S,
=

P I..am,rfr. ey
s ey
ﬁ...hm.‘.ﬂ.m.h..h.(wub.mﬁu...l\.mw

e A

=

o
wv(Ld!lzi....- .|fw.n..aﬂ|;..ls....uhd

e D
e ey,
S S







Mathematical Methods in Systems
Engineering

Arun D Mahindrakar

Professor

Control and Optimization

Department of Electrical Engineering

Indian Insttitute of Technology Madras, India
July-2025



o]




PREFACE

This lecture notes on Mathematical Methods in Systems Engineering is designed to provide
a foundation for mathematical analysis arising in control theory and optimization. The
emphasis is on developing a precise and logical framework for analysis.

We begin with the language of point set topology, introducing concepts such as open and
closed sets, limit points, and compactness, which form the backbone of modern analysis.
From there, we explore the notions of supremum and infimum, establishing the completeness
property of the real numbers—a key ingredient for convergence arguments.

A detailed study of sequences and series follows, where we examine various modes of
convergence, including pointwise and uniform convergence, and their implications for function
approximation. We then turn to continuity and related concepts such as uniform continuity
and Lipschitz conditions, grounding them in an intuitive yet mathematically rigorous setting.

Throughout, the focus remains on clarity of thought and logical precision, with proofs and
examples chosen to reinforce understanding. The intention is not merely to equip students
with tools, but to cultivate the habit of thinking mathematically—formulating precise defi-
nitions, constructing counterexamples, and applying abstract concepts to concrete problems.

It is hoped that this notes will serve as a gateway to more advanced mathematical studies
and provide a solid analytical foundation for applications in engineering and the sciences.

The lecture notes and problems are based on the material collected from |1, 2, 3, 1, 5, 6, 7].
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LECTURE-1

1.1 Real space

We begin with a formal definition of real spaces.

Definition 1.1.1: Let n > 0 be an integer. An ordered set of
n real numbers (x1,29,...,z,) is called an n-
dimensional point or a vector with n compo-
nents. The number z; is called the k" coor-
dinate of the point z or £ component of the
vector r. The set of all n-dimensional points
is called n-dimensional Euclidean space and de-
noted by R".

The real line is an example of a 1-dimensional space and the real plane is a 2-dimensional
space. A typical vector in R? is denoted by [z; @]" or by the tuple (z1,xs).
The algebraic operations on R™ are carried out using the following rules.

1. For x,y € R", x = y if and only if

x1 Y1
X2 _ Y2
Tn Yn
2. For z,y € R",
T+ N
To + Yo
r+y= .
Tn + Yn

15



3. For a € R and x € R",

4.0=[000---0].

5. For x,y € R", the scalar dot product or inner product is
n
.Y = Z LilYi-
i=1

6. The length of a vector is captured by the norm of a vector. The norm function ||(-)|| :
R™ — R satisfies the following axioms:

Al |laz|| = |af ||z|| (positive homogeneity).
A2 ||z +y|| <||z|| + ||y|] (triangle inequality or subadditivity).

A3 ||z|| =0 <= 2 =0 and ||z|| > 0 whenever x # 0 (positive definiteness ).
There is class of p-norms defined by
[lllp = (JoaP + .+ |eal)P, 1< p < oo
and

oo = max |a].

2

||z]|? =< z,x >=a]+ a5 +...22

where, the operator < -, - >: R" x R" — R™ is used to denote the dot product between

two vectors in R™. All p-norms are equivalent in the sense that if || - ||., and || - ||,, are
two different p-norms, then there exists two constants c;, co > 0 such that the following
holds

allelly, <llzlly, < eollally, Vo e R™

Lemma 1.1.2: Cauchy-Schwartz inequality

Let x,y belong to R". Then | < z,y > | < ||z|| ||ly|| and | < z,y > | = ||z|| ||y|| if and
only if the elements z,y are linearly dependent.

Instead of R™, we can consider a more general vector space X on which we can define the
notion of distance. This leads to the definition of normed linear space.



