] : R™ — IR* satisfies the following axioms:

Al |lax|| = |af ||z]| (positive homogeneity).
A2 ||z +y|| < ||z|| + ||y|| (triangle inequality or subadditivity).

A3 ||z]| =0 <= 2 =0 and ||z|| > 0 whenever x # 0 (positive definiteness ).
There is class of p-norms defined by
2]l = (Jzaf” + ...+ 2 ?)P, 1< p < oo
and

il = max ],

l|z|? =< 2,z >=af + 22 +...22

where, the operator < -, - >: IR" x IR™ — IR" is used to denote the dot product
between two vectors in IR™. All p-norms are equivalent in the sense that if || - ||,

and || - ||, are two different p-norms, then there exists two constants c;, co > 0 such
that the following holds

cllelly <zl < eollally, Vo € R

Lemma 3.0.2 (Cauchy-Schwartz inequality) Let x,y belong to IR™. Then | < z,y > | <
[lz|| [ly|| and | < z,y > | = ||z|| ||y|| if and only if the elements x,y are linearly dependent.

Joint Initiative of IITs and IISc 7
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Instead of IR™, we can consider a more general vector space X on which we can define the

notion of distance. This leads to the definition of normed linear space.

Definition 3.0.3 A normed linear space is an ordered pair (X, || -||) where X is a linear

vector space and || -|| : X — IR is real-valued function on X such that the following
Al ||z|| >0 Vo e X; ||z|]| =0 if only if x = 0, the zero vector in X .
A2 ||laz|| = |a|||z]| V2 € X and o € IR or C.

A3 |z +yll <zl + [lyll ¥V a,y € X.

3.1 Matrix norms

Just as vector norms, one can define matrix norm. To begin, we proceed with induced

norms, defined as follows.

Definition 3.1.1 Let || -|| be a given norm on IR". Then for each matriz A € IR™*™, the
quantity ||Al]; defined by

A A A
Al s Ml sl

arozerr |2 mz 2l e o]

is called the induced matriz norm of A corresponding to the vector norm || -||.

|| Az|]
L]

varies over IR". In other words, let C = {y € R* : y = Az,x € B}. Then ||A]];

is the smallest radius that completely covers the set C. The induced norm function

The induced norm can be interpreted as the least upper bound of the ratio as o
[|-||; : R™ x IR™ — [0, 00) satisfies the following axioms:

1. ||All; >0 ¥V A e R"™™.

2. [|aAll; = |a| |All; VA e R™", ac R

3. ||A+ Bl < ||Al||;i + ||Bl|s VA, Be R™™.

Remark 3.1.2 Corresponding to every vector norm on IR" there is a corresponding in-

duced norm on IR™™. The converse is not true as the following example shows.

[1Al]s = max|a;|.
i

Joint Initiative of IITs and IISc 8
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We drop the subscript ¢ for the induced norm, since we will use only induced norms
in the rest of the lectures. The norms for p = 1,2, 00 and the Frobenius norm can be
computed as follows. Let A € IR™*™.

m

e The one-norm , ||A||; = max Z |ai;]|.
1<j<n Y

e The two-norm , ||Al|]2 = \/ Amax[A* A] = Omax[A], where Ay is the maximum eigen

value of A*A > 0 and oy« is the largest singular value of A.

n
e The oo-norm , ||A||s = 1%2512 |ag]-
Sism

e The Frobenius-norm , ||Al|r = \/Zfll > iy a3
We will prove the two-norm of the matrix.

Lemma 3.1.3 The two-norm , ||Alls = \/Amax|A*A] = Omax|A], where Apax is the mazi-

mum eigen value of A*A > 0 and opax 15 the largest singular value of A.

Proof:
We have

1[5 = max || Az||*
lell=1

We can pose this as an optimization problem with the cost function L = 2" AT Az —
AMaTz — 1), where A € IR is the Lagrange multiplier. The necessary conditions for

optimality are

8—L:ATA:B—)\:B:O
Ox
oL -

The first condition AT Az = Az implies that X is the eigen value of AT A corresponding to

the eigenvector z. Thus,||A||3 = |1|rnﬁaux1 ||Az||* = Hm‘?x1 zTAT Az = |1|rn|?xl A 2= Apgp. O
Z||l= xT||= x||l=

1 00
Example 3.1.4 Consider A= | 2 1 2 |. Then ||A||; =6, ||A]|s = 4.4425,||A||cc = 5
1 1
and ||Al|r = 4.5826.
Joint Initiative of IITs and IISc 9
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Given any induced norm, and matrices A and B, the property ||[AB||, < ||A||,||Bll,

called the submultiplicative property holds. For any submultiplicative norm

1Az, < [[Allp[[z]]p ¥ 2.

Joint Initiative of IITs and IISc 10
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Lecture-3

In this lecture, we will discuss the notion of open set, closed set and compact set. We
need the notion of open-ball and interior point to begin with. Let a € IR" and r be a
given positive number. The set of all points x € IR™ such that ||x — a|| < r is called an
open n-ball of radius r and centered at a and denoted by B(a,r). The ball B(a,r) is also
termed as the r-neighbourhood of a.

Let S be a subset of IR", and assume that a € S. Then a is called an interior point of
S if there is an open n-ball of some radius r > 0 with center a, all of whose points belong
to S. The set of all interior points of .S is called the interior of S and is denoted by int S.

We can now define an open set as follows.

Definition 4.0.1 A set S C IR" is called open if all its points are interior points (S =
int S).

In IR, the simplest type of open sets are the open intervals of the form (a, b) 2 {relR:
a < z < b}. Similarly, the open set in IR? is the open disk {(z1,z9) € R?* : 2* + y* < r}.

In many texts, the word neighbourhood is used to denote an arbitrary open set.

Definition 4.0.2 Let x € IR". A neighbourhood of x is an open subset N C IR"™ contain-

mg x.

A collection of open sets have the property that arbitrary union of open sets is open
and finite intersection of open sets is open. The following example shows that arbitrary

intersection of open sets need not be open.
Example 4.0.3 S 2 {ﬁ(—%, %},n =1,2,3,...) = {0}, which is not open.

Definition 4.0.4 A set S in IR™ is said to be closed if its complement IR" \ S is open.

11
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The notation A\ B is read as A minus B, consists of all points of A but excluding those
that are common to A and B. A collection of closed sets have the property that a union
of finite collection of closed sets is closed, and the intersection of an arbitrary collection of
closed sets is closed. Closed set can be defined in terms of adherent points accumulation

point/s, which are defined as follows.

Definition 4.0.5 Let S be a subset of IR™ and x € IR™, not necessarily in S. Then x s
said to be adherent to S if for every r > 0 the n-ball B(x,r) contains at least one point

of S.

The set of all adherent points of a set S is called the closure of S and is denoted by S.
Some points adhere to S because every ball contains points of S distinct from x and this

leads to the notion of accumulation point.

Definition 4.0.6 If A is a subset of IR"™ and if v € IR", then x is said to be a limit point
or accumulation point of A if every neighbourhood of x contains at least one point of A

distinct from x.

We say z is an accumulation point of S if « adheres to S \ z. Closed set can be

alternatively defined as

e A set is closed if and only if it contains all its adherent points.
e A set is closed if and only if S = S.

o A set A C IR" is closed if and only if, it contains all its accumulation points.

The following Lemma brings out the relation between the closure of a set and the set of

its accumulation points.

Lemma 4.0.7 Let A’ denote the set of all accumulation points of a set A in IR", and A
the set of all adherent points of A. Then, A= AU A’.

Proof: Let 1 € AUA. Thenz € Aorx € A'. If z € A, then x € A. Since A C A.
Now if z € A’, then every neighbourhood of = intersects A (in a point different from z).
Therefore x € A.
Conversely, if € A. Then if z € A, then it immediately follows that x € AU A’. If
x & A, then every neighbourhood B(z) contains atleast one element of A, which implies
B(x)NA#0 = x € A'. Therefore x € AU A O
On the real line, closed sets are denoted by closed intervals [a, b] 2 {reR:a<z<

b}, while in IR? they are represented by closed disk {(z1,zs) : IR*: 22 + 23 < r}.

Joint Initiative of II'Ts and IISc 12
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Example 4.0.8 Let A= (0,1] C IR. Then 0 is the limit point of A and so is every point
of [0,1] a limit point of A.

Example 4.0.9 Consider the set A = {1/n :n € ZT}, where ZT is the set of positive
integers. The only limit point of A is 0.

Some sets are neither open nor closed, such as [0, 1), which is called half-open or half-closed
interval.
We next define a bounded set.

Definition 4.0.10 A set S in IR" is said to be bounded if it lies entirely within an n-ball

B(a,r) for some r >0 and some a € IR".

Joint Initiative of IITs and IISc 13
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Lecture-4

5.1 Supremum and infimum of a set

Let S be a set of real numbers. If there is a real number b such that z < b for every
x € 5, then b is called an upper bound for S and we say that S is bounded above by b.
Certainly any ¢ > b is an upper bound for S, but we are interested in the least among

the upper bounds.

Definition 5.1.1 Let S be a set of real numbers bounded above. A real number b is called

a least upper bound for S, denoted by b = sup(.S), if it has the following properties:
e b is an upper bound for S.
e No number less than b is an upper bound for S.

Naturally, we can define the greatest lower bound, called the infimum of a set.

Definition 5.1.2 Let S be a set of real numbers bounded below. A real number c is called

the greatest lower bound for S, denoted by ¢ = inf(S), if it has the following properties:
e c is an lower bound for S.

e No number greater than c is a lower bound for S.

Example 5.1.3 Consider S = (—1,3), then sup(S) = 3 and inf(S) = —1. Note that
the sup and inf of a set need not belong to the set. When they do belong, they are the

maximum and minimum elements of the set.

Example 5.1.4 Let S = {x : 32> —10x+3 < 0}. Now z € S satisfies (x—3)(3z—1) <0
which implies 3 < x < 3. Hence sup(S) = 3 and inf(S) = 1/3.

14
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The notion of closed and bounded sets leads to the definition of compact set. We first
need the definition of covering of a set. A collection F' of sets is said to be covering of a
given set S if S = UyepA. The collection F' is also said to cover S. If F is a collection of

open sets, then F' is called an open covering of S.

Example 5.1.5 Consider S = [0,1], then the set F ={(z — v, 2+ +):0<z <1,N €

Z*} is an open covering for S.

Definition 5.1.6 A set S in IR" is said to be compact if and only if every open covering

of S contains a finite subcover that is, a finite subcollection which also covers S.

The Heine-Borel theorem states that every closed and bounded set in IR™ is compact.
We end this lecture with the definition of boundary of a set. A point z € IR" is called
a boundary point of S C IR™ if every n-ball B(x) contains at least one point of S and at
least one point of IR™\ S. The set of all boundary points of S is called the boundary of S
and is denoted by 9S = S N IR"\ S from which it follows that 95 is a closed set in IR".

The notion of dense and connected sets are introduced here.
Definition 5.1.7 Let S C IR". Then S is said to be dense in IR™ if S = IR".
This is the case if and only if S N B(x,r) # () for every z € IR™ and r > 0.

Example 5.1.8 The set of rational numbers @ are dense in IR and so are the set of

rrationals.

We next define an important concept of connectedness, for which we first need to say
when are two sets are separated. Two subsets A and B of IR™ are said to be separated if
both AN B and AN B are empty. In other words, no point of A lies in the closure of B

and no point of B lies in the closure of A.

Example 5.1.9 Let A = [0,1] and B = (1,2). The sets A and B are disjoint but not

separated.

Example 5.1.10 Let A = (0,1) and B = (2,3). The sets A and B are disjoint and

separated.

Example 5.1.11 Let A =[0,1] and B = [1,2). The sets A and B are not disjoint and

not separated.
We can now define a connected set.

Joint Initiative of IITs and IISc 15
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Definition 5.1.12 A set S C IR" is said to be connected if S is not a union of two

non-empty separated sets.

Example 5.1.13 Let S = [0,1] U (1,2). Since S is a union of two non-empty sets that

are not separated, it is connected.

Joint Initiative of IITs and IISc 16
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Lecture-5

A few solved examples and exercises are presented here.
P1. Find the limit point(s) of the set C'= {0} U (1,2) C RR.
Solution : Every point of the interval [1,2] is a limit point of C.
P2. Determine if the following sets in IR are open or closed (or neither).

a) All rational numbers Q.

b) All numbers of the form %, n=1,2,...

P3. If S and T are subsets of IR", prove that (int S) N (int T') = int (SNT), where int

refers to the interior of the set.

Solution : We have to show the following inclusions

int(S) Nint(T) Cint(SNT)
int(SNT) Cint(S)Nint(T)

to prove the equality. Let x € int(S) Nint(T) = x € int(S) and x € int(T).
By the definition of interior point, there exists open n-balls Bg(x), Br(x) such that
r € Bg(x) C Sand x € Br(vr) CT = x € B;N By. But Bg N By is open in
SNT (recall that finite intersection of open sets is open). Hence = € int(SNT).

Conversely, let € int(SNT). Then there exists an open n-ball B(x) C SNT. But
B(z) is open in both S and 7', which further implies that « € int(S) and x € int(T).
Hence x € int(S) Nint(T).

P4. Give an example of a real-valued continuous function that maps an open set to a

closed set.

17
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Solution : Consider the function f : (0,20) — IR defined by f(x) = log(z) + log(20 — z).
The domain of f, denoted by Dy is (0,20), an open set. The range of f, denoted
by Ry, is (—o0, 2] which is not an open set as 2 is not an interior point of (—oo, 2].

However, IR\ Ry = (2,400), an open set implying that Ry is a closed set.

P5. The linear space Cfa,b| consists of continuous function on the real interval [a, b]

together with the norm defined as

A
= t)|.
lall 2 s ()

Verify all the axioms of a norm hold for the proposed norm.

Solution It is clear that ||z|| > 0 and is equal to zero only when the function is identically
equal to zero. Next ||az|| = max|az(t)] = |o| max|z(t)| = || ||z||. Finally, the

triangle inequality follows from
lz+yll = max|z(t) + y(t)|
< max([z(t)] + |y(¢)]) = max [2(¢)] + max [y(¢)] = ||][ + [|y]|
P6. Prove the following identity
[l +yl* + [l — yll* = 2[|=]]* + 2[|y|]*
Solution : Expanding the LOS in terms of inner product, we have

e +yl?+]lz—yl? = <z+y,2+y>+<z—yr—y>
= <z, zt+y>+<yrzty>+<z,r—y>—<yr—1y>
= <zr,r>+<r,y>+<y,r>+<y,y>—<z,y>
+<r, >+ < y>—<y,z>+<y,y>
= 2f||* +2|lyll*

This equality is known as the Parallelogram law.
P7. Prove that 0A = (IR" — A).

P8. Find the sup and inf of the following set of real numbers.
S={z:(zx—a)(z—b)(r—c)(r—d) <0}, where a < b < ¢ <d.

P9. Consider the set S = {xr € R:x =2"+5" n,m = 1,2,...}. Show that S is

neither open nor closed.

Joint Initiative of IITs and IISc 18
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Solution : The maximum element of S is achieved when m = n =1 and equals x = 0.7 € S,
but a neighbourhood of the form (0.7—¢,0.7+¢) does not belong to S since (0.7+¢)
is not an element of S. Hence, S is not open. To prove that it is not closed, let
m = 2,n = 1 which yields z = 0.54 € S. Fix x = 0.54 + 9, then it is easy to see
that 0.54 + § ¢ S since there exists no m and n such that 27" + 57™ = 0.54 + 4.
Therefore 0.54 49 € IR\ S. Now it can be observed that for any € > ¢, the interval
(0.54+0 —€,0.544 6 +¢€) is not contained in IR\ S because this interval includes the
element 0.54 which is a member of S and hence does not belong to IR\ S implying
(0.54+0—¢€054+5+¢) NS\ 0.54=0.
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Exercise problems

10.

11.

. Consider the set S = (—00,—100) U (—1,4) U {4} U (6,8) C IR. Find S, 5’,dS, S°.

. Find the supremum and infimum of S = {z € IR : (1+2%)~' > 1}. State whether

they are in S.

. In the proof of the Contraction mapping theorem, at which step one cannot

proceed further if the Lipschitz constant p > 1.
Let z,y € IR™. Show that ||z|| —||y|| < ||z — y]|-

Show that the norm function || || : IR* — IR is a continuous function. (You have
to use the €, 0 definition)

. Let S=(0,1) and T = [, 3]. Find (SNT), (SNT)*,(5°NT*),(SUT),(S°UT*),(SU

T)e.
Prove that the arbitrary union of open sets is open.
Prove that the intersection of closed sets is closed.

Give a counter example to show that the arbitrary union of closed sets may fail to

be closed.

Prove that a limit point of a set S is either an interior point or a boundary point of

S.
In each of the following examples, find S, S’, 9S, S¢.

S = (—o0,—2) U (2,3) U {4} U (7, )
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S =U{(n,n+ 1) : n = integer}.

12. Give counterexamples to disprove the following statements:

a. If S; and Sy are arbitrary sets, 9(S; U Sy) = 051 U 9Ss.

b. The supremum of a bounded nonempty set is the greater of its limit points.
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Module 2

Well-posedness of ordinary differen-

tial equations

Objectives: To study the notion of Lipschitz continuity and its usefulness in establishing

the existence and uniqueness of solution of a differential equation.

Lesson objectives

This module helps the reader in answering questions related to

— existence and uniqueness of solutions by identifying the continuity property associ-

ated with the right-hand side of the differential equation
— Contraction mapping theorem and its applications

— Flows, orbits and positive invariance.

Advanced reading
e Theory of Ordinary Differential Equations by E. A. Coddington and N. Levinson.

e Ordinary differential equations by V. I. Arnold
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Lecture-6

We begin with the definition of continuity of a function at a point.

Definition 7.0.1 A function f : IR" — R™ 1is continuous at a point v € IR" if, given
€ > 0, there is 6 > 0 (dependent only on €) such that

e —yll <o = [lf(x) = Fy)ll <e

A function is continuous on a set S if it is continuous at every point of S, and it is
uniformly continuous on S if, given € > 0 there is d(¢,2) > 0 such that the inequality
holds for x,y € S. Note that uniform continuity is defined on a set, while continuity is
defined at a point. We next define a property of functions that is stronger than continuity,
but weaker than differentiability, called the Lipschitz continuity. Let D be a domain in
R".

Definition 7.0.2 A function f: D C IR™ — IR"™ is said to be Lipschitz continuous at xg
if there exists a constant L = L(xg) > 0 and a neighbourhood N C D of x¢ such that

1f () = fFW)ll < Lz =yl (7.1)
for all x;y € N. The constant L > 0 is called the Lipschitz constant.

A function f is said to be Lipschitz on a domain D if f is Lipschitz continuous at every
point in D. f is said to be uniformly Lipschitz continuous on D if there exists a constant
L > 0 such that

1f(z) = fWIl < Llle —yll, ¥V x,y e D. (7.2)

A Lipschitz function on a domain D is not necessarily uniformly Lipschitz on D, since

the Lipschitz condition may not hold uniformly (with the same constant L) for all points
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in D. However, a Lipschitz function on a domain D is uniformly Lipschitz on every com-

pact subset of D.

Definition 7.0.3 A function f is said to be globally Lipschitz if it is Lipschitz on IR™.

Example 7.0.4 Consider the function f : [a,b] :— IR defined by f(x) = x*. For

z,y € [a,b], we have

[f(@) = fW)l = 12* —y?| = |z —y| |z + y| < Mz —y|

where, M 2 2max{|al, |b|}. Hence f, is uniformly Lipschitz with Lipschitz constant
L=M.

Example 7.0.5 Consider f(x) = |x|. Then for z,y € IR,
[f (@) = fW)l =] = [yl | < |z =yl
Hence, f is globally Lipschitz with Lipschitz constant L = 1.
Example 7.0.6 Consider f(x) = —|z|’sign(z), 3 > 1. For x satisfying |z| < 1, we have
() = F(0)] =] —sign(a)|z]’| | = |27 < |a].
Hence, f is uniformly Lipschitz on the compact set Dy 2 {reR:|z| <1}.

Definition 7.0.7 A function f:IR™ — IR" is piecewise continuous if there exists a finite

collection of disjoint, open, and connected sets Dy, Do, ...., D,, C IR", whose closures cover
IR™ |, that is
R" = | J Dy
k=1
such that for all k =1,2,...... ,m , [ is continuous on Dy.
Definition 7.0.8 A sequence x1, s, x3, ... in a normal linear space (X, ||.||) is said to be

Cauchy, if for every e > 0 there exists an integer N = N(€) such that
|z; — x| <eVi,j=N.