1.2 Field and Vector space

Definition 1.2.1: Field
Let F' be a set along with two binary operations
‘+/ and ‘“/, called the addition and multiplica-
tion. Then the triple (F,+,:) is called Field if
the following axioms hold for all a,b,c € F.

a+be F Closure under addition

a+b=0b+a Commutative under addition

a+ (b+c¢)=(a+0b)+c Associative under addition

a+0=a Existence of additive identity element

a+ (—a) =0 Existence of additive inverse

ab = ba Commutative property under multiplication

a(bc) = (ab)e Associative property under multiplication
e 1.a =a Existence of identity element 1 € F

aa~' = 1 Existence of multiplicative inverse a=! € F for
every a # (

e a(b+c) =ab+ ac Distributivity of multiplication over addi-
tion

e 0£1 Distinct additive and multiplication identites

Example 1.2.1. The set of real numbers is a Field and so also the set of complex numbers
Example 1.2.2. The set of rationsls is a Field

Example 1.2.3. The set of integers is not a Field



Definition 1.2.2: Vector space

Let V' be a set on which two operations (vector addition, denoted by + and scalar
multiplication, denoted by -) are defined. Then if the following axioms hold for all
u,v,w € V and a,b,c € I, we call V' a vector space over the Field F'.

e u+v €V Closure under vector addition

e u+v=v-+u Commutative property

e u+ (v+w)=(u+wv)+w Associative property

e u+ 0 =wu Existence of additive identity vector 0 € V

e u+ (—u) =0 Existence of additive inverse —u € V'

e au €V Closed under scalar multiplication

e a(bu) = (ab)u Associative property of scalars

elu=u 1leF

e (a+b)u = autbu Distributivity of scalar multiplication with over scalar addition
e a(u +v) = au + av  Distributivity of scalar multiplication with over vector

addition

Examples of vector spaces over the reals.
Example 1.2.4. V = R" and the scalars be real numbers
Example 1.2.5. V = C and the scalars be complex numbers
Example 1.2.6. V={f:R—R: %exists} over the real numbers.

Example 1.2.7. V = P,, the set of all real polynomials of degree at most n > 0 over the
real numbers.

Example 1.2.8. The set of all n x n matrices, with the usual opearation of matrixz addition
and multiplication, with real entries, is a vector space over the reals



Definition 1.2.3: A normed linear space is an ordered pair (X, |-
||) where X is a linear vector space and || - || :
X — Ry is real-valued function on X such
that the following

Al. ||z|| >0 Ve X; ||z|| =0 if only if x = 0, the zero vector in
X.

A2. |laz|| = |a||z]|| V2 € X and a € R or C.
A3. [z +yl| <|lzll + ]yl ¥Vz,y € X.

Example 1.2.9. Show that the function defined as ||x||pr = Vo T Mz, where M is a positive
definite matriz, is a valid norm.

Often we encounter statements like necessary and sufficient conditions. Let us understand
what each of them means.

e Necessary: A is a necessary for B if B = A. But A alone does not imply B.

e Sufficiency: A is a sufficient condition for B if A = B. If A holds, then B must be
true.

e Necessary and Sufficient: A < B.






LECTURE-2

2.1 Interior points, open set

Definition 2.1.1: Interior point
Let S C R™. A point s € S is said to be an interior point of S if there exists an open

n-ball of some radius » > 0 with center s such that all of its points belong to S. The
set of all interior points of S is denoted by int(.S).

Definition 2.1.2: Open set

A set S C R” is open if all its points are interior points.

The set of all interior points of a set A C R™ is denoted by int(A). In R, the open interval
is defined as (a,b) = {r € R:a <z < b}.

Lemma 2.1.3

An open interval (a,b) C R is an open set.

Proof. Let xy € (a,b). Define € < min{xy —a,b— xo}. Then the ball (xy —€, 20 +¢€) C (a,b).
Hence, xq is an interior point of (a,b) and since zq was chosen arbitrarily, every point of (a, b)
is an interior point. Thus, the interval (a,b) is an open set. O

Example 2.1.1. (—1,3) C R is an open set.

Very often we need the notion of neighbourhood of a point.
Definition 2.1.4: Open neighbourhood

Let x € R". A neighbourhood U C R" of z is an open set containing x.

The complement of a set is defined using set subtraction.

21



Figure 2.1: Set subtraction

Definition 2.1.5: set complement

Let S,T C R™. Then, the set subtraction, denoted by S \ T is the set of all points
S with the points common to 7" removed, as shown in Figure 2.1.Given set S C R™.
Then, R™\ S is called the complement of S and denoted by S°.

Example 2.1.2. Let S C R be S = (—oo0, —1]U(1,2)U{3}. Then int(S) = (—oo, —1)U(1,2)
and S¢ = (2,3) U (3,00).

2.1.1 Finite intersection, arbitrary union and arbitrary intersection
of open sets

The arbitrary intersection of open sets need not be open. For example the set S = N> ,S,,
where S, = (=2, 1). Then, N2, S, = {0}. S is a singleton set which is not an open set.

Lemma 2.1.6

Arbitrary union of open sets is open

Proof. Let S = U2,S; C R", where each S; is open. To show that S is an open set. Let
s € S. Then s € §; for every @ > 1. Since S; is open, there exists a open ball B(s,r) s.t
B(a,r) C S;. This implies B(a,r) C U2,S;. This establishes that s is an interior point of S.
Since s € S was chosen arbitrarily, S = int(S). Hence, S is open subset. O]

Example 2.1.3. Show that int(S; N .Sy) = int(S7) N int(Ss)

Example 2.1.4. Show that int(S7) Uint(Ss) C int(S; U Ss)

Example 2.1.5. Show that finite intersection of open sets is open



LECTURE-3

3.1 Closed sets

Definition 3.1.1: Closed set

A set S in R is said to be closed if its complement R™ \ S is open.

The notation A\ B is read as A minus B, consists of all points of A but excluding those
that are common to A and B. A collection of closed sets have the property that a union
of finite collection of closed sets is closed, and the intersection of an arbitrary collection of
closed sets is closed. Closed set can be defined in terms of adherent points accumulation
point /s, which are defined as follows.

Definition 3.1.2: Adherent point

Let S be a subset of R” and x € R”, not necessarily in S. Then z is said to be adherent
to S if for every r > 0 the n-ball B(x,r) contains at least one point of S.

The set of all adherent points of a set S is called the closure of S and is denoted by S.
Some points adhere to S because every ball contains points of S distinct from x and this
leads to the notion of accumulation point.

Definition 3.1.3: Accumulation or limit point

If A is a subset of R” and if x € R", then x is said to be a limit point or accumulation
point of A if every neighbourhood of z contains at least one point of A distinct from
x.

We say «x is an accumulation point of S if x adheres to S\ . Closed set can be alternatively
defined as

e A set is closed if and only if it contains all its adherent points.
e A set is closed if and only if S = S.

e A set A C R"is closed if and only if, it contains all its accumulation points.

The following Lemma brings out the relation between the closure of a set and the set of its
accumulation points.
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Lemma 3.1.4

Let A’ denote the set of all accumulation points of a set A in R", and A the set of all
adherent points of A. Then, A =AU A"

Proof. Let 1t € AUA'. Thenxz € Aorxz € A'. If x € A, then x € A. Since A C A. Now if
x € A’ then every neighbourhood of z intersects A (in a point different from z). Therefore
x € A

Conversely, if z € A. Then if z € A, then it immediately follows that x+ € AU A", If

x ¢ A, then every neighbourhood B(x,r) contains atleast one element of A, which implies
B(x,r)NA#0 = x € A'. Therefore z € AU A’ O

On the real line, closed sets are denoted by closed intervals [a, b] = {reR:a<x<b},
while in R? they are represented by closed disk {(xy,x5) : R? : 22 + 22 < r}.

Example 3.1.1.

Let A = (0,1] € R. Then 0 is the limit point of A and so is every point of [0,1] a limit
point of A.

Example 3.1.2.

Consider the set A ={1/n:n € Z*}, where Z" is the set of positive integers. The only
limit point of A is 0.