Definition 7.0.9 A sequence 1, xo,x3,... in a normal linear space (X, ||.||) is said to
converge to x € X, if for every e > 0 there exists an integer N = N(e) such that
|x; —z|]| <eVi>N.
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Example 7.0.10 Consider the sequence {}2,. The claim is that x = 0 is a limit of the
sequence. Let € > 0, then |+ — 0| = £ < e if and only if n > . Hence, letting N(e) > 1,

n

it follows that |+ — 0| =1 < ¢ for alln > N.

A sequence is said to be divergent, if it is not convergent. The sequence {(—1)"}5°, is a
divergent sequence.
Facts:

e A Cauchy sequence is bounded.
e Every Cauchy sequence in a complete normed linear space is a convergent sequence.

e If a sequence converges, its limit is unique.
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Lecture-7

In the study of ordinary differential equations of the form

T = f(t,z), Vt>0

8.1
I(to) = X ( )

where, f : IR" — IR", we are interested in the answer to the following questions:
1. Does (8.1) has at least one solution? This is related to the existence of a solution.
2. If there exists a solution to (8.1), then, is it unique?
3. Is the unique solution defined for all time ¢ € [0, 00)?

4. Does the unique solution that is defined for all ¢ > 0 depend continuously on the

initial condition xq?

If the answer to the last question is affirmative, then we have say that the problem (8.1) is
well-posed. In the following examples, we show that based on the nature of f, the ODE’s
could have or have not an affirmative answer to the question of existence, uniqueness and

continuous dependence.
Example 8.0.1 The differential equation defined on IR

by = —sign(z)

0~ o (8.2)

where the sign function is defined by

1 ifz>0
sign(z) =¢ —1 if x <0
0 ifx=0

does not admit any continuously differentiable function x(t) such that (8.2) holds.
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Example 8.0.2

. _ 1/3
v N (8.3)
z(0) = 0.
This ODE also admits two solutions, namely z(t) =0 and x(t) = (%)3/2 Vit>0.
In the following example we see the local existence of a solution.
Example 8.0.3
. — 1 —"_ 2
! v (8.4)
z(0) = 0.

The solution of (8.4) is given by x(t) = tant, which is defined for allt € [0,7/2). Because
the solution x(t) — oo at t = w/2, the ODE (8.4) is said to possess finite escape time

property.
Another example that has the same property is given by

Example 8.0.4

- 2
g v (8.5)
z(0) = —1.
The solution of (8.5) is given by x(t) = 7, which is defined for all t € [0,1).
Finally, an example that possess a unique solution that is defined for all ¢ > t,.
Example 8.0.5
.3
’ v (8.6)
x(ty) = xo.

The solution of (8.6) is given by

2
)

x(t) = sign(mo)\/(l (=)

Note that the right-hand side of (8.3) is continuous, and yet the solution is not unique.

Therefore the continuity of f(-) does not guarantee the existence of a unique solution.
It is natural to ask then under what conditions on f(-), a solution to (8.1) exists and
is unique. The following theorem uses the Lipschitz condition on f(-) to show local

existence and uniqueness.
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Theorem 8.0.6 Let f(t,z) be piecewise continuous in t and satisfy the Lipschitz condi-

tion
||f(t,37) - f(tvy)H S L||.T—y|| V.T,y € B(l’o,'f’), Vite [t07t1]'

Then, there exists some v > 0 such that (8.1) with x(ty) = xo has a unique solution over

[to, to + 7).

As an application of theorem 8.0.6, the right-hand side of the ODE in (8.4), (8.5) and
(8.6) are locally Lipschitz in x and hence guarantee a unique solution over some finite

time-interval.
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Lecture-8

Many equations that we encounter in practice are not solvable explicitly. In such a case,
the given equation can be recast as f(z) = = form and under certain hypotheses on f
and the underlying space, the existence of a point, called the fixed point, denoted by x*
and defined as f(z*) = 2* can be found. A powerful result that provides the required

hypotheses is the contraction mapping theorem, stated with proof here.

Theorem 9.0.1 Let (X, || ||) be a complete normed linear space and T : X — X.
Suppose there exists a fixed constant p < 1 such that

| T —Tyl| < pllz —y|| Yo,y X.

*

Under these conditions, there exists exactly one x* € X such that Tx* = x*. For each
xo € X, the sequence {x,}5°, in X defined by x,41 = Tx, converges to x*. Moreover,
the estimate of the rate of convergence is given by

Y2

p
p—1

|27 = || < [Tz — ol |-

Proof:
Let 2o € X and define a sequence {z,} in X as z,41 = Tz,. We first show that {z,} is

a Cauchy sequence. For each n > 0 it follows that

Tn+1 — Tn = Tp — L Tp-1|| > P||Tn — Tn-1
I I T zn — Tana|] < pl| I

< pPllen—1 = @nall .. < My — ol | = p"||T a0 — o[-
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Suppose m =n +r, r > 0 is given, then by triangle inequality

me - xn” = Hxn—l-r - xn” < ||37n+r - xn+r—1|| + Hxn+r—1 - xn”
< Hxn—l-r - xn—i-r—lH + ||xn+r—1 - xn+r—2|| + Hxn—l-r—2 - xn”
S ||xn+r_xn-i-r—l”+"'+||xn+1_xn||

o Ty = ol + 92T = woll + ..+ [Tz — ol

r—1 00
= > 0T —wol| <D p" [T — wol|.
=0 =0

By noting that the series (1 + p + p? + ...) is a Geometric series whose sum is l%p, we
have p" + p"tt + p T2 4+ = 1%). Thus

V2

2m = ol < T [T20 — o]l

As n — oo, p" — 0. Therefore ||x,, — z,|| — 0 as n — oo, thereby proving the

sequence {z,} to be Cauchy. Since X is a complete space, x,, converges to a limit z* € X.

Now Tz* = T(lim z,) = lim Tx, = lim x,.; = z*. Hence z* is a fixed point of T'.
n—oo n—oo

n—oo
Next, we show that z* is unique. Let Z be also a fixed point of T. Then

|7 =7 = [|T7 = Ta™|| < pllz — 7]

if and only if z = z*. Finally, the estimate of the rate of convergence is given by

7

o =2l = 1z = Tmn ]| = lim [l = 2]l < 2= 1T = o]l

O
We illustrate the application of contraction mapping theorem through the following

examples.

Example 9.0.2 Consider f : [0,1] — [0, 1], where f(x) = cos(z). Find z € [0,1] s.t
f) =a.
We use the fact that the closed interval [0, 1] is a complete normed space and then show

that cos( -) is a contraction on [0,1]. From mean-valued theorem
cos(1) — cos(0) = —sin(c)(1 —0)
where, ¢ € (0,1). Therefore
| cos(1) — cos(0)| = |sin(c)| [(1 —0)].

Now, |sin(c)| < sin(1) ~ 0.8417. Hence cos( -) is a contraction on [0,1]. Thus there

exists a unique x* such that cos(x*) = x*. By iteration, x* = 0.739.

Joint Initiative of IITs and IISc 30
—Funded by MHRD



NPTEL-Electrical Engineering - Nonlinear Control System

Fixed point theorems are often used to prove the existence of solutions to differential
equations, such as the Picard’s theorem about the existence of solutions to an initial

value problem for a first order ODEs.
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Lecture-9

10.1 Dynamical systems, flow and vector field

Let D C R™ be a domain.

Definition 10.1.1 A dynamical system on D is the triple (D, [0,00),¢) where the map
¢ :[0,00) x D — D is such that the following azioms hold.

Al. Continuity : ¢(.,.) is continuous on [0,00) x D and for every t € [0,00), ¢(., z)

is continuously differentiable in D.
A2. Consistency : ¢(0,x9) = xo for all xg € D.
A3. Group Property : ¢(1,d(t,z0)) = ¢(t + 7,20) for all xzy € D and t, T € [0,00).

The triple (D, [0, 00), ¢) is denoted by G and the map ¢(.,.) is called as the flow or
trajectory of G corresponding to zo € D. For a fixed t € [0, 00), the map ¢(¢,.) : D — D
is denoted by ¢;. The set of mappings ¢;(x¢) = ¢(t, o) for every zq € D gives the flow of
G as shown in Figure 10.1. In other words, if Dy is a collection of initial conditions such
that Dy C D, the flow ¢, : Dy — D is the image of Dy under ¢,, that is, ¢(Dy) C D. Now,
fix x € D, then the map ¢(t,z) : [0,00) — D, defined by ¢” is called the trajectory of G
as shown in Figure 10.2. The image of ¢* consists of all points ¢(¢, z) with ¢(0,z) = z
and t € [0, 00).

Definition 10.1.2 : A map f : R" — R"” is said to be a homeomorphism if
e f is continuous.
e f is bijective (one-one and onto).

e f has a continuous inverse.
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t € [0,%) is fixed

Flow of G

Figure 10.1: Flow map

Trajectory
through xo € D

Figure 10.2: Trajectory of a dynamical system

Theorem 10.1.3 For each fized t € [0,00), the flow ¢, generates a one-parameter group

of homeomorphism on D and forms a commutative group under the rule of composition
of maps.
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Proof:

We first show that ¢, is a homeomorphism Clearly ¢; is continuous. To show one-to-one,
let ¢1(2) = du(y), 2,y € D. Then y = 6o(y) = 6 1(6(y)) = d1(&n(2)) = do(2) = 2. To
show ¢, is onto, let y € D, then y = ¢o(y) = ds(d_(y)) = ¢¢(x) for some x = ¢_4(y) €
D. We next show that ¢; has a continuous inverse. For any two flows ¢, and ¢,, the
composition ¢; o ¢-(x) = ¢(dr(2)) = ¢u(P(7, 7)) = ¢(t + 7,2) = ¢ryr(x). Therefore
G40 b = P11y = Po (o is the identity map since ¢o(x) = x). Thus, ¢_; is the inverse
of ¢; and is continuous.

We next show that ¢; is a commutative group under the rule of composition.

e Closure: For any two flows ¢; and ¢,, ¢; o ¢, is also a flow.

Identity: ¢ is the identity element since ¢g(z) =2V z € D.

Associativity: ¢; o (¢, 0 d,) = (¢ 0 @) © Py

Inverse: ¢_; is the inverse element since ¢_; o ¢ = @9 = P 0 Pp_;.

Commutative property: ¢, o ¢, = ¢, 0 ¢,

10.1.1 Vectortfield

e In a given dynamical system G = (D, [0, 00), ¢), the map ¢(., .) describes the motion
of x € D for all t > 0 and thus generates a differential equation on D.

e The function f : D — R™ given by f(z) = d¢((ii,x)|t:0 defines a continuous vector

field on D as shown in Figure 10.3.
e Forx € D, f(z) € R™ corresponds to the tangent vector to the curve ¢;(z) at t = 0.

e Hence, for ¢, : D — D satisfying axioms Al — A3, letting z(t) = ¢(t, zy), it follows
that @(t) = f(x(t)) Vt > 0 and z(0) = 0.

Example 10.1.4 Let G = (R",[0,00),e?z). Here ¢(t,x) = ez is continuous and

satisfies

(i.) Consistency : e = x
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// /4/ o E
D \
\ T @f( :1:) //_J

Figure 10.3: Vector field corresponding to the flow ¢,

(ii.) Semi-group property: eAteAT(z) = Az,
o Vector field : & = 4(e*x)|,mo = AeMz|i—g = Ax.
o The flow of ¢(.,.) is given by {y € R" : y = e for some x € R*}

o For a fized xo € R", the trajectory is given by ¢ = eAtxy, t > 0.

Toe® (€'

Show that the triple (IR?,[0,00), ¢) is a dynamical system and find the vector field associ-
ated with the flow.

—t
Example 10.1.5 Consider the triple (IR?,[0,00),¢) defined by ¢y(x) = ( e 1)).

(i.) Consistency ¢o(x) = (%)

T2

1”7

(1i.) Semi-group property Consider ¢(é-(z)) = ¢r (

x2e:c1(e*7'—1

—t —7—t
. yie - zTi€
gbt(?/) - (eryl(et_1)> - (léeml(e7—_1)'6xle-r(et_1)>

—(t+7)
xIie
- <£E26w1(e(t+f)_1)> = Grr (7).

)> . Let y = ¢, (x), then

1>

0=

—xe7t
= <$2€x1(et_1)(—$1€_t)>
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10.2 Invariant flows

The notion of positive invariance of a set is a powerful analytical tool that finds use in
stability studies.

Consider a dynamical system described by

i) = f() (10.1)
where f: D — IR" is locally Lipschitz on the open set D C IR". Let ¢(t,x) denote the
solution of (10.1) that exists for all ¢ € [0, c0) and satisfies the initial condition z(0) = .
This leads to the map ¢ : [0,00) x D — D satisfying ¢(0, xy) = x¢ and possesses the
semi-group property ¢(t1, ¢(to, x)) = ¢(t; + to, z) for all t1,t > 0 and z € D.

Definition 10.2.1 The orbit O, of a point x € D s the set {¢(t,x) : t > 0}.

Definition 10.2.2 A set U C R" is positively invariant if ¢,(U) CU for allt > 0. The
set U is negatively invariant if, for every z € U and every t > 0, there exists x € U such
that ¢(t,x) = z and ¢(7,x) € U for all T € [0,t]. Hence, if U is negatively invariant, then
U C oiU) for allt > 0. Finally, the set U is invariant if ¢p(U) =U for all t > 0.
For a linear system, the positive invariance of a set is easily established, as illustrated
through the following example.
Example 10.2.3 Consider the following linear system
.o
o 2 (10.2)
To = T1 — X2
We wish to show that the set N' = {x € IR* | x1 + x9 = 0} is positively invariant. We will
show that if x1(0) = —x2(0), then x1(t) = —xa(t) V't > 0. A straight forward calculation
yields the solution of (10.2) as

n(t) = e [(oosh(St/Q) + % sinh(3t/2)) 25(0) + %sinh(Bt/2)x2(O)}
To(t) = e 2 [(cosh(?ﬂf/?) — %sinh(Bt/Q))xg(O) + gsinh(Bt/Q)xl(O)}

Since £1(0) = —x2(0), on rearranging, we have

z1(t) = e %1,5(0) [~ cosh(3t/2) + sinh(3t/2)]

zo(t) = —e 215(0) [ cosh(3t/2) + sinh(3t/2)]
= —I (t) Vi Z 0.
O
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Module 3

Modeling and state-space formulation

of nonlinear systems

Objectives: To be able to model simple mechanical and electrical systems, write their

state-space formulation and find the equilibrium set.

Lesson objectives

This module helps the reader in

— developing mathematical models of physical systems with emphasis on simple me-

chanical systems
— writing down the state-space representation that is amenable for further analysis.

In this module, models of pendulum-like systems will be derived using the total energy
of the system. Examples include the pendulum on a cart, rotary pendulum, spherical
pendulum and the inertia wheel pendulum. These systems have been studies extensively

and continue to generate interest among Physicists, Mathematicians and control theorists.

Suggested reading

e A mathematical introduction to robotic manipulation by Richard M. Murray, Zex-

iang Li and S. Shankar Sastry
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Of all the motions that may bring a system of material particles from a certain
initial position to a given final position (the total energy remaining constant),
the actual motion is that for which the action is a minimum. The virtual
motions must, therefore, satisfy the principle of energy. They may, on the
other hand, take any arbitrary time. According to this conception, the path
of a particle is that along which it will reach its final position in the shortest
time, if it move with constant velocity, and if frictional forces be absent. Thus,
the path is the line of shortest length, that is, for a free particle a straight
line. —J. L. Lagrange (1760).

Euler-Lagrange formulation of mechanical systems

In this module we present the equations of motion of well-known benchmark problems in
control systems.

The mechanical systems that we study here consist of rigid/flexible linkages which are
interconnected in some way. They are given the structure of a set whose points are in
one-to-one correspondence with the set of configurations of the system. We denote the
configuration set, also called as configuration space by ). The number of configuration

variables depends upon the degrees-of-freedom of the system, defined as follows.

Definition 11.0.1 The degree-of-freedom of a mechanical system is the number of inde-

pendent coordinates required to describe the pose or the configuration of the system.

In many mechanical systems, the space () is non-Euclidean , for example, the config-

uration space of a simple pendulum is the Unit circle, that is Q = S').
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Definition 11.0.2 For a system of m particles with k constraints of the form g;(r1,..., ),
j=1,...,m and g}s are smooth, we find a set of n = 3m — k variables (q,...,q,) and
smooth functions fi,..., fm such that r; = fi(q1,...,qn) <= gj(r1,...,rm) = 0,1 =

L,...,myj=1,....k. The ¢is are called as generalized coordinates for the system.

The number of generalized coordinates is equal to the number of degrees-of-freedom of
the system. When the external forces acting on the system are expressed in terms of
components along the generalized coordinates, they are termed generalized forces.

There are many methods of modeling mechanical systems viz. using Newton’s laws,
Euler-Lagrange and Hamiltonian based equations of motion. Nevertheless, all are equiv-
alent and hence yield the same dynamics. We focus on the Euler-Lagrange equations for
which we first define the Lagrangian as £(q, ¢) = T(q,q) —V (q), where T'(q, ) is the total
stored kinetic energy associated with the masses and moments of inertia and the total

potential energy V' (q) associated with gravitational and stiffness elements.

Theorem 11.0.3 The equations of motion for a mechanical system with generalized co-
ordinates and velocities (q,q) € IR™ x IR™ and Lagrangian L(q,q) are given by

4oL oL
dtdg  Oq

Z',Zzl,...,’n,

where Fy is the external force acting on the it™" generalized coordinate.

State-space formulation and equilibrium points

An n"-order nonlinear system with m control inputs w;, us, . . . , u,, can be rewritten as n
first-order ODEs as

T = f(2)+ 2205, gi(2)u; (11.1)
I(to) = X
where, * = (x1,29,...,7,) are termed the states of the system, f(z) € IR" is termed

the drift vector field and g;(z) € IR"™ are the control vector fields. The vector fields f, g;
are said to be smooth if its components are smooth functions. The underlying space on
which the states evolve is termed the state-space of the system. If the system has no
control inputs (u; = 0,7 =1,...,m), then it is said to be unforced. An important notion
associated with unforced system is the equilibrium point denoted by z.. If g = x., then
the solution z(t) of (11.1) satisfies x(t) = z. for all ¢t > ¢;. For autonomous systems

(where the vector fields f does not depend explicitly on time t) the equilibrium set £
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of (11.1) is given by & = {z € R": f(x) = 0}. If £ has a singleton (single point), then
the system (11.1) is said to possess an unique equilibrium point. The notion of isolated

equilibrium is brought out through the following definition.

Definition 11.0.4 An equilibrium point . € IR™ of (11.1) is said to be isolated if there

exists an € > 0 such that B(x.,€) contains no equilibrium points other than x..

If the set &€ consist of multiple points and further if each equilibrium point has no other
equilibrium in its vicinity, then the system is said to possess multiple isolated equilibrium
points. If the multiple equilibrium points are not isolated, then the system is said to have
a continuum of equilibrium points. A test to check for isolated equilibrium point is stated

as follows.

Proposition 11.0.5 If %}w:m is non-singular, then the equilibrium point x. of (11.1)

1 an 1solated equilibrium point.

We next present nonlinear models of physical systems along with their state-space

formulation and equilibrium sets.
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Lecture-11

The pendulum on a cart system is well-know example in the study of nonlinear control.
Various control strategies have been devised to swing-up the pendulum and stabilize it at

the upward vertical position (analogous to balancing a stick on your palm).

Pendulum on a cart

We consider a pendulum pivoted on a cart as depicted in figure 12.1. The system consists
of a pendulum of length [ and of point mass m pivoted on a cart of mass M and making
an angle of ¢ with the vertical. The cart is actuated with a force F' and its displacement
is denoted by x. The reference for the potential energy is the horizontal line passing
through the origin of the inertial frame. Here, the configuration space is Q = IR x S' and
is parameterized by (x,¢). Note that, in topology, the space IR x S! is a cylinder. The

y

Figure 12.1: Pendulum on a cart system

Lagrangian of the system, is given by
M m T

— 252 " _
L= 5 + gV v mgl cos(¢)
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where,

x + [sin(¢)
vo= — [ cos(o)
0

i+ 1 ¢ cos(¢)
= | —l¢sin(¢)
0

é (M+m),a2 é

,as 2 ml, ay 2 mgl and defining the control input as u = F', the Euler-Lagrange

By collecting the inertial parameters in the following constants a;
mi?

equations are given by

[ a1 agcosgb][%]_l_lo —ang.bsinQS][i.t]_l_[ 0 ]:[1]%(12.1)
as cos ¢ as ¢ 0 0 10} —ay4sin ¢ 0
—_———  ——

M C h G

In robotics, the matrix M in (12.1) is termed the inertia-matrix, the matrix C' acting
on the vector of generalized velocities [ é]T, in general, consists of the Coriolis and
centripetal forces, the vector h represents the gradient of the potential energy and G is
the vector of input forces/torques. It is a well-known fact that for rigid-body systems,

the following structural properties hold.

e M =M" and M > 0.

o M —2C is skew-symmetric.

These properties are useful in stability analysis of robotic systems.
With the states defined as z = |11 2y 23 24]" =[x ¢ @ gb]T and u = F, the

state-space model is given by

T = f(x)+ g(z)u (12.2)
where,
T3 0
T4 0
fle)=1 | - , , g(z) = o ;
% (a2a37% sin x5 — azasz sin x5 cos 1) N
% (—asz? sin x5 cos Ty + a4 sin o) —=2 c0oS Ty

where A = ajay — a2 coszy > 0. The equilibrium set is given by € = {z : (2, 2, 23, 74) =
(%,0,0,0)} U{x : (21,29, 23,24) = (%,7,0,0)}. Here x indicates that the cart position is

arbitrary.
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Points to ponder

e Verify the structural properties of the system?

e [s it possible to compute the equilibrium points of a rigid-body system by examining

its potential function? Hint: Look at the gradient of the potential function.
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Lecture-12

13.1 Furuta pendulum

We consider the Furuta pendulum, which is an inverted pendulum on a rotary arm as
depicted in Figure 13.1, where [ is the length of the pendulum, R is the radius of the arm,
@2 is the angle made by the pendulum from the vertical, ¢; is the angle of the mass M
from a fixed vertical plane, m is the point mass of the pendulum, ¢ is the acceleration due

to gravity and wu is the torque applied at the shaft joined to the arm. The total kinetic

Figure 13.1: Furuta pendulum

energy is given by

KE = K-Earm + K-Ependulum

M _, . m
= 7R2q% + §’UTU
where, v (see figure 13.2) is given by
—Rqy sinq 0 —q1 —@2sinq (I'sin g2) sin ¢
vo= Rgicosqr | + 1 0 (o COS (1 —(lsin g2) cos 1
0 GoSing, —gs COS q1 0 [ cosqo
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Pendulum

Arm

R
3
X

Figure 13.2: Top view of the setup

Collecting the inertial parameters in the constants a;,2 = 1,...,4 defined by
ap = (M +m)R*>  ay =mi?
az = mRl ay = mgl.

the Lagrangian is given by

a2

-2
— a4 COS @.
9 qs 4 q2

1 . . ..
L= 5(al + ay sin ¢2%)¢7 + asgigo cos gz +

The Euler-Lagrange equations are given by

ay + assin ga?  az cos gy ] [ G ] N [ 205G1 (o SIN 2 COS g2 — azq3 Sin ¢o ] B [ u ]

a3 COS (o as g —ag(jf Sin go COS @9 — a4 SIN @ 0

Inertia Wheel Pendulum

The inertia wheel pendulum consists of an unactuated pendulum to which an inertia
wheel is attached at the free end (see Figure 13.3). The pendulum angle is #; and the
inertia wheel angle is 0y (both angles are measured clockwise). With the states defined

as ¥ = |11 o x3 24] " = [01 65 0, ég]T and u = 7, the state-space model is given by

= f(z) + g(z)u (13.1)
where,
I3 0
Ty 0
f(x) = , , g(z) = :
C1C3 SIN X —C3
—cyc38in a0 %
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Figure 13.3: Schematic of the inertia wheel pendulum system

where, ¢; = (myle+ (Mo +my)l)g, co = I+ L+ (my,+m,)2, c3 = ﬁ, m,, is mass
of the pendulum, [. is center of mass of the pendulum, [ is length of the pendulum, m, is
mass of the actuator, m,, is mass of the inertia wheel, I; is inertia of the pendulum about
its end and I, is inertia of the inertia wheel about the wheel center. The equilibrium set

is given by € = {z : (21, 2, x3,24) = (2nm,2mmn,0,0)}, (n,m) € Z.

Points to ponder

e Write the configuration space on which the Furuta pendulum evolves. How is it

different from the configuration space of the pendulum on a cart system?
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Ball on a beam system

Figure 14.1: Ball and beam system

The system (see figure 14.1) consists of a ball that is free to move on a horizontal
beam. The beam angle can be varied to control the position of the ball. Let o be the
angle subtended by the beam with the horizontal and = denote the position of the ball
measured with respect to the center of the beam. The connecting rod connects the gear
to the right end of the beam (which is a rotary joint). Let 6 be the angular distance
covered by the gear, measured with respect to the horizontal. The ball is assumed to roll
on the beam without slipping. It should also be noted that the approximation R = La

holds for small angles.
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Equations of Motion

The parameters of the system are depicted in table 14.1. The system has two degrees-

Parameter Symbol
Length of the beam L
Radius of the ball T
Mass of the ball M,
Moment of inertia of the ball Jp
Mass of the rod M,
Connecting rod displacement or radius of gear R

Moment of inertia of the rod (about its pivot point) J,

Moment of inertia of the gear or flywheel Jtw
Motor shaft torque Tim

Motor torque constant K

Motor back-emf constant K.,

Load torque Uy

Motor input voltage Vin

Motor current I,

Gear ratio K,

Gear efficiency Mg

Motor armature resistance R,

Motor moment of inertia Im
Viscous damping coefficient on the load side B,
Motor efficiency Nm

Table 14.1: System parameters

of-freedom and is parameterized by the configuration variables (z,«a). The Lagrangian

L(x,a, &, &), defined as the difference between the kinetic and potential energy is given
by
L = 1J.6%+ IMyi® + LJyo” + 1M, (5 4 2) 62 + L5, 02
—M,g%sin (o) — Myg (% + z) sin (a).
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The corresponding Euler-Lagrange equations of motion are given by

ardv+ as (£ —|—x)2d+2a2 (£ + z) ad + az cos (a)

14.1
+asg (5 + ) cos (a) = ug — <B‘;§L) a (14.1)
and
7 L
- (5 + x) & + gsin (a) =0 (14.2)
where, the constants 2% + Jf}’“%”L = ay, 28 = q,, M1 — g5, The torque provided by the
motor is represented by u;.
Motor dynamics
R,
+
? Ly i O
Vin Gear
| |
L= ks
0

Figure 14.2: Motor circuit

The dynamics of the motor used to actuate the gear mechanism will be brought into
the framework described by (14.1) and (14.2). This will enable one to apply a voltage
to the motor as input rather than attempting to force the motor to provide the required

torque u;. The dynamics of the motor is given by

I = 7= 2
Tm = ant[m
Vo Kol (14.3)
m o Rm
Om = K.
From (14.3) and by re-arranging terms, the following is obtained
Uy = Clvm - ng - ng (144)
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KgnmK KiKm K%L LngKy2J . . .
where, ¢ = H=gmol oy = Bmtom=s = and ¢z = <45 Equation (14.4) is substituted
m m

in (14.1) to yield

2
3y L . L .
a1&e + as §+x a + 2as §+x &z + ag cos (a)

—l—agg{g —i—x} cos () = 1V, — cacv — 360 — {%}d. (14.5)
State-space formulation

The dynamics of the system given by (14.2) and (14.5) is expressed in the state-space
form by choosing the state variables as & = (x1, za, 3, T4) = (x,2,a,&). The resulting

state-space model is given by
&= f(x)+9(@)Vn

where, the drift and control vector fields are given by

) i 0 i
{5 T o} e — 3gsin (as) 0
f= 2 19(x) = 0
_{cz+BeZZL }x4—2a2{%+x1}x2x4—{a3+a2g{é+x1}}cos(xg) c1
2
i a1+03+a2{§+x1}2 i | artestax{ftar}

Points to ponder

e Does the system have an equilibrium point?

e Derive the equations of motion of a centrally pivoted ball-beam system? Does this

configuration have an equilibrium point?
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Ball on a circular beam system

Figure 15.1: Schematic of circular beam and ball system

The circular beam and ball system consists of a circular beam with center C', radius R
and a ball on it with center Cy and radius r, as in Figure 15.1. The beam is actuated at
the holder end O. (] is the center of mass of the beam with it’s holder OA. Let mq, p; and
Mo, po be the mass and radii of inertia of the beam with it’s holder and ball respectively.
Let [ be the length of the holder, OC| = a and g be the acceleration due to gravity. The

kinetic energy is given by

m m
K E = 7111;111 + 721);1)2
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where,

g —asin qq
vo= S| acosq
0
p —(R+r)sings + @+ (R—1)sing
2= (R+7r)cosqr +q2— (R—1)cosq

0

Defining the constants as,

ay = myps +mo(R—1)?
ag = mo(R+1)?

az; = mo(R+71)(R—1)
a; = ma(paR/7)?

by = (mia—m2(R—1))g
by = mo(R+r)g

the Lagrangian is given by

1 . . ..
L = 5((a1 + ag — 2a3cos q2)G1 2 + (ag + a4)Ga? + 2(ay — as cos ¢2)¢1¢s)

—by cosqq + by cos (1 + q2).

Defining the states as x = (z1, 2, T3, x4) 2 (¢1, G2, G1, G2) the equations of motion can be

expressed as

&= [f(z) +g(x)u

where the drift and control vector fields are given by,

T3 0
Ty 0
f= g =
I3 g3
Ja g4
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with
f3 = @ {(as + a4)(—2a3z374 in x5 + 322 sin 9 — by sinxy — by sin(x + x2))
—(ag — ag cos(z2))(azx3 sin g — by sin(xy + x9))}
fa = le) {(ay — a3 cos x3)(2a3z3w4 Sin x5 — azx? sin wy + by sinxy + by sin(x; + x9))
+(araz — 2a3 cos x5)(azzr sin g — by sin(xy + x2))}
93 = (ag+as)/0(x2)
o = (—ag + azcoswy)/d(xs)
d(xy) = aas + ayaq + agay — 2a3a4 cos Ty — @i cos To?
and u = 7.

Figure 15.2: Schematic of the cart-beam system

The system consists of a beam of length [ and mass m and the center of the beam is
free to rotate on a pivot under the influence of gravity as shown in figure 15.2. The beam
geometry is such that the center-of-mass is at a distance [. from the center of the beam.
A cart of mass M, actuated by a force F', traverses on the beam without slipping. The
total energy of the CB system is given by

1, . ml. .
E(q,p) = §QTD(Q2)Q + <Q2 + ﬁ) M gsingq (15.1)
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where, D(q) 2 diag{.J + Mq3, M}, J denotes the moment-of-inertia of the beam about
its pivot, q; is the angle made by the beam with the horizontal, ¢; is the angular velocity,

@2 is the cart position, ¢ is the cart velocity and ¢ is the acceleration due to gravity. By

ml.
M

formulation of the CB system yields the following state-space representation

d1 Go]", the Euler-Lagrange

choosing the states as z 2 (1 22 23 24)" = [ @ +

T = f(x)+g(x)u (15.2)

where,

x3

Ty
f($) = (—2Mz3zsa(x)—Mgao cos 1) ,g(l’) =
B(z2)
r3a(ry) — gsinmr

= o O O

where, u 2 L a(zs) 2 (xg —ml./M), B(x2) 27+ Ma?(z5) > 0V xo. If the beam angle
is restricted to (—m/2,7/2) to keep the cart in the upward configuration, then the system

has a unique equilibrium point z, 2 (0,0,0,0).

Points to ponder

e Linearize the system about the origin and find its eigen values. Compare the number
of positive eigenvalues for the ball on a horizontal beam system with the ball on a

circular beam system.

e Rewrite the dynamics for cart on a beam system when the center-of-mass of the

beam coincides with the pivot point. Does the equilibrium point shift?
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Acrobot

The acrobot is a two-link manipulator that moves in a vertical plane under the influence
of gravity. The manipulator is actuated by a single actuator at the elbow joint as shown

in Figure 16.1. The equations of motion of the acrobot configuration space @ = S x S!

mq, M, = link masses
l1. b = link lengths
11, 15 = link moments of inertia

'clalcz = centers of masses

Figure 16.1: The Acrobot

are given by

di1Gy + diaga +hi + Y1 =0

. . (16.1)
d21Gy + daaGa + ho 4+ V2 = 7o
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where
dip =
diz =
doy =
doy =
hiy =
he =
P =
Yy =
and
&1
Co
C3
Cy
Cs

c1 + co + 2c3 o8 @

Co + C3COS Qo

di2

C2

—c3(2G1G2 + G2%) sin g
03412 Sin go

cag cos qu + csg cos(qr + ga)
csgcos(qi + qa).

= ml +mli + 1
= mol? + I

= malile

= Mmyla + mely

= Male.

Equation (16.1) can be rewritten as Defining the state vector as x = (1, T2, x3, T4) 2

((¢1 — %), 42, G1, G2) , the dynamics can be represented as

= f(z)+ g(z)u (16.2)

where the state-space manifold is M = S! x S! x IR? and the smooth vector fields f and

g are given by

x3

Ty

fs
fa

Joint Initiative of IITs and IISc
—Funded by MHRD

0
0

v 9= —(c2+4c3 cos x2)

y(z2)
(c14c2+2c3 cosza)

y(z2)
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where

fs = ——{cocs(w3 + 24)? sin gy + cocygsinay + caws cos 1o 8in a9

v(72)

—c3csgsin(xy + x9) cosTo }

fa = ﬁ{—(@ + €3 €08 9) (22374 + T3 )c38iN Ty — Coc4gSin T
—cgz4g COS Ty Sin xq + crcsgsin(xy + T2) + 359 cos o sin(zy + )
—(c1 + 3+ 2c3 cos o) Ticg sin o }

Y(zp) = eico — c3cos® ag
and u = 7. The system has four equilibrium points given by
{25, € M 11y = —im,x9 = jm, 03 = 0,24 =0} 4,5 =0,1.

A variant of the acrobot is the pendubot, the difference being that the pendubot is

actuated only at the shoulder joint.

PPR manipulator

This manipulator has two prismatic joints which are actuated, while the third joint is
a revolute passive joint, hence the name PPR. The two prismatic joints are orthogonal.
Let (x,y) denote the position of the free joint and € the orientation of the third link. Tt
is clear that the configuration space of a PPR manipulator is Q = IR x IR x S! and is
parameterized by the coordinates ¢ = [z y 6]. Let F} and F, be the control inputs to
the two prismatic joints. Also, denote by [ the distance between the center of mass of the
third link and the third joint. The equations of motion using the Newtonian approach

are

mai — malf? cos — mallsind = F,
myy — msl0?sin @ + msllcos = F (16.3)
10 + mslijcos§ — mglisingd = 0,
where m, = my + ma + mg, m, = my + my and I = I3 + m3l%. Clearly all points ¢ € Q

constitute the equilibrium configuration at zero control inputs.

Points to ponder

e Identify the Coriolis and centripetal forces?

Joint Initiative of IITs and IISc 57
—Funded by MHRD



NPTEL-Electrical Engineering - Nonlinear Control System

y '3 = inertiaof thethird joint

My, M,, M3 = link masses

joint-3

Fl ——— ‘ joint-2

Figure 16.2: PPR planar manipulator

e Institutively, which of the equilibrium points is stable?
e Write the input vector G for the pendubot?

e Linearize the PPR system at the origin. Check for controllability of the linearized
system using Kalman’s rank condition. You will observe that the rank condition
fails and hence the system is not completely controllable. What is the cause for the

loss of controllability for the linearized system?

Joint Initiative of IITs and IISc 58
—Funded by MHRD



Lecture-16

Mobile robot

The mobile robot is a popular robotic system that finds application in a multitude of tasks
and is also a challenging problem from a control point-of-view. The kinematic model of

the mobile robot as shown in figure 17.1 can be expressed as

& = wcosf
y = wvsinf (17.1)
06 = w

where, the triple (z,y,60) denotes the position and the orientation of the vehicle with
respect to the inertial frame and v, w are the linear and angular velocities of the mobile
robot. The dynamic model is obtained using the following relations.
Mo = F (17.2)
v =71
where, M is the mass of the vehicle, I is moment-of-inertia, 7 = %(7'1 —7), F = %(7’1 +73),
with L being the distance between the center-of-mass and the wheel, 7, 75, the left and
right wheel motor torques and r is the radius of the rear wheel. Two assumptions are
made to simplify the model: the center-of-mass and the rear-axis center coincide and
the wheels do not slide. The second assumption leads to a velocity level nonholonomic

constraint #sinf — ycosf = 0. With the following choice of state-vector
r, = 0
r9 = xcosf+ ysind
rs = (y—2z)sinf + (2y + Ox) cos b
Ty = w

x5 = v—w(zsind —ycosh),
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Figure 17.1: Mobile robot

equations (17.1) - (17.2) can be combined to yield a state-space representation on the

manifold S' x IR* as

T = f(x)+g(x)T+ g2(x)F (17.3)
where
T4 0
Ts 0
f@ = | mas—aas [ra@=| 0 |se@=| 0 [ mEpRE
0 k1 0
—riTy —7k1(m1:§2_m3) ks

Points to ponder

e Rewrite the kinematic model of the mobile robot assuming that the robot has a
differential drive. The model should have the wheel angular velocities (w,,w;) as

control inputs.

e For the differential drive model derived, analyze the motion of the robot for the
following control inputs. a.) When w, = —wj, and |w,| is a constant.

b.)When w, —w; = 0, and |w,| and |w;| are constants, but unequal.
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Lecture-17

Bioreactor Model

A bioreactor is a tank in which several biological reactions occur simultaneously in a liquid
medium. In the simplest reactor two components are considered, biomass and substrate.
Biomass consists of cells that consume the substrate. Consider the schematic of a bio-
chemical reactor in Figure 18.1, where X and S are the cell and substrate concentrations,
F' is the feed flow rate of substrate (assuming no biomass in feed) and V' the volume of

the reactor. The continuous time representation of the bioreactor system is:

F.S,

F,X,8
Figure 18.1: Bioreactor

G o= X+ us)

ds — (5. —S)— o(S)X

dt

(18.1)
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where S is the substrate concentration and X is the cell concentration. The growth model

where all of the biomass cells are “lumped together” in a single (one-hump) model
u(S) = KSe % (18.2)

is used to represent the substrate growth rate as a function of biomass with K as the
growth model coefficient. The specific substrate consumption rate, o, is related to the

yield coefficient Y in the form

y(s) = “5) _ o ys (18.3)

o(S)
where a and b are positive constants used to approximate the increasing portion of the

yield curve. Combining (18.1)-(18.3), the dimensionless cell and substrate mass balances

can be represented as

% = —C)+ Da(l — 02)6%201 (18.4)
2 = —Cy+ DalJrlgr_ﬁc2 (1—Ch)e™ Cy |

where C and (5 are the dimensionless cell mass and substrate conversion, respectively.
Brengel and Seider transformed (18.4) to yield the following system of equations incorpo-

rating the manipulated input variable, u which is the dimensionless feed flow rate.

(cos+X2)

L0 — (0185 + X))(1+u) + Das(1-Xp—Chs)e 7 (Crs + X) (18.5)
(Zl% = —(C2S + X3)(1 + u) + Dag(1—X;—Chg)e = ﬁww +X)

where 7g represents dimensionless time under steady state conditions Dag, the Damkohler
number at the steady state, X; the dimensionless cell mass deviation from steady state

and X5 is the corresponding dimensionless substrate conversion deviation.

DC motor

The traditional model of DC motor is a second-order linear one, which ignores the dead
nonlinear zone of the motor. Unfortunately, the dead zone caused by the nonlinear friction
would bring great effect to servo systems. Therefore, it is vital to model the dead zone
of DC motor accurately in order to improve the performance of servo system. In order
to simplify applications and reflect the real nonlinear friction of the motor accurately, a

simplified friction model was proposed by Cong S. et al. , which is expressed as
Ty = Tosgn(w) + (T — T,)e™*Dsgn(w) (18.6)
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to—b [ Ywvh——y 1p
U 2/%
L oy

sl

®, Te

Figure 18.2: DC motor

Where, T, is the Coulomb friction torque (Nm); 7} is static friction torque (Nm); « is
time constant; w is the angular speed of the rotor (rad/s). The DC motor equivalent
circuit under rating excitation is as shown in Figure 18.2. The voltage balance equation
of DC motor armature circuit is expressed as

di
=R,i+ L,— + K,
U 1+ i + w

where, 7 is armature current (A); L, is equivalent inductance of armature circuit (H); R,
is equivalent resistance of armature circuit (£2); u is terminal voltage of armature circuit
(V); K. is voltage coefficient of DC motor (Vs/rad). The torque balance equation of DC

motor is expressed as

. dw
K;i — Bw = JE

where, J is the inertia moment of the rotor (Kgm?); K; is the torque coefficient of DC
motor (Nm/A). B is viscous friction coefficient of DC motor (Nms/rad). The linear DC

motor model is obtained as

Jw = —Bw+ K;i
Ly =—K.w—Ryi+u

Considering the effect of nonlinear friction, the nonlinear friction torque is applied to

model the dead zone of DC motor. Then the nonlinear DC motor model is shown as

J = —Bw + Kyi — T.sgn(w) — (T, — T.)e"“Dsgn(w)

. (18.7)
Lyg=—-Kw—Rs+u

The DC motor model is transformed into second-order nonlinear model from traditional
second-order linear one due to the presence of nonlinear friction torque, which makes the

model of DC motor more accurate.
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Exercise problems

1. Using suitable states, represent the Furuta pendulum dynamics in state-space form

and find the equilibrium set.
2. Find the equilibrium set for the ball on a circular beam system.

3. The dynamics of a DC motor can be described by

vy = Rf’if + Lf’l"f
Vg = Cilfw + Lai;l + R,i,
Jw = Cg’if’ia — C3Ww

The first equation is for the field circuit with vy, Ry and Ly being its voltage, current,
resistance and inductance. The variables v,, R, and L, are the corresponding vari-
ables for the armature circuit described by the second equation. The third equation
is a torque equation for the shaft, with J as the rotor inertia and c3 as a damping
coefficient. The term ciiyw is the back e.m.f induced in the armature circuit, and
Colfi, is the torque produced by the interaction of the armature current with the

field circuit flux.
a. For a separately excited D.C motor, the voltages v, and vy are independent
control inputs. Choose appropriate state variables and find the state equation.

b. Specialize the state equation of part (a) to the field controlled DC motor, where

vy is the control input while v, is held constant.

c. Specialize the state equation of part (a) to the armature controlled DC motor,
where v, is the control input while v; is held constant. Can you reduce the

order of the model in this case?
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d. In a shunt wound DC motor, the field and armature windings are connected
in parallel and an external resistance R, is connected in series with the field
winding to limit the field flux; that is, v = v, = vy + Ryty. With v as the

control input, write down the state equation.

o]
—— v P
-]
J— P
Controller y
‘ ————————————————————————— T
Light Source
Optical Measurement
System
/

Figure 18.3: Magnetic suspension system

4. The schematic diagram of a magnetic suspension system (see Figure (18.3)), where a
ball of magnetic material is suspended by means of an electromagnet whose current
is controlled by feedback from the optically measured ball position. This system has
the basic ingredients of systems constructed to levitate mass, used in gyroscopes,
accelerometers and fast trains. The equation of motion of the ball is my = —ky +
mg + F(y,1), where m is the mass of the ball, y > 0 is the vertical (downward)
position of the ball measured from a reference point (y = 0 when the ball is next
to the coil), k is a viscous friction coefficient, g is the acceleration due to gravity,
F(y,1) is the force generated by the electromagnet, and i is its electric current. The
inductance of the electromagnet depends on the position of the ball and can be
modeled as L(y) = Ly + Lo/(1 + y/a) where Ly, Ly and a are positive constants.
This model represents the case that the inductance has its highest value when the
ball is next to the coil and decreases to a constant value as the ball is removed to
y = co. With E(y,i) = 0.5L(y)i* as the energy stored in the electromagnet, the
force F(y,1) is given by F(y,i) = —nga)%. When the electric circuit of the
coil is driven by a voltage source with voltage v, Kirchoft’s voltage law gives the

relationship v = ¢+ Ri, where R is the series resistance of the circuit and ¢ = L(y)i
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is the magnetic flux linkage.

a. Using x1 = y,x2 = 9, x3 = 1 as state variables and u = v as control input, find

the state equation.

b. Suppose it is desired to balance the ball at a certain position r > 0. Find the
steady state values I, and Vi, of ¢ and v, respectively, which are necessary to

maintain such balance.

5. Consider a magnetic beam balance (MBB) system, that consists of an off-centered
beam of length [ free to rotate on a pivot, under the influence of gravity, as shown

in Figure 18.4.

The beam geometry is such that the center-of-mass is at a distance [, from the center
of the beam. An electromagnet A is placed below one end of the beam and a dummy
electromagnet B is placed at the other end to incorporate physical constraints into

the system and obtain a symmetrical arrangement.

Figure 18.4: Schematic of the beam-balance system

Let J,m, [, denote the moment-of-inertia, mass and distance between the pivot and
center-of-mass of the beam, # is the angle made by the beam with the horizontal,
0 is the angular velocity, g is the acceleration due to gravity and F' is the force
created by the electromagnet. Further, let [ denote the length of the beam and e

the air-gap. The electromagnetic circuit is given by
v=LI+IL+IR (18.8)

where R and L are the resistance and inductance of the coil respectively, I is the

current and v is the voltage applied across the coil terminals. The inductance L is
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LoOm
0m+0°

6 = 0 and 6, is the maximal angle that is reached when one end of the beam touches

related to the beam angle as L = where Lg is the inductance of the coil when

the electromagnet and is given by 6, = arctan (2 e/l). Finally the expression for

the force F' is given by

0,1 \?
F = 18.
A(9m+9) (18.9)

where )\ is a positive constant. In arriving at the above equations, it is assumed
that the permeability of the magnetic material is constant over the operating range
and the flux density is uniformly distributed across the air-gap. Also, the effect of
eddy current, stray flux and flux leakage are assumed to be small that they can be
neglected. Find the state-space representation of the system with a) with F' as the

control input , (b) with the voltage v as the current input.

6. What is the number of isolated equilibrium points for an n-link manipulator moving

in a vertical plane under the influence of gravity?
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Lecture-18

Linearization of nonlinear system

A first step in nonlinear analysis involves the linearization a given nonlinear system about
an equilibrium point of interest and then study the resulting linear system. The linear
models are obtained by collecting the linear terms in the Taylor series expansion of the
right-hand side of the differential equation. Denote by x. the isolated equilibrium point

of interest of

i = f(a) (19.1)

where z € IR" and f € C' and f(z¢) = 0. The linearization of (19.1) about an equilibrium
point (x.) is given by

= Az (19.2)
A
where 2z = x — x, and
Of  oNh of
Ox1 Oxo Ct Oz
A= : S
Ofn  Ofn Ofn
Ox1 Oxo T Oz T=Te

This process is also termed as Jacobian linearization since the partial of a vector f w.r.t
x is called the Jacobian of f w.r.t x.
Linearization provides sufficiency conditions for an equilibrium to be an isolated equi-

librium point as seen through the following proposition.

Proposition 19.0.1 Let the linearization of (19.1) about x¢ be & = Ax. Then, if A €

IR™™ is nonsingular, x° is an isolated equilibrium point.
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Proof: Since A is nonsingular, there exists ¢ > 0 such that ||Ax|| > c||z||. Since f € C*,

the Taylor series expansion of f about z = z°¢ is
flz) = f(z°) + Az — 2°) +r(2)

where, A(x — z¢) is the linear term and r(z) is the reminder terms consisting of sum of

second-order, cubic and higher-order terms. The tail of the series is of order ||z — z°||?,
|r()
||l — ]|

C & &
(@)l < Sllz =2l ¥ [le -2 <.

that is, lim;_ze50 = 0. In other words, there exits § > 0 s.t

Now,

@I = llA@ =) +r(@)l| = [[AGe = 2| = [[r@)]] > ell(z = )| = 5ll(z )]
= Sli@=a), Ve —a] <
> 0, Vo #a%xe B(x9).

O

It is easy to see that Proposition 19.0.1 provides only sufficient conditions for an
equilibrium point to be isolated. Consider the system @ = 2°. The system has an isolated
equilibrium point even though the linearized system about z = 0 has a singular system

matrix.

Example 19.0.2 Find the equilibrium set of the following system and linearize the system
about each of the equilibrium points. Also compute the eigenvalues of the linearized system
matrix.
T, =
& ? (19.3)
To = —T1+2T1T2
It 1s easy to compute that the system has an isolated equilibrium point at the origin. The

linearized model about the origin is

[k} Oza 0 1
i = Ox1 Oxo —
O(=zitziz2) I(—z1+T172) -1 0
ox1 Oxa z.=(0,0)
The eigenvalues of the system matriz are given by A\y = i, Ay = —i.
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Module 4

Second-order systems

Objectives: To anlayze second-order systems through the process of linearization about
an equilibrium point and to classify the nature of the equilibrium point based on the eigen

spectrum of the system matrix.

Lesson objectives

This module helps the reader in

— appreciating the first approximation in the Taylor series expansion of a nonlinear

function as the first tool in nonlinear analysis
— obtaining Canonical transformation of linear systems

— classifying the various types of equilibrium points by computing the eigen values of

the linearized system matrix.
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The study of second-order systems is of importance as it is easy to visualize the behaviour

in the plane. A second-order time-invariant system is represented as

o1 = fi(z1,12)

20.1
Ty = folz1,72) 201)

Let z(t) = (x1(t),z2(t)) be the unique solution of (20.1) with the initial condition
(21(0),22(0). The plane formed by taking the variable x; as the z-axis and x5 as the
y-axis is called as the state-plane. The plot of z1(t) versus z5(t) as t varies over [0, 00) is
called state-plane trajectory or orbit of the system (20.1). The family of all trajectories or
orbits in the state-plane is called the phase-portrait of (20.1). In practice, an approximate
phase-portrait is drawn by choosing a large number of initial conditions spread over the
(x1, z2) plane.

The time ¢ is suppressed in a trajectory and as a result it is not possible to recover
the trajectory (x1(t),z2(t)) from the phase-portrait. Hence, the phase-portrait gives only
a qualitative behaviour of the trajectory. To know the quantitative behaviour of the
trajectory, we need to explicitly know the solution z(t). In much of the nonlinear analysis,
we are interested in the qualitative behaviour of the system. Depending on the eigenvalue
of A, denoted by \i, s, there exists a coordinate transformation x = M ~'z, such that in
the coordinate x, the linear system & = flz, where A 2 M~"AM takes on the following

canonical forms:

Case 1: A\ and )\ are real and distinct

In this case the transformation M is given by [v; v3], where v; and vy are the eigenvectors

associated with the eigenvalues A\; and A\ respectively. The corresponding canonical form
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1s
i = [ Aol AOQ ] x. (20.2)
The solution of (20.2) to the initial condition (x1(0), z2(0)) is given by
i (t) = eMzi(0)
zo(t) = eM'zy(0)
We can solve for time ¢ from the solution z(t) as
To(t) = kay (£)M2/™ (20.3)

AN
where, k = 2.

IR. The direction of the curves is based on the signs of the eigenvalues, which naturally

A family of curves can be generated using (20.3) by varying k over

leads to the following sub-cases:

Case la: < A\ <0

It is clear that the trajectory x(t) approaches zero as time t approaches infinity. Since
Ao is more negative than A\;, s is termed as fast eigenvalue while \; is termed as slow
eigenvalue. In other words, z5(t) approaches zero faster than z;(t). The slope of the curve
(20.3) is given by

dzs X (e/a)-1)
=222 2/
dl’l )\11,1

where i—f > 1 which implies ((A2/A1) —1) > 0. The slope (20.4) approaches zero as

|z1] — 0 and approaches infinity as |z1| — oo and thus all trajectories approach the

(20.4)

origin as shown in Figure 20.1. The equilibrium point z = 0 is called a stable node. When
the eigenvalues are both positive, say, Ao > A\ > 0, the trajectories approach infinity as

t — oo and the origin is a unstable node as shown in Figure 20.2.

Case 1b: Ay <0< )\

In this case, Ay is a stable eigenvalue and A; is unstable. Thus, lim; ., z1(t) — oo
and lim;_,., xo(t) — 0, that is, the trajectories have hyperbolic shapes. From (20.3),
in view of (M\y/\;) < 0, trajectories originating in the IR?\ {x; = 0,7, = 0} become
tangent to xj-axis as |r1| — oo and tangent to xe-axis as |z1| — 0. Along the zy-axis,
the trajectories approach the origin, while along the x;-axis, the trajectories approach
infinity. In this case, the origin, which is unstable, is termed as saddle node. A typical

vector field plot about a saddle node is shown in Figure 20.3.
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X2

X1

A
N

Figure 20.1: Phase-portrait of a stable node

X2

X1

Bz
A

Figure 20.2: Phase-portrait of a unstable node

Case 2 : \{ = \y = )\ are real

We will consider the case when the algebriac multiplicity (AM) is two and the geometric
multiplicity (GM) is one (when AP=GP, we are lead to the case where the normal form
is diagonal). Here, the transformation M is given by [v; #1], where v; is the eigenvector
associated with the eigenvalues A and v, is the generalized eigenvector associated with .

The corresponding canonical form, with A termed the Jordon matrix is

R
x—[o )\]ZL’. (20.5)
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Figure 20.3: Phase-portrait of a saddle node

The solution is given by

l’l(t) = a:loe’\t+x20te)‘t
ZL’Q(t) = ZL’Q()(BM

The time ¢ can be suppressed in the previous expression to obtain

Z10 T2 T2
T1 = —T9 + — lIl —
T20 A T20

If A > 0, then lim; ., x(t) — oo and hence the equilibrium is an unstable node. A
typical vector field plot of an unstable system with repeated eigenvalue at A = 2 is shown

in Figure 20.4.
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Figure 20.4: Vector field plot of a unstable node
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Case 3: \; and )y, are complex

Consider (19.2) with complex eigen values o + j5. It is first desired to find a suitable

transformation z = M 'z, such that the transformed system & = Az, where A = MAM

- a —f
A= . .
[ 5 a ] (21.1)

Thus, in canonical representation, the system i = Az is given by

has the form

T = am — [y (21.2)
1'2 = Qaxo + 51’1.

We can use the real and imaginary parts of the eigenvetors to transform the system into
6 —13
2 —4
are 1+4. The corresponding eigenvectors are vy = (5+14,2) and vy = (5—1,2). Choose the

(21.1). We will illustrate with an example. Consider A = . The eigenvalues

5 1
first column of M to be Re(v;), while the second column as Im(v;). Then M = [ - ]

1 1
and we obtain M~1AM = [ L ]

Using polar coordinates 7 = /22 + 22, § = tan™! (;—f), (21.2) reduces to

= ar
(21.3)
= B
whose solution is easily obtained as
t — at
r(t) roe (21.4)
0(t) = 6y+ pt.
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It follows that if a < 0, then lim; ., 7(t) — 0 and since § > 0, 6(f) monotonically

increases with time in the anti-clockwise direction. Thus in the z; — x5 plane, the trajec-

tories are logarithmic spirals converging to the origin as shown in Figure 21.1. The origin

2 /4 %/ / / / / 1 — —
) ~
1.5%// / y / / J o — — .
g v P , ~ N
/ / W/ / v
v g N \ \
0.5 | ,‘” v” / v -
% 4
2o . ¢ ‘ ; t 1 1
~0.5- ,\ \ N _ 7 7 |
A 1 7% 1
-1+ _ d /! / // // ,'/ |
N ™~ A 7
sk - - - /' / / / /]
- 1 ! % //
ol L [l / / / / / /
-2 -15 -1 -05 0 0.5 1 15 2
X

1

Figure 21.1: Vector field plot of a stable focus

is then termed as stable focus. If @ > 0, the trajectories are logarithmic spirals diverging

from the origin as shown in Figure 21.2. When a = 0, the trajectories are closed orbits

-0.5
-1
sk S~ T T = -— = P _ R
[~ = = ~ -
-2 Bl — 1 — - — P— _ 1 =
-2.5 -2 -15 -1 -0.5 0 0.5 1 1.5 2 25

Figure 21.2: Vector field plot of a unstable focus

about the origin as shown in Figure 21.2, and the origin in this case is termed as center.

The various types of equilibrium for a second-order system are summarized in the
Table 21.1.
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Figure 21.3: Vector field plot of a center

Eigen values of A Type of equilibrium
A1, Ag, real, both negative Stable node

A1, Ag, real, both positive Unstable node
A1, Ag, real and Ay < 0 Saddle
Ma=axjB, a<0 Stable focus
Mag=axjB,a>0 Unstable focus
AMg=axjf, a=0 Center

Table 21.1: Types of equilibria

A natural question that arises is what can be said about the nature of the equilibrium
point (origin) of the nonlinear system (20.1). To answer this question, consider a second-

order system

&1 = fi(r1, z2)

(21.5)
Tg = f2(3317$2)
Let f(xg) =0, where z; is an isolated equilibrium point.
of o o
Alwo) = 37| = [i o7 (21.6)
T=T0 ox1 Oxo =20
T = A(zo)z

Definition 21.0.1 An equilibrium point is said to be hyperbolic if none of the eigenvalues
of A(vg) have zero real part. That is, none of the eigenvalues are on the jw of the complex

plane.
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Definition 21.0.2 (Homeomorphism) Let h : U C R* — R? be a bijective map. Then h

is said to be a homeomorphism if both h and h™' are continuous.

A homeomorphism maps open sets to open sets: If U is open, then h(U) is open. The

same holds for h~ 1.

Theorem 21.0.3 (Hartman—Grobman Theorem) If the linearization of the system (38.1),
namely A(xg), has no zero or purely imaginary eigenvalues, then there exists a homeo-

morphism from a neighborhood U of xy into R2,
h:U CR®— R?

taking the trajectories of the system (38.1) and mapping them onto those of (21.6), in
particular h(xzg) = 0. Furthermore, the homeomorphism can be chosen to preserve the

parametrization by time.

21.0.1 Interpretation of the Hartman—Grobman Theorem

Let ¢; : R? — R? be the flow associated with system (38.1). Let 1, : R? — R? be the flow

associated with system (21.6).Let U be an open set containing x.
h(pe(x)) = e (h(z)) VY ax € U such that ¢y(x) € U

that is, the following diagram commutes:

h

LL’ergR2 - R?
1 o b9
R’ LR

Since 1, (7) = ex and h is invertible,

¢u(r) = h7 (eMh(z)), Vo €U, ¢u(x) €U

e The Hartman—Grobman Theorem says that the qualitative properties of nonlinear
systems in the vicinity of isolated equilibria are determined by their linearization,

if the linearization has no eigenvalues on the jw axis.

e When the linearization throws up a zero eigenvalue, it means system (21.6) has a
continuum of equilibria. But system (38.1) may not possess a continuum of equilib-

ria.
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Example 21.0.4
&= —a (21.7)

A =0, but the origin is an isolated equilibrium point of (21.7).

When the linearization has nonzero eigenvalues on the jw-axis, the linearization predicts
the flow in the neighborhood of the equilibrium to resemble the flow around a focus.
However, the original nonlinear system may have trajectories that either spiral in or

spiral out of the equilibrium, depending on the higher-order nonlinear terms.
Example 21.0.5

T = Ta

Ty = —T1 — ex%xg

Equilibrium point: x1 =0, x9 =10

0 1 ] _[o 1]
—1 — 2x129 —ex% ©0.0) -1 0

Figenvales: A\ = +7, Ao = —j — makes us to conclude the origin is a center.

—1 1
Eigenvectors: vy = ( . ) , Vg = <1>

Howewver, for ¢ > 0, the origin is a stable focus and for ¢ < 0, the origin is a unstable

A=

focus

What do eigenvectors of the linearization system correspond to?

The eigenspaces are invariant under the flow of the differential equation. Let
S = span{uv, }

Then, if zy € S, it implies
di(xg) €S V>0

Similarly, the invariance holds for the set span{v.}.

In the nonlinear setting, do we have something like invariant subspaces? Consider the

following definitions
W3(x0) = {x € U : ¢(x) — w9 as t — 0o}

WY (x¢) ={x €U : ¢y(x) = 20 a5 t — —00}.

W#(ng) : local inset of W*(ng) : local outset of x.
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Figure 21.4: Stable and unstable manifolds along with their tangent spaces at x

Stable—Unstable Manifold Theorem

Let zy be a hyperbolic equilibrium point. The inset and outset are the nonlinear versions

of the eigenspaces, and are called:
e Stable invariant manifold
e Unstable invariant manifold

E? is tangent to W*, E" is tangent to W*". The result of Hartman-Grobman theorem on

the nature of equilibrium point of the nonlinear system can be summarized as shown in
Table 21.2.

Equilibrium of linearized system | Equilibrium of nonlinear system
Stable node Stable node

Unstable node Unstable node

Saddle Saddle

Stable focus Stable focus

Unstable focus Unstable focus

Center Undefined

Table 21.2: Nature of equilibrium for nonlinear system
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Numerical construction of approximate phase-portrait

Consider a second-order system represented by (20.1) and it is required to get an approx-
imate phase-portrait. We first need to draw vector-field plot since the vector field f at a
point x = (z1,22) in the plane represents the tangent vector to the trajectory of (20.1)
emanating from x. Once the vector field plot is obtained, the trajectories are obtained by
fitting a smooth curve to the tangent vectors. The construction of the vector field plot is

illustrated through the following example.

T, = T+
! L (22.1)
l"g = —I +ZL’%1’2
The first step involves finding all the equilibrium points of (22.1). A straightforward
calculation shows that the origin is the unique equilibrium point. Next, the nature of
the origin is inferred by linearizing the system (20.1) about the equilibrium point and

evaluating the eigenvalues of the linearized system matrix. The linearized system about

, 1 1
xr = T
-1 0

and the corresponding eigenvalues are Ao = % + j@, hence the origin is an unstable

the origin is given by

focus. Since, there is a unique equilibrium point, we can choose a bounding box such
that x1, 29 € [—2,2]. We pick a point g = (1,1) in the first quadrant. At x, a small
arrow is drawn with the arrow head pointing away from xy and making an angle 6§ =

tan~!(fo(wo)/ f1(x0)) = 0° with the x;-axis. The tip of the arrow yields the new point,

82



NPTEL-Electrical Engineering - Nonlinear Control System

which is approximately equal to (1.2,1). Again a small arrow is drawn at this point
with an orientation 6 = tan™'(fo(x)/f1(2))|s=21) = 6.2°. The process is completed
till the trajectory reaches close to the bounding box, which we know from the nature of
the equilibrium point. Vector fields are drawn with different initial conditions, say, from
different quadrants and a few initial conditions close to the origin. To obtain the vector
fields in the neighbourhood of the unstable equilibrium point, it helps to consider the
solution of (20.1) in reverse time through the change of time variable 7 = —t. It then
follows that the solution in reverse time of (20.1) is equivalent to the solution in forward
time of (22.2). It should be noted that the arrowhead for a point xy on the reverse
trajectory is placed heading into zy. For example, consider a point zo = (—0.01,0.01).
In forward time, the vector field has an orientation § = +90°, while in reverse time, it is
6 = —90° with the arrow heads as in Figure 22.1.

dx dx dt B

== S = —f(@). (22.2)

A computer-aided vector field plot for (22.1) is depicted in Figure 41.1.

x2

(1.1)

A

(—0.01,0.0% 1

2+ _

-3 \ \ \ | |

Figure 22.1: Graphical representation of a trajectory
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Figure 22.2: Vector field plot of Ex.3
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Example 23.0.1 Consider the following system

Lt‘l = 22[‘1—251{172

Lt‘g = 225'% — T9.

Find all equilibrium points of the system and obtain a linear model about each of them.
Further, transform the linear system into appropriate canonical form and comment on the
nature of the equilibrium point.
The system has three equilibrium points given by {(0,0),(—1,2),(1,2)}. The Jacobian
matrix is given by % = [ 24_;62 —I11 . The linear model about the equilibrium points
(0,0) is obtained as 1

0 2 0
Al = —f =
9z | 9.0) 0 —1
The eigenvalues of Ay are A\ = 2, \oa = —1 and moreover, the linear system is already in

diagonal form. Since My < 0, the equilibrium point (0,0) is a saddle.

Next, the linear model about the equilibrium points (—1,2) is obtained as

[0 o1
(_1’2) _4 —]_

ﬂ:j@. Since the real part of the complex eigenvalues

of

Az = ox

1
2

are negative, the equilibrium point (—1,2) is a stable focus. The transformation that casts
1 1

—1.8074 0.2582

The etgenvalues of Ay are A\ o =

As into canonical form is given by M = [ . A similar result holds for

the equilibrium (1,2).
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We next analyze the local behaviour of a simple pendulum system.

Example 23.0.2 The motion of the simple pendulum has been the subject matter for
physicists and mechanists since centuries. Its approzimate isochronism, discovered by
Galileo, makes it an accurate and simple time-keeper. In the hands of Newton, the earliest
evidence that inertial and gravitational masses are proportional was established. The study

of simple pendulum is ubiquitous, since it manifests as in various systems such as:
1. Synchronous generator connected to an infinite bus.
2. The model of a phase-locked loop.
3. The model of a fuel-slosh phenomena in space vehicles.

The pendulum is modeled taking into account the friction at the pivot. The rod is assumed
to be rigid and has zero mass. The length of the rod is denoted by | and the mass of the

bob by m. The pendulum is free to swing in the vertical plane.

-
I

Figure 23.1: Simple pendulum
The equations of motion are
ml*0 = —mgl sin 6 — k16 (23.1)

where kg > 0 is the friction coefficient. Defining the states as x = (z1 = 0,29 = (9), the

dynamics (23.1) are rewritten as

. T2
T = —g k‘fxz .
AR

The equilibrium set £ is obtained as

£ = {zeS'x R |f(z) =0}
= {(0,0),(7’(’,0)}.
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The linear model is given by
= Ax

where

oh Oh
A: o1 0o — 0 1
o of —geosw ks
Ox1  Oxa z€€ l ml z€E

The eigenvalues of the linearized model reveals the nature of the two equilibrium points
(0,0), (7, 0), with and without friction, as shown in Tables 23.1 and 23.2. The correspond-
ing vector field plots are shown in Figures 23.2 and 23.3. When friction is considered, the

lower equilibrium position of the pendulum is no longer a center, but a stable node/focus.

Equilibrium point | Eigen values of A Type
(0,0) A2 = tiy/g/l Center
(m,0) A2 ==*+/g/l | Saddle point

Table 23.1: Nature of equilibria without friction

Equilibrium point discriminant Eigen values of A Type

(0,0) (B)2 —49) >0 | A\ <0,A <0 | Stable node
(%)2—479 <0| azxjB,a<0 | Stable focus

(7,0) ((%)2 + ‘*l—g) >0 M < 0 Saddle point

Table 23.2: Nature of equilibria with friction

Joint Initiative of IITs and IISc 87

Funded by MHRD



NPTEL-Electrical Engineering - Nonlinear Control System

25F %Y\\\\Y\g)
2t —
éjigijjﬁzﬂ/z
1.5*%\\\\\$
TYNNNY T
R I
0.5”\\\\\“ r |
R N
A [ L x | “
R Ly
-0.5F - Y v
A N
R \ N
ol D0 N
e;;;;;e NN N s o
Qe e \Q&Q\QA
<, L <y S S
S RRNNNNE S on NN
2 4 6

0
x1

-6 -4 -2

Figure 23.2: Vector field plot with no friction
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Figure 23.3: Vector field plot with friction considered (k; = 0.1)
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Exercise problems

1. Hand sketch the state trajectory for the following system

i’l = X1+ X9

l"g = —1’14—1'%1’2

with the initial condition z(0) = (0,2). Comment on the nature of the equilibrium

point.
2. Draw the phase-portrait for the following system
l"l = —I1 —

In m%—l—x%
Gy = —wp 4 —H
2 2 In x%—l—m%

near the origin. You may transform the system into polar coordinates.

3. For each of the following matrices transform the system into appropriate canonical

form and classify the equilibrium (0, 0) to its type.

A 1 FT R A e F

4. Find all equilibrium points and the nature of the equilibrium points in each of the

A:

following examples. Also sketch the approximate phase-portrait.

i = —my + 23+ 223

Ty = —y+ T3+ 2T
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1.
&1 = mxgcos(zy)
o = sin(x;)
1il.
L 2 2
1 = o+ 2x(1 —xf —x3)
Ty = —xp + 209(1 — 2% — 13)
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Module 5

Periodic Solutions

Objectives: To understand the notion of periodic solutions; their existence and non-

existence.

Lesson objectives

This module helps the reader in
— identifying periodic solutions and limit cycles

— applying the sufficient conditions to rule-in and rule-out the existence of periodic

solutions in IR?

— finding analytical expression for closed-orbits for a few selected problems.
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Lecture-23

A periodic solution or orbit corresponds to a special type of solution for a dynamical
system, namely one which repeats itself in time. Many dynamical systems exhibit periodic
orbits: the motion of planets around the Sun, the small oscillations of a simple pendulum

and an oscillator circuit. Consider a system defined on the domain D C IR?
T = f(x), xeR"”
z(0) = .
Definition 24.0.1 A non-trivial solution x(t,x¢) of (24.1) is said to be periodic if there
exists a time T' > 0 such that

(24.1)

x(t+T,x0) = x(t,xo) V> 0. (24.2)

Solutions of (24.1) with initial condition belonging to the equilibrium set correspond to
trivial solutions that satisfy (24.2) for all ¢ > 0 and are ruled out from the definition
of a periodic solution. Periodic solutions correspond to closed trajectories in the phase

portrait. Such a trajectory is called a periodic orbit or a closed orbit, defined as follows:

Definition 24.0.2 A set O is a periodic orbit of (24.1) if
O={zeD:z=u(t,xg),t € R}
for some periodic solution x(t,xg) of (24.1).
Consider the simple harmonic oscillator given by the equation
T, = X
N ? (24.3)
To = —I
The phase portrait of this system shows continuum of closed orbits and hence it can be
concluded that the system has periodic solutions. In Figure 24.1, the closed orbits corre-
spond to two different initial conditions. It can be observed that a linear oscillator, apart

from the fact that it cannot be practically realized, suffers from two major drawbacks:
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Figure 24.1: Vector field plot of linear harmonic oscillator

e The amplitude of oscillation depends on the initial condition.
e The frequency of oscillation is structurally unstable.

It is thus natural to seek an oscillator that can be practically realized, is structurally
stable and whose amplitude of oscillation is invariant with respect to the initial condition.
One such oscillator is the Van der Pol oscillator given by

e (24.4)

Ty = —xp+ (1l —x3)To
where € > 0. A typical vector-field plot along with the closed orbit is depicted in Figure
24.2. Observe that the Van der Pol oscillator (24.4) exhibits a unique periodic solution.
Further, all non-trivial trajectories originating within the closed orbit converge to it, and
all trajectories originating outside the periodic solution also converge to it. Such a closed
orbit is termed stable and in later chapters we will in a precise manner, define stable
closed orbits. An isolated periodic orbit is referred to by the special name limit cycle.
Further, a limit cycle is compact and invariant.

We end this lecture with the notion of attracting set. It helps to know what is meant
by the neighbourhood of a set. An e-neighbourhood N of a set M C D is N = {reD:
|l —y|| <€,y € M} for some € > 0.

Definition 24.0.3 A closed invariant set M C D is an attracting set of (24.1) if there
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Figure 24.2: Vector field plot of a Van der Pol oscillator with € = 0.5

exists a neighbourhood N of M such that, for all x € N, ¢(t,z) € N ¥V t > 0 and
o(t,x) — M ast — oo.

Definition 24.0.4 A set M C D is an attractor of (24.1) if M is an attracting set of D

and contains a dense orbit.

The limit cycle of the Van der Pol Oscillator (24.2) is an example of an attractor.
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Lecture-24

Periodic solutions on IR?

When confined to IR?, sufficient conditions exist to guarantee or rule out the existence of
periodic solutions. These theorems are based on the concept of bounded trajectories and
positive invariance of a set. We now have the requisite tools to understand the following

Lemma.

Existence of periodic solutions

Lemma 25.0.1 The Poincaré-Bendixson criterion
Let P be a closed, bounded subset of R%. Poincaré-Bendizson criteria states that P con-

tains a periodic solution of (24.1) if it satisfies the following conditions:

1. P contains no equilibrium points or contains only unstable equilibrium points (un-
stable node/focus).

2. P is positive invariant with respect to the trajectories of (24.1).

Note that the above criteria is only a sufficient condition and further it does not say
anything about the uniqueness of the periodic solutions nor about the number of periodic
solutions. Thus it cannot be used to rule-out the existence of limit cycles. While the
first criteria is easy to check, the second one requires the test of positive invariance. For
nonlinear systems, one way is to characterize the region enclosed by a simple closed curve
defined by V(z) = ¢,c > 0 where, V' is a smooth function. Differentiating V' along the
trajectory of (24.1), we obtain

: ov ov
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where, %—‘; is the gradient of V' and f(x) the tangent vector at x. Recall that the gradient
of a scalar function is a vector field which points in the direction of the greatest rate
of increase of the scalar function. Thus the direction of aa_\;' is as shown in Figure 25.1.

The inner product formula < 2%, f(z) >= cos§||2%|| || f(2)|| allows us to determine the
X
2 dvi/dx

)
V(e f(x)

o

Figure 25.1: Gradient of V and the tangent vector at a point z on the closed curve
V(z)=rc

direction of f(z) with respect to the gradient of V. We have

e V <0 whenever f(x) points inwards at a point z on the curve V(z) = ¢, implying

trajectories are trapped inside the set P £ {re R?:V(z) <c}.

e V > 0 whenever f(z) points outwards at a point x on the curve V(z) = ¢, implying

trajectories leave the set P.

e V =0 whenever f(z) is tangent to the curve V(z) = c at x.

For the region bounded by the curve V(x) = ¢ to be positively invariant the tangent
vector should point inwards or be tangential to V(x) = ¢ at all points. The test for
the existence of periodic solutions using Poincaré Bendixson’s criteria is applied to the

following examples.
Example 25.0.2 Consider the system given by

T = a1+ 29 — x1(2? + 22

'1 1 2 (7 2 3) 2 (25.1)
Ty = —2x1 + 29 — xo(2] +23)

It can be seen that (0,0) is the unique equilibrium point of this system. Further, the

linearized model about the origin is given by

. 1 1
xr = xXr
-2 1
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and has the eigen spectrum {1 & i\/2} and thus the origin is an unstable focus of the

nonlinear system. Let V(z) = 23 + x5 = c. Then

V = —i
= 2¢—2¢% — 2x1x9
< 3c—2c
where we have used the inequality |2x1x5| < 2?2 + x3. Hence the region P 2 {z € R*:

V(z) < ¢} is positive invariant provided ¢ > 3/2. By Poincaré Bendizson’s criteria, P

contains periodic solutions. The phase-portrait in Figure 25.2 reveals a stable limit cycle.

/

2\ N / /
1p—= - v prd
N O/ - s =

N

Figure 25.2: A stable limit cycle

Example 25.0.3 Consider the system given by

Zi'l = —ZL’1—|—ZL’2 (25 2)

Ty = —T1— Ty

Consider the region P bounded by the curve V(x) = 23 + 23 = c¢. The derivative of V (x)

along the trajectories of the system yields
V= 2x1(—x1 + ma) + 229(—21 — 13) = —2¢ < 0.
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Hence P is positive invariant and the second condition of the Poincaré Bendixzson criterion
is satisfied. The system has an unique equilibrium point at (0,0) and is a stable focus,
thus wviolating the first condition. Hence the criterion is not applicable. In fact it can be
seen that all trajectory entering P will converge to this stable focus. This example brings
out the importance of the set P not containing any stable equilibrium points even if it is

positively invariant.
Example 25.0.4 Consider the linear oscillator given by

i’lzlL’Q

j?g = —I

The system has a center at (0,0). Hence we consider a region in the form of an annular
ring about the origin given by P = {x € IR* : ¢; < V(x) < ¢9,¢1,¢0 > 0} where, V() =
22 + 3. This choice of P excludes the non-hyperbolic equilibrium from it. Differentiating
V() along the trajectories of the system yields V = 0. Hence the vector f(x) is tangential
to all points of the curve V(x) = ¢ implying the annular ring is positively invariant,
establishing the existence of periodic solution inside it. Recall, the linear oscillator exhibits

a continuum of periodic solutions.
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Lecture-25

Analytical expressions for closed-orbits

In certain cases the periodic solution of a system can be obtained in an analytic form as

show by the following examples.

Example 26.0.1 Considering again the linear oscillator (24.1), let us assume V(z) of
the form V(x) = hy(z1) + ho(z2). Differentiating V(x) along the trajectories of (24.1),

we require

. Ohy Ohs
V = —a29+ —(-21)=0
83)1 2 81’2( 1>
1 0hy 1 0hy
T 81’1 N i) 81’2 N
where, ¢ is a constant. Therefore g—Zi = cx; and g—Z; = cxy. Integrating, we obtain

hi = cx? and hy = cx3. Hence we see that periodic solutions are of the form x2 + x3 = c.

Example 26.0.2 Consider the simple pendulum given by

Zil'l:l'g

Ty = —9sinm

Continuing with the same V (x) as in the previous example, we have

. 8h1 8h2 g
74 —T9+ —(—5sinzy) =0
81’1 2 81’2( { 1)
which implies g—g = csinx; and g—;‘; = cry. Onintegrating, we obtain hy = —c9 cos 1, hy =
cx3. Thus, V = —9 cos 1 +x5 =a constant. The expression for V correspond to closed-

orbits of constant energy.
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Lecture-26

We discuss conditions under which the existence of periodic solutions in a plane are ruled

out.

Non-existence of periodic solutions

We need the following definitions before stating the main result.

Definition 27.0.1 A curve v : [a,b] — IR? is said to be closed if y(a) = v(b). Further

the curve 7y is said to be a simple closed curve if v is one-to-one on the interval [a,b).

The region in a plane about which the non-existence of periodic solutions need to be

verified should possess the following property.

Definition 27.0.2 A region D is said to be simply connected if for every simple closed

curve v in D, the inner region of v is also a subset of D.

An annular region is not simply connected, while the inner region of a circle is simply

connected. We are now in a position to interpret the following criteria.

Lemma 27.0.3 Bendixson’s criteria If on a simply connected region D of IR?, div f 2

g—ﬁ + g—ﬁ is not identically equal to zero and does not change sign then the system (24.1)

has no periodic solutions lying entirely within D.

Proof:
On any orbit of (24.1), the following holds
dez _ J2
de  f
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D n(x)

f(x)

Figure 27.1: various sets in the proof of Bendixson’s theorem
Therefore on any closed orbit C' (see Figure 27.1) of (24.1),

7{ < f(z),n(z) > dC = % fadzy — frdzy =0
c c

where, n(x) is the outward normal to f(z) at z € C. Applying Green’s theorem !,

_o— [[Gh  OF _
%Cfgdl'l fld.l’g =0= //(axl + ax2)dl’1dl’2 =0
S

where S is the region enclosed by C'. From the last identity, we can conclude that div(f) =
0 or changes sign, the negation of which is the hypothesis of the criteria. O

Example 27.0.4 Consider the system given by

1 = Ty + 1122
. 2o (27.1)
Ty = —1171—|—$%1172

We have divf = 2 4 92 — 3+ 23 >0 ,Yx #0. By Bendizson’s criteria the system

oz 0z
has no periodic solutions in the entire plane.

Yo M (21, z0)dxy + N(x1,22)dzy = 0 = éf(g—ﬁ — g—i\g)dA, where D is the region enclosed by the

closed curve C.
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Example 27.0.5 For the system

T = —x11+w
N L (27.2)
to = g(x)+awy; a#1
A straightforward calculation yields divf = —1 4 a. Thus the system also has no periodic
solutions in the plane.
Example 27.0.6
& = —x 4t + 123
. P (27.3)
By = —xy+ x5+ 1023

We have divf = =2+ 4(2% + 23) < 0 on D £ {z : 23 + 2% < 1/2}. Since D is simply

connected there are no periodic solutions in D.
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Lecture-27

Example 28.0.1 Consider the system

T = axr)] — T1X2 (28.1)
iy = br? —cxy
where a, b, c are positive constants with ¢ > a. Let D = {x € IR* : x5 > 0}.
(a.) Show that D is positively invariant.
(b.) Show that there can be no periodic orbits through any point x € D.
The system has three equilibrium points (0,0), (v/ac/b,a), (—v/ac/b,a). The origin is a
saddle point while the other two equilibrium points are stable foci. The trajectory along
the xo-axis approaches the origin. Further, at xo = 0,@, = axy, 4o = bz?. Hence D, in
Figure 28.1 is positively invariant, simply connected and divf = —(c —a) —x9 <0 on D.
Hence there are no periodic solutions that are entirely contained in D and nothing further

can be inferred.

\ | /

stable focus

7 T
-/ i
o I
N /)
N !
"\ /|

-2

-3

Figure 28.1: The positive invariant set D
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Example 28.0.2 Consider the system governed by

i’l = X1+ Tg— LL’lh(fL’) (28 2)
To = —2m1 + 13 — x2h(x) '

where, h(x) = max{|z1|, |z2|}. Clearly, (0,0) is the equilibrium point and the charac-
teristic equation of the linearized system about the origin is A2 — 2\ +1 = 0, implying the
origin is unstable. Now, consider the curve V = x%%—%, then V = —(222+23)(h(z)—1) <
0 on the set R\ D, where D £ {x € R? : h(z) < 1}. Hence, IR?\ D contains peri-
odic solutions. Further Vf = 2(1 — h(x)) > 0 on D, which is simply connected. Hence

there are no periodic solutions in D. It is obvious, there is a limit cycle characterized by
h(z)=1.

For a special class of system, called gradient systems, we can rule out the existence of

periodic orbits. The following theorem [?] will be used in the ensuing example.

Theorem 28.0.3 Closed orbits are impossible in a gradient system.

Example 28.0.4 Show that there are no limit cycles in the following system.

T = T9COST (28.3)

jfg = sin Al

Solution:
We show that the vector field in (28.3) is a gradient of a smooth function ¢ : IR?> — IR by

showing that the Hessian V. f(z) is symmetric. The Hessian is given by

[ —xgsin(xy) cos(zy) ]

cos(xy) 0

which is symmetric. Hence, system (28.3) can be written as a gradient system
&= Vp().

The function ¢(x) is found by using the line integral of the gradient vector

¢($) = /01f1(81,0>d81—|—/0Qfg(l’l,Sg)ng

= xgsin(z)
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Exercise problems

1. Show that the following system has a periodic orbit.

T = x4 22 — 21 (|21] + |22])

By = —2a1+my — ma(|m| + |wal).

Solution:
Clearly (0,0) is the unique isolated equilibrium point and is an unstable focus. Let
V(z) = 22 + 23 = ¢,c > 0. The derivative of V w.r.t time along the trajectories of

the system is

Vo= 20—2:1:1x2—2(x%—|—x§)(|x1|+|x2|)

< 3¢ —2¢||x||1.
Using the inequality ||z|[; < v/2||z||2, we have

vV < 30—2\/50\/E§Oforc>§.

Thus the closed super-level set D 2 {z : V(z) > 9/8} is positively invariant and by

Poincare-Bendixson’s Criteria, D contains periodic orbits.

2. Show that there are no limit cycles in the following systems.

a.
. _ 3 2
T = —x1+2T]+ 2175
. _ 3 2
To = —To-+ Ty + XT1T2
b.
.jfl = I9COST1
Ty = sinxy
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3. Show that the following system has a periodic orbit.

Lt‘l = I1 — X9 — xl(x% + 51’%)
By = a1+ Ty — mo(2? + 52d).
Solution:
Clearly (0,0) is the unique equilibrium point and is an unstable focus. Let V(z) =

2 + 523 = ¢,c¢ > 0. The derivative of V w.r.t time along the trajectories of the

system is
V = 2x125 + 82120 — 222¢ 4 1022 — 10x3c

Now, (21 + v/522)? = 22 + 522 + 2v/52115, which implies [8z125| < %. Thus

. 4 2
V§20—202+—C§0f0rc> +\/3.
V5 V5

Thus the closed super-level set D 2 {z :V(x) > %} is positively invariant and

by Poincare-Bendixson’s Criteria, D contains periodic orbits.

4. Show the existence/non-existence of periodic orbits for the following dynamical sys-

tem:

i’l = LL’1—|—fL’2—LL’1h(fL’)

o = —2my + x9 — 22h(x).

where h(x) = max{(|x1], |x2|)}. Draw the sets that contain/does not contain peri-
odic orbits.

Solution:

The origin is the unique isolated equilibrium point. Moreover, it is an unstable node.
Consider V(z) = 2% + ? The derivative of V' w.r.t time along the trajectories of

the system is
V = — (222 4 22)(h(z) — 1) <0 on D

where, D = {z : h(z) > 1}. By Poincare-Bendixson’s criteria, D contains periodic

orbits.

5. Consider a second-order linear dynamical system described by ©# = Axz. Relate the

existence and non-existence of periodic orbits to the trace and determinant of A.
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Solution:

@11 Aa12

Let Ax = x. By Bendixson’s criteria, for the non-existence of periodic

a1 Q22
orbits, we have div(Ax) = ay; + a1; = Trace(A) # 0.
By existence of periodic orbits, the matrix A has imaginary eigen values. Using the
result det(A] — A) = A2 — ATrace(A) + det(A) = 0, for the existence of imaginary
eigenvalues, we have Trace(A) = 0 and det(A) > 0.

6. For the system described by
i’l = T2
iy = —g(x1)

Under what conditions on g(z;) there is a continuum of periodic solutions. Find
the expression for the closed trajectories.

Solution:

Let V(x) = hy(201) + ha(z2) = ¢, ¢ > 0. The derivative of V w.r.t time along the

trajectories of the system is

o Oy Ohs B
V= Sl G2 (—glan)) =0
Which implies
1 0hy  10hy

= — = K(a constant).
g(z1) 01 29 029 ( )

Therefore,

2
)

V(z) = K/Om1 g(z)dz + K?.

For V(z) to admit closed curves, zg(z) > 0V z # 0.

7. Consider the following system

i1 = (21— x2)(1—af —x3)
Ty = (x1+x2)(1—xf—x§)

Does the system possess a limit cycle?
Solution:

The change of coordinates r* = xf + 23, tan = 22 results in

Po= r(l—1?
0 = (1—1r?).
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Forr < 1,7 > 0,6 > 0. Thus, for trajectories originating inside the unit circle in the
phase-plane, the radial distance is monotonically increasing with the # undergoing

anti-clockwise phase-change. The trajectories approach the unit circle from inside.

For r > 1, 7 < 0,0 < 0. Thus, for trajectories originating outside the unit cir-
cle in the phase-plane, the radial distance is monotonically decreasing with the 6
undergoing clockwise phase-change. The trajectories approach the unit circle from

outside.

Forr=1,r = 0,9 = (0. The unit circle is a continuum of equilibria. The system

does not possess a limit cycle, rather a continuum of equilibria.

8. For the following system, use Poincare-Bendixson’s criteria to show the existence of

periodic orbit.
jry=ey(l-y>—79°).
9. Consider the system

i’l = —I —|—SL’2(LL’1 —|—CL) —b

i’g = —cxl(:cl—i—a)

where a, b, ¢ are positive constants with b > a. Let

b
D:{I‘ER21$1<—CL and I2<xl+ }
x1+a

a. Show that every trajectory starting in D stays in D for all future time.
b. Show that there can be no periodic orbits through any point z € D.

e For the dynamical system below

T, = 4:Efx2 - (Il)(I% + 2:B§ —4)

Ty = —21";’ — 92(1’2)(1'% + 2933 —4)

where, x1g1(z1) > 0,21 # 0, x2g2(x2) > 0,29 # 0, g1(0) = 0, and g(0) = 0.
a.) Show that the set defined by S = {z € IR*: (22 +2x3—4) = 0} is invariant,
closed and bounded.

¢). Find weather the closed trajectory on the set S moves clockwise or anti-
clockwise with justification. Please mark the direction on a neat sketch of the

set.
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10. Consider

1'121’2

Ty = x — T — amy + 13T,

Does the system possess a periodic orbit for o > 07
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Module 6
Stability Analysis

Objectives: To understand the various notions of stability and Lyapunov based analysis

in establishing them.

Lesson objectives

This module helps the reader in

— understanding the various notions of nonlinear stability such as stability, asymptotic

stability, global asymptotic stability and exponential statbility
— the use of Lyapunov stability theory in proving stability of equilibrium points
— estimating the region of attraction of an equilibrium point
— the use of La Salle’s invariance principle to infer asymptotic stability

— establishing the stability of linear systems by computing the eigen-spectrum of the

linearized system matrix
— establishing the stability of linear systems by solving the Lyapunov equation

— instability result.
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Suggested reading

e Nonlinear System Analysis: M. Vidyasagar
e Nonlinear Systems: H. K. Khalil

e Linear Systems Theory: Joao P. Hespanha

Joint Initiative of II'Ts and IISc 111
—Funded by MHRD



Lecture-28

Stability definitions

Consider a system described by

&= f(z) (20.1)

where x € IR", f : D — IR" is locally Lipschitz in x on D, and D C IR" is a domain
that contains the origin = 0. Let z. € D be an equilibrium point, that is, f(z.) = 0.
Without loss of generality, we assume z. = 0, the origin. We next state the various

notions of stability for the system (29.1).

Definition 29.0.1 The equilibrium point x = 0 of (29.1) is stable if, for each € > 0,
there is a 0 = 0(€) > 0 such that

12(0)]] < 6 = ||z(t)]] <€, ¥Vt >0. (29.2)

The notion of stability is depicted in Figure 29.1, where a trajectory originating from
d-ball with initial condition z(ty) is confined to e-ball for all ¢ > 0. Note that, there is no

requirement that trajectories approach the origin as time evolves.
Example 29.0.2 Let us revisit the linear oscillator system

T, = X
N ? (29.3)
To = —XT
and we know that the origin is the unique equilibrium point and further the trajectories
of the system (29.3) describe concentric circles centered at the origin. Thus, give any
€ > 0, there exists a 6 > 0 such the condition (30.1) holds. In fact, any 0 satisfying 0 < €

meets the requirement. Hence, the origin is a stable equilibrium point.
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Figure 29.1: Stability: Evolution of trajectory

Definition 29.0.3 The equilibrium point x = 0 of (29.1) is attractive if there is a n > 0
such that ||z(0)|| <n = ||z(t)]| — 0 as t — oc.

Example 29.0.4 The following example (Vinograd’s equation), shows (see figure 29.2)
that attractivity does not imply stability.

Figure 29.2: Phase-portrait of Vinograd’s equation

23 (zg — 1) + 25
22+ 221+ (23 + 23)?)
23 (19 — 277)
2+ 23(1+ (2} 4+ 23)?)

T =

1’2 ==
Definition 29.0.5 The equilibrium point x = 0 of (29.1) is asymptotically stable if it is

Lyapunov stable and there is a positive constant ¢ such that
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x(t) — 0 as t — oo, for all ||z(0)]| < c. (29.4)
and globally asymptotically stable if tlim x(t) = 0 is satisfied for any x(0).
—00

The notion of asymptotic stability is depicted in Figure 29.3, where the trajectories even-

tually approach the origin.

Figure 29.3: Asymptotic Stability: Evolution of trajectory

Definition 29.0.6 The equilibrium point x = 0 of (29.1) is exponentially stable if there

exist positive constants ¢, k and \ such that

@I < Kllz(0)]]e™", ¥ [|l=(0)]] < ¢ (29.5)

and globally exponentially stable if (29.5) is satisfied for any x(0).
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We next present Lyapunov’s stability theorem concerning the stability of the equilibrium
point = = 0 of (29.1).

Theorem 30.0.1 Let V : D — IR be a continuously differentiable function such that
V is positive-definite on D and V < 0 in D. Then x = 0 is stable. Further if V < 0 in
D\ 0, then x = 0 is asymptotically stable.

Proof:
We have to establish a d-Ball such that for all initial conditions in it, the corresponding
trajectories of (29.1) are bounded by € for all ¢ > 0. Choose r € (0, ¢ such that B, 2

{r e R":||z|| <r} C D. Let a = Hrrhill V(z). Since V(z) > 0 for z # 0, o > 0. Take

B € (0,«) and define Qg 2 {z € B, : V(x) < }. Then p is in the interior of B,. This
claim is proved by contradiction. Suppose there is a point p € Qg such that p € 9B,.
Then > V(p) > «, which is not true. Hence, the claim. The set Q5 along with various
other sets are depicted in Figure 30.1.

Since V < 0 on D, the following holds V (z(t)) < V(2(0)) < 3, which further implies
that if 2(0) € Qs then z(t) € Qg for all £ > 0. This establishes the positive invariance of
Qp.

Next, €25 is closed and bounded (since it is contained in B,). Thus g is compact and
the solution of (29.1) is unique and is defined for all £ > 0 whenever z(0) € 3. This
follows from the fact that a locally Lipschitz function on a domain D is Lipschitz on a
compact subset of D.

The continuity of V' implies that there exists a § > 0 such that ||z|| < 0 = ||V (2)|| =
V(z) < . Therefore Bs C Qp C B, and z(0) € Bs = z(0) € Q3 = z(t) € )y =
x(t) € B, for all t > 0. Therefore, |[z(0)|| < 6 = ||z(t)|| < r < € for all t > 0, thus
establishing the stability of x = 0.
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Figure 30.1: Geometric representation of sets in a plane

Figure 30.2: Level sets of a Lyapunov function V'

Now given V < 0, we have to show that the origin is asymptotically stable. Since we
have already established stability, we are left to show that z(¢) — 0 and ¢ — oo or
equivalently, for every a > 0, there is a 7" > 0 such that ||z(¢)|| < a for all ¢ > T". By the
same argument, for every a > 0, we can choose a b > 0 such that , C B,. Therefor it
suffices to show that V(x(t)) — 0 ast — oo. Since V(z(t)) is monotonically decreasing
and bounded from below (V(0) = 0) by zero, V(z(t)) — ¢ > 0 as t — oo. We show
that ¢ = 0 by contradiction. Suppose ¢ > 0. By continuity of V' there is a d > 0 such that
By C Q.. The limit tlgnoo\/(x) = ¢ implies that the trajectory z(t) lies outside the ball By
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forallt > 0. Let —y = . <n‘r‘1aﬁ{< V(z). The existence of y is ensured because of the fact that

a continuous function (V') on a compact set ({z : d < ||z|| < r}) achieves its maximum and
minimum. Since V' < 0, —y < 0. Since V(z(t)) = V(x(O))—i—fOt V(x(r))dr < V(z(0))—~t,
V(z(t)) will eventually become negative and hence contradicts V(z(t)) — ¢ > 0. Thus
c=0. O

Remark 30.0.2 Stability of the equilibrium is also referred to as stability in the sense of

Lyapunov or simply Lyapunouv stable.
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The use of Lyapunov’s theorem 30.0.1 will be shown through the following examples. The
theorem provides only sufficient conditions under which stability holds. It means that if
the conditions are not met, then one cannot infer anything about the stability result and
further investigation is required to arrive at a Lyapunov function. Even in the plane, the
search for Lyapunov functions is nontrivial and several methods like the variable gradient,
have been proposed to provide a way of arriving at a Lyapunov function. If the energy
of the system is known, then it serves as the candidate Lyapunov function as can be seen

through the simple pendulum example.
Example 31.0.1 Consider the simple pendulum system

e (31.1)

Ty = —asinr;

Consider the candidate Lyapunov function V. = a(l — coszy) + 22/2. Then V = 0.
Therefore the lower equilibrium point (0,0) is Lyapunov stable. If friction is considered

in the model, then the equations of motion are

e (31.2)

T9 = —asinx; — bry

where, b = kl and k being the friction co-efficient. If we use the same V., then V = —bx3 <
0, that is V is negative semi-definite. Therefore, we cannot infer about the asymptotic
stability of the origin, which the system possesses from the physics of the system or from
the phase-portrait. Hence, we search for candidate Lyapunov function such that V is
negative-definite. Consider V(z) = 2" Px + a(1 — cos ), where P = PT > 0 should be
selected in a manner that V < 0. The derivative of V along the trajectories of (31.2) is

given by
Vo= a(l — poy) o sinzy — apiomy sinxy + (P11 — p12b)r122 + (Pro — Posb) v
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To eliminate the sign indefinite terms, we set poy = 1 and p;1 = pi2b. To retain the

sign-definite terms, let p1o = b”%. Then V = —7x1 sinxr; — —:1:2 <0imD= {x e R? :
b2 b
z; € (—m,m)}. The corresponding V = z' , i x4+ a(l —cosxzy) > 0in D. Thus
2
the origin is locally asymptotically stable.
Example 31.0.2
T, = x
. ? (31.3)
Ty = —x—x

Clearly (0,0) is the unique equilibrium point. Consider the candidate Lyapunov function
V= %% + % Then V = —x3 < 0. Therefore V is a Lyapunov function and the origin is

Lyapunov stable.

Example 31.0.3

Zifl = T2
ZiJg = —hl (ZL’l) — Ty — hg(l’g) (314)
.jfg = TI9 — I3.

where, hy and hy are locally Lipschitz functions that satisfy h;(0) = 0 and zh;(z) > 0,
i=1,2, for all z # 0. Clearly (0,0,0) is the unique equilibm’um point. Consider the
candidate Lyapunov function V = Oxl hi(z)dz + f 2)dz + 2. Then V = hyiy +
hoZs + wode = —23 — x3ho(x3) < 0. Therefore V is a Lyapunov functzon and the origin s

Lyapunov stable.

The construction of Lyapunov function is not straightforward for nonlinear systems,
especially when the system does not possess energy-like function. A few approaches to
constructing Lyapunov functions are variable gradient method, Krasovski’s, Zubov’s and

Energy-Casimir methods. We focus on the variable gradient method.
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Variable gradient method

In this method, we assume a structure for the gradient %—‘; and fix its components to
render V < 0. Let V be the candidate Lyapunov function whose gradient we assumed to

have the form

oV’
o 9()
where, g(z) = [g1(2) g2(x) ... gn(2)]". Poincaré Lemma gives us the condition under

which a given vector is a gradient of some scalar function.

Lemma 32.0.1 Given a smooth vector field v(z), v : IR" — IR", there exists a smooth
function h(z), h: IR* — IR such that V,h = v(z) if and only if Vv = (V,v)'.

The construct g(z) is such that V is negative definite on a domain D. Finally, the

Lyapunov function V is extracted from the line integral

v = [T eas= [ ggxs)dsi. (32.1)

Using the fact that the line integral of a gradient vector g : IR™ — IR" is path inde-
pendent, the line integration in (32.1) can be taken along any path joining the origin to
x. Choosing the path made up of line segments parallel to the coordinates axes, (32.1)

becomes

1 2
Viz) = / 91(s1,0,0,...,0)ds; + / g2(x1, 89,0, ...,0)dss
0 0
—|—+/ gn(xl,xg,xg,...,sn)dsn.
0
This method is illustrated through the following pendulum-like example.
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Example 32.0.2

o (32.2)
Ty = —h(z1) —azxe, a>0

where, h(-) is locally Lipschitz, h(0) = 0 and yh(y) > 0 for all y € (=b,c) for some
b,c > 0. Assume
ria(z) + 22 (2)
g(x) =
r1y(x) + 220()
Thus, the Jacobian of g(x) is symmetric iff

99, _ 092
8!172 8$1

which yields
0B (x) Oa(r) 0y(x) 0 ()
81’2 t o 81'2 _7($)+x1 81’1 + o 01'1

Now the derivative of V' along the trajectories of (32.2) is
V= g(2) f(z) = a(z)zrz; + B(x)x3 — h(z1)z1y(x) — h(z1)2:0(2) — azizy7(x) — axs(a(B32.4)

To eliminate the sign-indefinite terms in (32.4), we set

B(x) + x2 (32.3)

a(z)ry — h(x1)d(x) — axyy(z) =0 (32.5)
and (32.4) reduces to
V = B(a)ad — (o)) — ardé(z).

Now fix 6(x) =0 > 0, B(z) = B and y(x) = v > 0, as constants. Then the symmetry
condition (32.3) reduces to ( + xlagT(f) = 7 which implies that a(x) = a(x1) and 5 = 7.
Next,

V = h(x))x; — 22(ad — )
is megative-definite for 0 < v < ad and x1 € (=b,c). Finally, we extract V as

Vo= / (0h(y1) + ayyr)dys + (yyr + dy2)dys
0
_ / (5h(ys) + avy)dys + / (1 + Gy
0 0

= 5/ h(y1)dy, +
0

ay )
79% + yr170 + 593

ay

vy 0
——
>0

x1 1
= 5/ h(y)dy, + S "
0 2
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It is clear that V' is positive-definite in D 2 {z: 2z, € (=b,¢)} and as already claimed V

is negative-definite. Hence the origin is asymptotically stable.
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Global asymptotic stability

The existence of a Lyapunov function V' (z) which proves the origin to be asymptotically
stable does not guarantee that all trajectories originating from D will converge to the
origin. For the origin to be globally asymptotically stable the Lyapunov function should
be radially unbounded. The Lyapunov function V(x) is said to be radially unbounded if
V(z) — o0 as © — oo, uniformly in z.

Define level sets of V(z) as Q. = {x € D : V(x) < ¢}. If Q. is closed and bounded
for any ¢ > 0 (assured by radial unboundedness) and if D = R” then the origin x = 0 is
globally asymptotically stable. Note that the notion of GAS is applicable only to systems

with isolated unique equilibrium point.

Region/Domain of attraction

Definition 33.0.1 Let ®(t,zg) be the flow associated with a system. Then the region/domain

of attraction R, is defined as
Ra={x: ®(t, x) is defined for allt > 0 and ®(t,x) =0 as t — oo}

Lemma 33.0.2 The set Ry is open, connected and positive invariant. Moreover, the

boundary of Ra is formed by trajectories.

123



NPTEL-Electrical Engineering - Nonlinear Control System

33.1 Motivation for the radial unboundedness of Lya-
punov function to ensure global asymptotic sta-
bility

This example illustrates why the negative definiteness of the derivative of the Lyapunov

function is not sufficient to ensure global asymptotic stability. Consider the system

. o —6x1
T = mooohs + 2T
(14z7)
. _ —2($1+m2) (33'1)
T2 = Tarae

The system has a unique equilibrium at the origin. Consider a candidate Lyapunov

function V' : R? — IR defined by V(x) = % + 22. The derivative of V along the

trajectories of (33.1) is

v 12(x7) Ax? 2
V_—(1+x%>4— 152 <0Vaxe R\ {0}.

Inspite of the fact that V is everywhere negative definite, it will be shown that the origin

is not globally asymptotically stable. First note that the level sets of {z;V(z) = ¢,c > 0}

2
1—V2'

are not closed for all values of ¢ as shown in Figure 33.1. Consider a hyperbola x5 = -

At any point on the hyperbola, the slope of the vector field is given by

L3 _ 2eatwa)
1| _ 2 —6z1+2x2(1+22)2 | o
r2= BTV
(—622+6+/2x1 +4z]+822+4)
(222 —2v2z1+4)
1
(222+2v2z1+1) "

S

x]—

while the slope of the hyperbola is given by

dry _ -1

dz1 é-ﬁ-l—\/?m
For x; > /2, it can be seen that 22?2 + 2v/2x; +1 > %l’% — 2z, + 1, and thus

b} dzo
1 gg=— —2 dx1
1'17\/5

Moreover, on the hyperbola @, > 0 for 2; > /2. Therefore in the first quadrant of the
x1 — —xy plane, for z; > /2, the vector field associated with (33.1) cannot cut into the
hyperbola. Hence trajectories originating to the right of the hyperbola can never approach

the origin, thereby ruling out global asymptotic stability.
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Figure 33.2: Level sets of V', the hyperbola and the vector field plot
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Finally, we provide the estimate of domain-of-attraction of the origin. Let €2, 2 {z:
V(z) < ¢,¢> 0}. For €. to be in the interior of a ball B,, ¢ must satisfy

c< inf V(z)<oo
[lz]|=r
If
[=lim inf V(z) < oo
P09 [[z]|>r
then €2, is bounded if ¢ < I. We can compute ¢ as

:L.Z
¢ < lim inf (71 + x2>
r—o0 ||z)|=r \ (1 + x2) 2

2
= lim ( i 2):1
|z1|—00 ]_—l—l’l

Q2. is compact for ¢ < 1. The domain-of-attraction of the origin is not global since V' is

not radially unbounded. The radial unboundedness of V' ensures that ensures that every

level set of V' is compact.

Example 33.1.1 Consider the system
Lt‘l = X2

i’g = 4(1’1 + 1'2) — h(l’l + 1’2) (332)

where h(0) =0 and h(p)p > 0V |p| < 1. The origin (0,0) is the unique equilibrium point
of the system. We will show that it is asymptotically stable and estimate the region of

attraction. Consider V(x) = x" Pz where P = L1 > 0. The deriwative of V' along

the trajectories of (33.2) is

. 8 6
V = —af 6 6 x — 2h(x1 + x2) (21 + 22)

It is clear that V is negative definite on D 2 {z : |(z1 + x2)| < 1}. Hence (0,0) is
asymptotically stable. From the phase portrait it can be seen that any trajectory within

the strip |(z1 + xz2)| < 1 converges to the origin.

Finding the exact region of attraction is an onerous task even for second-order systems.
However, an estimate of the region of attraction still provides guaranteed stability. One
way of obtaining the estimate is to use the closed and bounded level sets of the Lyapunov
function itself. A closed form solution for the estimates can be found when the Lyapunov

function is quadratic in x.
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Estimate of R4 for quadratic Lyapunov functions

Let the quadratic Lyapunov function for a system be given as V = 2" Px; P = PT > 0.
Further, it is assumed that 2 f(z) < 0 in D. We can estimate the region/domain of
attraction for such systems depending on the constraints on D.

Case 1: For constraints of the form . C D 2 {zx € R":|| x ||2< 7} choose

c < Hnrhin ' Px = Amin (P)7?
ZT||=T

where Apin(P) is the minimum eigen value of P.
Case 2: For constraints of the form Q. C D £ {x € R : [b" 2|, < r}, choose

¢ < min z' Pz
[bTz|<r

which can be solved using the necessary conditions for optimality. Setting the cost function
as L = 2" Pz + M (b"x)? — r?} where A\ € IR is the Lagrange multiplier. The necessary

conditions for optimality are 2% = 0 and 2& = 0. Now,

oz ox
g—i = 2Pz +2)\(b"2)b=0
= Pr = —\b'x)b (34.1)
g—i = (b'x)* —r?
= bz =+ (34.2)
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Solving (34.1) and (34.2), we obtain the optimum values as z* and A\* as

rP~'b -1

L S .
o TR T,

Hence J* = z*'" Pz* = #2*11; and we choose ¢ < J*. If the set D is characterized by
multiple constraints, the optimization problem becomes glin x" Pz fori =1tom. It is
b, x|<r;

2

a known fact that J = min(J;, ..., J,,) where J; = b'rlziilb

Example 34.0.1 Consider the system

i = —x1(1— (27 +23))

34.3
By = —aa(l— (2% +a2). (343)

We need to first show that the origin is asymptotically stable. Taking V(x) = @ results
inV(z) = —(2? +22)(1 — (22 +22)). Thus V <0 in D 2 {(21,22) : 22 + 22 < 1}. Hence
(0,0) is asymptotically stable and an estimate of the domain of attraction is given by
{z € R*: 2% + 23 < 1}.

Example 34.0.2 Consider the system

Lt‘l = X2
' ) (34.4)
To = —x1— 29— (229 + x1)(1 — 23)
It is required to show that the origin is asymptotically stable and estimate its region of
attraction. The asymptotic stability of the origin is established by considering V(z) =

5 1 .
x’ [ - ] x and noting that V< 0 in D £ {x € IR? : |zo| < 1}. The estimate of the

domain of attraction is given by Q. = {x € IR* : V(x) < ¢}, where

1 9
c < = -

5 1] .
[0 1][1 2] [0 1]

Example 34.0.3 Consider a second-order system & = f(x) with asymptotically stable

origin. Let V(z) = 22 + 23, and D = {x € IR? : || < 1, |z — 22| < 1}. Suppose that

aa—‘; (x) is negative definite in D. Then, the estimate of the domain of attraction is given
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by Q. = {x € R?* : V() < ¢}, where ¢ < min(cy, ca) with

12 1
Cl = _1 = —
S LN I
0 1
12
Cy = =1

1ol
[01][0 1] [0 1]

The estimate is {3 + x5 < r*} where r = % as shown Figure 34.1.

X1

Figure 34.1: Estimate of the domain of the attraction of the origin
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Example 35.0.1 Consider the system

i = -1+
. o (35.1)
To = 31’1—1’2

a. Find all equilibrium points of the system.
b. Using linearization, study the stability of the each equilibrium point.

c. Using a quadratic Lyapunov function, estimate the region of attraction of each
asymptotically stable equilibrium point. Try to make your estimate as large as pos-

sible.

d. Construct the phase-portrait of the system and show on it the exact regions of at-

traction as well as your estimates.

Solution:
The system has three equilibrium points given by € = {(x1,22) : (0,0),(2,6), (=2, —6)}.

The linearization about each of these equilibrium points is given by © = A;x,i = 1,2,3
where, the matrices Ay, Ay and As are given by

1 1 —11 1 —11 1
; Ay = ; Az =

3 -1 3 -1 3 -1

The corresponding eigenvalue are given by eig(A;) = {2,—-2}, eig(A;) = eig(Ay) =

{—11.2915,—0.7085}. Therefore, the equilibrium point (0,0) is a saddle and equilibrium

points (2,6) and (—2,—6) are stable nodes.

Nezxt, we perform a coordinate change so that the equilibrium point (2,6) is the origin

A =

of the new coordinate system and the objective is establish the stability using a quadratic
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Lyapunov function. Define z1 = x1 — 2,29 = x5 — 6, then the resulting equations (35.1)
in the new coordinates is given by

21 = —11214—22—62%—2%

' (35.2)
Z9 = 32’1—22

The equilibrium points are transformed as follows in z-coordinates.
(2,6) — (0,0)
(=2,—-6) — (—4,-12)

Now consider a quadratic candidate Lyapunov function V(z) = %ZTPZ, where

P11 P12 > 0.
D12 P22

pP=

The derivative of V' along the trajectories of (35.2) is given by

Vo= Z%(—llpu + 3p12) + z122(p11 — 12p12 + 3p2a) + Z%(pu — P22)

4 3 3 2
—P1121 — 6]91121 — P1222%1 — 6171221 22.

(35.3)

To eliminate the sign-indefinite terms, we set p1o = 0. Then (35.3) can be expressed as
V o= —2TQ(z)z (35.4)
where,

pll(Z% + 621 + 11) (Pll—g?)pzz)

(p11+3p22)
2 P22

Q(2) =

It is easy to see that for pi1,pee > 0, the matriz Q(z1) is locally positive-definite around
2y = 0. Fiz, pjn = 3,pa = 1 (see subsection 35.0.1 ). Then Q(z1) > 0 in the set
D, 2 {(21,22) : 21 € (=2,00)}. Thus V < 0 in Dy and it follows that (2, z) = (0,0) is
asymptotically stable.

To compute the region of attraction R and compare it with the estimate of the domain
of attraction 2., we plot the vector field plot of (35.2) as shown in Figure 35.1. A local
analysis about the saddle point shows that the stable eigenvectors satisfy zo — z; = 0
and the unstable eigenvectors satisfy 3z1 + zo = 0. The region of attraction is given by
Ry = {(21,20) € IR? : 321 + 29 > 0}. The estimate of the domain of attraction of the
origin (z1 = 0, z9 = 0) is given by 2. 2 {(21,22) € (321+20 > 0)NDy : 322422 < ¢,c > 0}

1§ compact.
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Figure 35.1: Vector field plot with various equilibria marked by *

Finding the largest D,

To render Q(z1) > 0, we first note that py; (2} + 6z, + 11) > 0, and thus it remains to
satisfy h(z) £ det(Q(z1)) > 0 where,

(35.5)

D11 + 3p22 2
— )

h(z1) = P11p22(zf + 62+ 11) — (
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The function h(z) has minima at zy = —3 for all values of p11 and pay. So by substituting
2 = —3 in (35.5)

D11 + 3p22 ) 2

h(—?)) = p11p22(9 — 18 + 11) — ( 5

= —p%1 — 917%2 + 2p11p22.

In order to render Q(z1) > 0, the det(Q(z1)) > 0, this implies h(—3) > 0, hence

—pi — 9]932 + 2p11p22 = 0.

Let us set the minimum value of h(z,) = 0, thus

—pi — P35y + 2p1ip2e = O

2
= (@) —9 (Zﬂ) +9 = 0. (35.6)
P22 P22

Substituting % =y, we obtain imaginary roots of (35.6), thus for no positive real values
of pu1 and peo the function h(z1) can achieve a positive minima. Further, by putting

z1 = —2 in (35.5) and solving we get

D11 + 3p22 ?
2

h(=2) = pupe(4—12+11) - (
= —pi, — 93, + Opripae
hence for f(—=2) > 0,
—pty — 9p3, + 6p1ipae = 0.

Let us set the minimum value of h(z1) = 0, thus

—piy — I3 + Opripee = 0
2
= (@) —6 (@) +9 = 0. (35.7)
D22 D22

Again, substituting % =y and solving we get roots of (35.7) as y = 3,3 which are real,
positive and equal. Thus for z1 < =2, h(z1) cannot have positive minima for all positive

real values of p11 and pay. Hence we have % =y=3=pp=1p;1=3.
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Lecture-35

La Salle’s invariance principle

In many problems, it is easy to establish the negative semi-definiteness of V' rather than the
negative definite property. In such a case, Lyapunov’s theorem only establishes stability
and nothing can be said about asymptotic stability. La Salle’s invariance principle aids
in establishing asymptotic stability property of the origin even when V is negative semi-
definite.

Theorem 36.0.1 Consider the system & = f(x) and let Q be a compact set that is
invariant with respect to this system. Let V : D — R be continuously differentiable such
that V< 0 in Q. Let E be the set of points in 0 such that V = 0. Further let M be the

largest invariant set in E. Then every solution starting in €2 converges to M ast — oo.

Note that in theorem 36.0.1, the only requirement on V' is that it be continuously differ-
entiable and V' < 0 on a compact set €. Since we deal with positive-definite V', the choice
Q2 = (). ensures the compactness of 2, at least for sufficiently small ¢ > 0. The extension
of La Salle’s invariance principle to systems that possess a positive definite V' is stated in
the following Corollary, also called as the theorem of Barbashin and Krasovskii. The La

Salle’s invariance principle is illustrated through the following examples.

Corollary 36.0.2 Consider the system © = f(x) and let x = 0 be the equilibrium point.
Let V : D — R be continuously differentiable that is positive definite and V- < 0 on D.
Let S = {x € Q. :V =0}. If no solution of & = f(x) can stay identically in S except the

trivial solution x(t) = 0 then the origin is asymptotically stable.

Example 36.0.3 For the pendulum system
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B (36.1)

Ty = —asinz; — bxs

Take V(z) = a(l — cosxy) + %% >0 on D = {(x1,23) : 1 € (—m,m)}. It is seen that

V = —bx3 < 0= is negative semi-definite. Let S = {x € Q,,V =0}. Then
rt)eES=1m=0=05=0=sin;,=0=2,=0
Hence (0,0) being the only point in M, is asymptotically stable.

Example 36.0.4

e (36.2)

Ty = —zd—x

Taking V(x) = x1+ , V = —a} which is negative semi-definite. Let S = {x € Q,,V =
0}. Then x(t) ES:>x2:0:>x2:0:>—x1—x2—0:>x1 =0 = M = (0,0). Hence

the origin is asymptotically stable.

Example 36.0.5

e (36.3)
To = —X1 — Tg — ZL’2|ZL’2|

Taking V (z) = 1”2 yields V = —a3(1 + |x5]) < 0. Let S = {x € Q.,V = 0}. Then

z(t) €S =1y = 0 = 2 =0= 2, =0= x; =0, thereby proving the asymptotic stability

of the origin.

Example 36.0.6

.jfl = T2
Zi'g = —hl (ZL’l) — Ty — hg(l’g) (364)
Zi'g = T9 — I3

where hi(uw)u > 0;i = 1,2. Taking V(x fhl )dz + fhg Ydz + 2 we get Vo=

—x3 — ho(x3)x3 which is negative semi- deﬁmte. Then
) ES =1 =0=10=0=>03=0=>23=0

Hence, the origin (0,0,0) is asymptotically stable.
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Stability of Linear systems

Consider the linear system given by i@ = Ax and a corresponding V(x) = z" Px where
PT = P > 0. Then,

V = i'Pr+a2'Pi
= ' A"Pr+ 2" PAx
= 2 (ATP+ PA)x

Hence for asymptotic stability we get the Lyapunov equation given by
AP+ PA=-Q
for some @ > 0.

Definition 37.0.1 A Matriz A is said to be Hurwitz if all its eigen values satisfy Re(\;) <
0.

Theorem 37.0.2 A matriz ‘A’ is Hurwitz if only if given any positive definite matriz @),
there exists a symmetric, positive definite matriz P such that ATP + PA = —Q holds.

Moreover the matrix P is unique.

Example 37.0.3 Consider the system

o 1]
x—[l _1] (37.1)
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. Py Pro 1 . . .
Choosing P = and Q) = , solving the Lyapunov equation we obtain
Py Py 0
0 2 o] Py -1
-1 -1 1 P12 — 0
0o 2 2 Py 1
Py %
= | P | =| -3
3 _1
P = 21 12 1s symmetric, positive definite and unique. From Theorem 37.0.2
T2
0 —1 | . , .
A= ) is Hurwitz and hence (0,0) is stable.

Lyapunov’s indirect method
Theorem 37.0.4 Consider a system
&= f(z), z € IR", (37.2)

Let © = 0 be the equilibrium point i.e f(0) = 0. Further assume f : D — R™ is contin-
uously differentiable on a domain D in the neighbourhood of the origin. Let A = %h:o-
If the linearized system (37.2) is exponentially stable, then there exists a ball B C D and
constants ¢, A > 0 such that for every solution x(t) to the nonlinear system (37.2) that

starts at x(0) € B, we have
| 2(t) |< ce™ || z(0) ||, Vt>0. (37.3)
For proving the above theorem we require the following results:

1. If @ is positive definite then the following inequality holds

Lemma 37.0.5 Comparison Lemma Let V : IR" — IR be a differentiable func-
tion such that aa—‘;Tf(x) < uV(z) for some constant u € IR. Then V(x(t)) <
etV (z(0)),Vt > 0.
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The proof of the main theorem now follows.

Proof: Since f in (37.2) is twice differentiable, we know from Taylor’s theorem that
r(z) £ f(2) = (f(ze) + Az) = f(z) — Az = O(|| = |I*).
which means that there exists a constant ¢ and a ball B around x = 0 for which
| r(x) |[<cl| x| Vx € B. (37.4)

Since the linearized system is exponentially stable, there exists a positive-definite-matrix
P for which
AP+ PA=—I.

Define a real-valued continuously differentiable function
V&g Px

and its derivative along trajectories of (38.1) is given by
v f(z)"Px+2"Pf(x)

= (Az+ r(:v))TPx + 2" P(Az +r(x))

= 2" (A"P+ PA)x + 22T Pr(x) (37.5)

= — |z |?+22" Pr(xz)

< —lzPP+2iP | lr)]l.

Let € > 0 be sufficiently small so that the ellipsoid centered at x = 0 satisfies the following:

[ )
E2{zcR":2"Pr<e}CB.
[ )
2| Pl x>t =) o)< —
— 4C X — i S Te——
-2 “dc| P
Thus, for x € &,
Vo< —alPs2e] Pl
— @2 | P|[z]) =P )
I
< 0,z #0.

For this choice of €, the set £ is positively invariant and the origin is asymptotically stable.
Further, from (37.6) and the fact that 2" Pz < | P || || « ||?, it follows that if 2(0) starts

inside &, v

ve VY
2 | P
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and therefore, by Comparison lemma 37.0.5, V' and consequently x decrease to zero ex-

ponentially fast.
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Lecture-37

Instability

An equilibrium is unstable if it is not stable. There are several results establishing insta-

bility, but we shall use the result by Chetayev, which is stated as follows.

Theorem 38.0.1 Let x = 0 be an equilibrium point of & = f(x). Let V : D — IR be a
continuously differentiable function such that V(0) = 0 and V(x¢) > 0 for some xy with
arbitrarily small ||xo||. Define a set U = {x € B, : V(x) > 0}, where B, = {x € D :
||| < r} and suppose that V(z) >0 in U. Then x = 0 is unstable.

Example 38.0.2 Consider the following nonlinear system

v 3
rr = —I + X9
S, (38.1)

Show the region T = {0 < xy < 1} N {xy > 23} N {xy < 23} is a positively invariant set

and further show that the origin is unstable.

Note the system has two equilibrium points at (0,0) and (1,1). The region I" is bounded
by the curves (as shown in Figure 38.1) 7 2 x5 — 22 and 72 2 72 — 2%. The derivative of

71 along the trajectorioes of (38.1) is,

o= 2% — 2 — 2w (—at + 1)

= (22 — 19)® 4+ 32320 (2% — ) + 221 (25 — 1)

= 2r(z} —2]) < 0
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Hence, the direction of the vector field f on the curve ~; points into I'. Similarly, the

derivative of v, along trajectories of (38.1) is,

.6 3 2 3
Yo = a7 —ah — 3x7(—] + 79)

= (x% — x2)3 + 31’%1’2(37% — o) + Bx%(:ci’ — 1)

= (:E% - x2)3 + 31’%1'2(:5% —x9) > 0

Hence, the direction of the vector field f on the curve 5 also points into I'. Thus all the
trajectories eminating from a neighbourhood of I" are trapped in it, that is, I' is positively
invariant set.

Next, consider a ball centered at origin defined by Bsjs = {(x1,22) € R? : [|z]|; < 2}
Define U = {& € By3 : 2 > 23,20 < 27}. Let V = 27 — 2} be the continuously
differentiable function. V(x) = 0 on the boundary of U and since the origin also belongs
to the boundary of U, V(0) = 0. There exists zo € U, arbitrarily close to the origin,
such that V(zp) > 0 (for instance, consider xy as (0.2,0.02), then V(zy) = 0.032). The

_ 3
X9 L2 = T 5
xQ — ch
T

Figure 38.1: Regions I', U, By/3
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derivative of V' along the trajectories of (38.1) is,

Vo= 2my(—ad + xo) — 323 (—2 + 1)

— (1‘2 — xi’)xl(2 — 311)1) Z O fOI' all xTr € U

All the hypothesis of Chetayev’s theorem hold, thereby proving the origin to be unstable.
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Exercise problems

1. Show that the origin of

jfl = ($2_1>$?

T T2 (14l

is asymptotically stable.

Solution:
The system has an unique equilibrium point at the origin. Consider the candidate
Lyapunov function V' (z) = (11—32) + 22. The derivative of V along the trajectories
1
of the system is
Vo 22 213 ~0
(42?2 (1+23) '

Hence, (0,0) is asymptotically stable. We cannot claim GAS as V' is not radially

unbounded.
2. Show that the origin of
T = X9
Ty = —(x1 + x2) — sin(zy + x9)

is asymptotically stable.

Solution:

The system has an unique equilibrium point at the origin. Consider the candi-
date Lyapunov function V(z) = 3(21 + 22)? + 23. The derivative of V' along the

trajectories of the system is
V o= —(x1 4 ) sin(z + x5) — (21 + x5)? < 0.

143



NPTEL-Electrical Engineering - Nonlinear Control System

Hence, (0,0) is asymptotically stable.

3. Use a quadratic Lyapunov function candidate to show that the origin is asymptoti-

cally stable:

a.
jjl = —I + X129
i’g = —XT9
b.
Zifl = 1’2(1 — ZL’%)
1’2 = —(flfl + flfg)(l — 37%)

4. Euler equations for a rotating rigid spacecraft are given by
Jw+wXx Jw=1u

or

Jiwr = (J2 — J5)wows + uy
J2w2 = (Jg — Jl)W1W3 + Ug (382)

Jgdjg = (Jl — Jg)wlwz + us

where wy,wy, w3 are the components of the angular velocity vector w along the
principal axes, uq, us, ug are the torque inputs applied about the principal axes, and
Ji > Jo > J3 > 0 are the principal moments of inertia. The rotational kinetic

energy of the spacecraft is given by T'(w) = 3(Jiwi + Jow3 + Jsw?) while the total

angular momentum of the body is given by P(w) = \/Jiw? + J2w? + J3w?.

a. Find all the equilibria of the rotational dynamics.

b. Compute 7" and P along the trajectories of (38.2). What can you conclude
about stability?

c. Show that with u; = 0,7 = 1,2, 3, the origin w = 0 is stable. Is it asymptotically
stable?

d. Use the Lyapunov function V(w) = (T'(w) — T'(we))? + [(P(w))? — (P(w,))?]? to

show that every equilibrium of the form w, = [ 0 0]" is Lyapunov stable.

e. Repeat the above step for the equilibria of the form w, =1[0 0 Q.
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f. Use the function V (w) = wyws to show that every equilibrium point of the form
we = [0 © 0] is unstable. The result can be proved as follows. Define the
states as (x1, T2, 3) = (w1, w2 — 2, w3). Then the rotating rigid body dynamics

can be written as

j?l = J%(J2 — J3)(f172f173 -+ 3739)
i’g %(Jg — Jl)(ZL'llL'g) (383)
i’g = Jia(Jl — Jg)(!IJlZIJQ + 1’19)

The derivative of smooth function V' = x;x3 along the trajectories of (38.3) is

given by

(Jo — J3)
J1

(J1 = o)
J3

V= (zox3 + Q) + (z3zy + Q2?) >0 VY 29 > 0.

Let U be a closed ball of radius r around the origin and define the region D,
in U as Dy ={x €U :zyx3 > 0,29 > 0}. The boundary of D; is the surface
V(z) = 0 and the sphere ||z|| = r. Since V(0) = 0, the origin lies on the
boundary of D;. Further, in Dy, both V and V > 0. By Chetayev’s theorem,

the origin is unstable.

g. Suppose that the torque inputs apply the feedback control u; = —kqw;, where
ki,i = 1,2,3 are positive constants. Show that the origin of the closed-loop

system is globally asymptotically stable.
5. Consider the system
.jfl = T2
Zi'g = —(ZL’l + 1’2) — h(!IJl + 1’2)

where h is continuously differentiable and zh(z) > 0V z € IR. Using the variable
gradient method, find a Lyapunov function that shows that the origin is globally
asymptotically stable.

6. Show that the origin of

,Ztlz.]fg

fy = —af — )

is globally asymptotically stable.
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7. Consider the linear system i = (A — BR™*BT P)z, where P = PT > 0 and satisfies

the Riccati equation
PA+A'"P+Q—-PBR'B'P=0

where, R=R" > 0,and Q = Q" > 0. Using V(x) = 2" Pz as a Lyapunov function
candidate, show that the origin is globally asymptotically stable when

(1) @ > 0.
(2) Q = CTC and the pair (A, C) is observable.

8. Consider the tunnel diode circuit as shown in figure 1. The tunnel diode has a
nonlinear voltage-controlled constitutive relationship that contains the region of
negative resistance. This characteristic made it possible to construct bistable circuits
which were used in switching or memory elements in early computers. The circuit

equations are given by

LI = E—RI-V
CV = I—-1(V).

Using the Lyapunov function,

C

P(IV) = J(E—RI- V)24 L(I —I(V)? + )\[%RIQ — EI

2
V A~
1V = [ gy
0
where A € IR is free, find conditions on A for asymptotic stability. Also find the

condition on the steepness of slope of the negative resistance region of the tunnel
diode.

9. Consider the following system

Zifl = (1’2—1)1’?

4

xT T
By = — 1 _ 2

(1+23H)2  (1+23)

(a) Show that the origin is asymptotically stable. (b) Is V' radially unbounded ?

10. Consider the system

.jfl = I — LU? + Zo
ZiJg = 31’1 — T
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11.

12.

c. Using a quadratic Lyapunov function, show that the equilibrium point (—2, —6)

is asymptotically stable. Clearly define the set D where V < 0.

d. On the plane, show the region of attraction R4 as well as the estimate of the

region of attraction €.

-2 3
-1 —4
cally stable using the Lyapunov equation ATP + PA = —(Q, where Q > 0.

Show that the origin of the system & = Az, where A =

] is asymptoti-

The dynamics of a Spring-mass system with viscous and Coulomb friction and zero

external force is given by
Mijj= Mg — ky — 19 — c29]y|

where, M is the mass, k is the spring constant, ¢y, co > 0 are friction coefficients and
y is the displacement of the mass from a reference position. Show that the origin is

globally asymptotically stable.

Solution:
We will carry out a change of coordinates such that the origin is the equilibrium
point in the new coordinates. Define z; = y — %,xg = y. Then, the dynamics

becomes

i’lzxg
1

By = o (km + azs + eman)

Consider the candidate Lyapunov function V(x) = @ The derivative of V

along the trajectories of the system is

V o= —c12? — cyrd|zyl.

Since V is negative semi-definite, we investigate the residual set S = {x € Q. :
V = 0}, where Q, 2 {x € R* : V(z) < ¢,c > 0}. Note that €, is compact for
every ¢ > 0, since V is radially unbounded. Whenever z(t) € S = aq(t) =
0 = 25(t) =0 = x1(t) = 0. Hence, the largest positively invariant set in S is
(1 = 0,29 = 0). Thus, by Krasovskii-—LaSalles invariance principle, all trajectories
originating in 2. converge to the origin. Hence, (0,0) is globally asymptotically
stable.
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13. Consider the following system

i = (y—x)
Yy = rr—y—1xz

z = zy—>bz,06>0

Show that the origin is asymptotically stable in each of the following cases:
a) 0<r<l1

b.) r=1.

Solution:

Case r € (0,1)

The system has an unique equilibrium point at the origin. Consider the candidate

Lyapunov function V' (z) = M The derivative of V' along the trajectories of
the system is
V = —2?— b2+ (1+r)yz
=~ —p'Q(r)p
1 —(1+7)/2
where, p = [z y] and Q 2 (1+r)/ . Note that @) > 0 since
—(1+41r)/2 1

det(Q) =1—((1+7)/2)2 >0V r e (0,1). Thus, V < 0 and the origin (0,0,0) is
asymptotically stable.

Case r = 1.

The derivative of V along the trajectories of the system is V = —bz% — (x—y)? <0.
Therefore, the origin is Lyapunov stable. Since V is negative semi-definite, we
investigate the residual set S = {z € Q. : V = 0}, where Q. 2 {z € R :
V(z) < ¢,c > 0}. Note that €. is compact for every ¢ > 0, since V is radially
unbounded. Whenever (z(t),y(t),2(t)) € S = z(t) = 0 and z(t) = y(t). Now
) =0 = () =0 = z(t)yt) = z(t)* =0 = =x2(t) = 0 and
y(t) = 0. Hence, the largest positively invariant set in S is the origin. Thus, by
Krasovskii-—LaSalles invariance principle, all trajectories originating in 2. converge

to the origin. Hence, (0,0) is asymptotically stable.
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Module 7

Nonlinear control design

Objectives: To design nonlinear stabilizing control laws.

Lesson objectives

This module helps the reader in
— using Lyapunov function to extract control laws that guarantee stability.

— the use of sliding mode control technique to achieve robust stability.
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Control Lyapunov function

Consider the system & = f(z) + g(z)u where u is the control input. Our objective is to
stabilize the origin/equilibirium point of interest. Considering a positive definite V' (z) we

see

oV ov

V= %f(l") + %9(95)“
We could choose a u = a(z) such that V < 0. V is then called a control Lyapunov
function.

Example 39.0.1 Consider the problem of stabilizing the simple pendulum at a desired

angle 04. By taking x1 = 0 — 04 x5 = 0 we obtain the equations

.fl,:l = XT3

. . (39.1)

To = —Ksin(xy +04) +cr
Let V() = "% Then

V o= 19+ xo(—K sin(xy + 04) + c7)

= x9(xy — Ksin(xy + 6y) + c7)

To force V = — K22 we have to make v, — K sin(x +60,) +cr = — K 35. Hence we obtain
—[x1 + Kixe — K sin(zy + 6,)]
c

This would make V' only negative semidefinite. Hence to confirm stability we have to rely

on LaSalle’s invariance principle.
2e=0=>0=0= —Ksin(z; +60;) +c7=0=>21=0=0=10,

Hence M = (04,0) and stability follows.
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Example 39.0.2

: 2
T = —X1+ x5
L 2
Lo = —T1T2 — TyT3
T3 = —a323+u
. . . . .. . x%—i—x%-‘,—x% . : 2
The objective is to stabilize the origin. Taking V(r) = === we obtain V = —x] —

x3[ry + 2323 + u]. Proceeding as in the above example we obtain

u=—krs — x5 — 2323

To prove stability we again use LaSalle’s invariance principle which shows that (0,0,0) is

asymptotically stable.

Swing-up control of the pendulum on a cart system

In Lecture 11, we presented the nonlinear model of the pendulum on a cart systems. We
use the model so obtained to design a swing-up control law based on Lyapunov function.
The control objective is to swing-up the pendulum from the vertically downward position
to the vertically upward equilibrium position and then balance it at that position; termed
as the swing-up phase and the capture phase. We address the swing-up problem through
the following analysis. The balancing of the pendulum can be achieved using a linear
feedback control and is not discussed here. The equations of motion of the pendulum on

a cart system are given by

= f(x)+ g(z)u (39.2)
where,
T3 0
Ty 0
fle)=1 | ) . , , g(z) = o ,
% (a2a37% sin x5 — azasz sin x cos 1) N
% (—asz? sin w5 cos Ty + a1a4Sin o) 2 oS Ty

Consider the candidate Lyapunov function V' defined by
1 .
V(z) = 5 (kprl + kaws + ke E*(x)) (39.3)

where k,, kq, ke are strictly positive constants and E(z) = E(z) — E;. The motivation for

this choice of V' achieves the following tasks:
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e Pump-in energy F(z) = Ey, where E; = mgl is the potential energy of the system

at the upward equilibrium position.

e Bring the cart to rest at the origin.

Note that V' is positive-definite. Differentiating (39.3) along the trajectories of (39.2),

we have
Vo= kpx1xs + kqrs f3 + karsgsu + keE(x)xgu
= 3(kpay + kafs + (kags + ke E(2))u). (39.4)

In taking the derivative of E, we have used the passivity property of robotic system,
in other words, F is the inner-product of the vector of generalized velocities and input
vector. Since, the pendulum is not actuated, we have E = zsu. To render the rate of

change of V' to be negative semidefinite, we set
k1 + kafs + (kags + ke E(x))u = —x3 (39.5)
which results in
V = —a2 (39.6)
Equation (39.5) can be rewritten as
{kpz1 + kaxs + (93(x) + ke E(z))u} = —x3 (39.7)

From (39.7) we extract the control law u as

—{xs + kpr1 + kafs(z)}
kdg3(x) + keE(x)

The control law (39.8) will not encounter any singularities provided

(39.8)

(kags () + ke E(x)) # 0.

Points to ponder

e To avoid singularities in the control law (39.8), the initial energy of the system has
to be restricted, which imposes a restriction on the set of initial conditions that the
pendulum can swing-up. Obtain the initial condition set in terms of level sets of

the Lyapunov function V' that guarantees the swing-up of the pendulum.
e The V in (39.6) is negative semi-definite. Using LaSalle’s invariance analysis, show

that the control law (39.8) indeed meets the set objectives.
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Sliding mode control

Sliding mode is a nonlinear control design technique that has been used in almost every
control application. It ensures robustness in the presence of uncertainties and external
disturbances. For certain systems that cannot be smoothly stabilized (viz. Mobile robot,
autonomous underwater vehicle etc.), sliding mode offers a possible solution in view of
the discontinuous nature of the control law. Verification of stability is restricted to a

reduced-order as compared to a Lyapunov based control technique.

Sliding mode terminology

Consider a system described by
i = f(x) (40.1)
where f: R" — IR".
e S(z) called sliding function such that S : IR" — IR
e The set {x € IR": S(z) = 0} is called sliding surface.
e O C IR" termed as switching surface such that it satisfies the following properties.

a. O is connected and contains the equilibrium point z..

b. The closed-loop system confined to this set O, called equivalent dynamics, is

stable.

In a typical sliding mode control, the control objective is
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e Design of a proper switching surface such that the closed-loop system behaves as
desired.
e Reach the switching surface in finite time and maintain it there (positive invariance).

The design of sliding surface is greatly simplified if an affine in control system of the form

&= f(x)+ >.;", gi(x)u; can be represented in a regular form:

T, = fl(frl,xz)
o = fol@1,22) + D] Gj(T1, 22)u,
where

z; € IR"™™, xy € IR™ and g; is related to g; as g; = [le(n—m) ng]T'

Design outline
e Aim is to restrict the motion of the system to x; dynamics

o Let
02 {x e R": fi(w,m2) = l(z1)}

e The equivalent dynamics

Zi?l = l((l?l)

Case 1:

e Assign a linear dynamics to I(z) of the form
l(.’l?l) = —le
where K € R—*(=m) » (. Equivalent dynamics &, = —Kx;

e Difficulties
If O is the intersection of (n —m) sliding surfaces and n —m > m, then it is difficult

to reach using m control inputs.

Case 2:

e Consider the following candidate Lyapunov function V : IR"™ — IR defined as

V(z,) =iz,
e Construct /() such that V(z;) < 0 on O

e (O is the intersection of m sliding surfaces.
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Finite-time reachability

Definition 40.0.1 The switching surface O is said to be finite-time reachable if for any
z2(0) e U C IR™, there exists T' € [0,00) and an admissible control w : [0, T] — IR™ with
the property that z(T) € O.

e Assume that m sliding functions S;(z) such that O = [}, (5;(z) = 0).

e The dynamics obtained after differentiating each S; into r; times

st
52
= R(z) + Q(z)u
Sirm)
where,
L} S,
L'?S
R@) = | 7
I L;mSm |
Lo LP71Sy Ly, LP~'Sy ... Ly, LP7'S,
0) — Lglefz—ls2 ngLgf—lSz 3 LgmL?z_lS2
Lo Ly 'S Lo, Ly 'Sy .. Ly, L7 'Sy,

T
Then term L;S;(z) = %i; f(z) refers to the Lie derivative of a real-valued function
S;(x) along the vector field f. In coordinates, it is the inner-product of the gradient

of S; with f. In a similar way, the iterated Lie-derivative L.S;(x) 2 %L}"_l.

e By the definition of well-defined vector relative degree , Q(x) is invertible at z. and

thus for all  in the neighbourhood of ., we have
u=Q '(z){P(z) - R(z)}.

e The choice of P(z) € IR™ depends on the relative degree of the sliding functions.

For example, if the vector relative degree is {1,2}, then a few possible choices of
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P(z) = [Pi(z) Py(z)]" are

— K sign(95)

_Sf\

—Kisign(S;) — K25,
—K1[51 | sign(Sh)

Pl(.’lf) =

—sign(Sy)| S| — sign(Ss)[Ss|®
o . . 1/5
Po(@) = ¢ —sign(55)|55[% — sign[(S, + £577)]| (82 + 287"
—1 sign(Sy + 72| Sa|Y/2sign(S,))

where, K1 > 0,\,b € (0,1),a > 2%{,,71,72 > 0.

A general form of the reaching law is given by

S = —kysign(S) — kah(S) (40.2)
where, ki, ky > 0 and Sh(S) > 0,h(0) = 0. Three special cases of (40.2) are:

1. Constant rate reaching law

S = —k;sign(S).
Large reaching time and severe chattering for large k.

2. Constant plus proportional rate reaching law

S = —kysign(S) — k2S.

3. Power rate reaching law

S = —k|S|%ign(S), «€ (0,1).
Eliminates chattering !
4. Fractional power reaching law

S=-K 5

Continuous, bounded, robust to disturbance and uncertainties.
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Sliding mode control: Example

The robustness property of sliding-mode technique is illustrated through the following

example.

1’1:1'2

41.1
to = h(z)+ g(x)u (41.1)

where h and g are unknown nonlinear functions and g(z) > go > 0 V z. The control

objective is to stabilize the origin (z1,x2) = (0,0).
e Choose S(z) = xo + kx1, k> 0.
e Assumption: h and g satisfy |%| < p(z) V.
e The derivative of V = %2 w.r.t time along the trajectories of (41.1) is
V =85 = 5(x)(h(x) + kzz + g(0)u) < g(2)p(2)[S(x)| + g(2)S(x)u
e Choose u = —f(x)sign(S(z)), where B(z) is free.
o Then, S = —(5(x) — p(x))g(x)|S].
e To render V negative definite, choose 5(x) > p(z) + By, By > 0, which implies

V < —g(2)5]S] < —g0olS]

e The equivalent dynamics on the set {(z1,%2) : 9 = —kx1} is given by &1 = —kx,

which is exponentially stable.
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Figure 41.1: Vector field plot of a closed-loop second-order system
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