3.2 Topological properties of open and closed sets

1. Arbitrary intersection of open sets is not open. Finite intersection of open sets is open.
2. Arbitrary union of open sets is open.
3. Arbitrary union of closed sets is not closed. Finite union of closed sets is closed.

4. Arbitrary intersection of closed sets is closed.

Example 3.2.1. Counterexample to show that arbitrary intersection of open sets is
not open.

( 1 1>:{0}

n’'n

@5
I
D)

n=1

which is not an open set.

Example 3.2.2. Counterezample to show that arbitrary union of closed sets is not
closed.

which is not a closed set.



Proposition 3.2.1

The intersection of finite number of open sets is open.

Proof. Let Ay, ..., Ay be open sets in R". To show that A = NY, A; is open. Let z € A.
Then, x € A; for every i € {1,--- , N}. But A; is open and so there exists a neighbourhood
B(z,r;) € A;. Let r = min{ry,...,r}. Then, B(z,r) C B(x,r;) C A; for every i €
{1,...,N}. Hence, B(z,r) C NY,A; = A. Since x € A was arbitrary, the claim holds. [

Proposition 3.2.2

The union of any collection of open sets is open.
Proof. Suppose {S;} is a collection of open sets, indexed by i € I. Let S = U;c1S;. To show
S is open. Let x € S. Then x € S; for some i € I. But, S; is open, so 3 r > 0 such that

B(z,7r) CS; C UierS;. Since x € S was arbitrary, every point in S is an interior point. Thus,
S is open. O

Proposition 3.2.3

An arbitrary intersection of closed sets is closed and finite union of closed sets is closed.

Proof. Let {A;,i € I} be an arbitrary collection of closed sets. By De Morgan’s law (N;erA4;)¢ =
U;er A which is open, since arbitrary union of open sets is open. Thus, N;crA; is closed. Next,

to show the finite union of closed sets is closed. Let Ay, ..., Ay be closed sets, let A = UN | A;
To show A is closed. Consider (UN,A;)¢ = NN, A¢. Since, finite intersection of open sets is
open, NY A; is closed. O

Lemma 3.2.4

The closure of a set A C R" is the smallest closed set containing A.

Proof. The closure of the set is given by A = M;c;C;, where C; is closed and A C C;. Let H
be any closed set that contains A. Then H is an element of the family {C; : 7 € I'}. Thus
A CNe;C; € H. Since H was arbitrary closed set, the claim follows. O






LECTURE-A4

4.1 Boundary of a set, bounded and compact set

Definition 4.1.1: Boundary of a set S C R”

The boundary of a set S, denoted by S or bnd(S) is S = SN (R"\S).

Example 4.1.1.

S=uUx,1I,
[ = 1 ’1
2n+1 2n
11 11
{53 [5)
111
aS = {0757 ga 17
mullnso
= —n
n? iy
S =Su{0}
Example 4.1.2.
P=[23]CR
OP = PNR\P
P =23

R\P = (—00,2) U (3,00)
R\P = (—00,2] U [3,00)
OP = PNR\P = {2,3}

Example 4.1.3.
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0Q = QNR\Q
Q=R
R\@ = Set of irrationals
R\Q =R

0Q =RNR =R

Definition 4.1.2: Bounded set in R"

A set S C R™ in said to be bounded if it lies entirely within an n-ball B(a,r) for some
r > 0 and some a € R".

Example 4.1.4.
S =[0,1]. S is bounded.
Example 4.1.5.

P =(2,3). P in bounded.

The notion of closed and bounded sets leads to the definition of compact set. We first
need the definition of covering of a set. A collection F' of sets is said to be covering of a given
set S if S = UyerpA. The collection F' is also said to cover S. If F is a collection of open
sets, then F' is called an open covering of S.

Example 4.1.6.

Consider S = (0,1), then the set F = {(£,1 —1):n € Z™} is an open covering for S.
But no finite subcover covers S. Hence, the open interval (0,1) is not a compact set. the
non-compactness can also be deduced from the fact that (0,1) is an open set.

Definition 4.1.3: Heine-Borel

A set S in R” is said to be compact if and only if every open covering of S contains a
finite subcover that is, a finite subcollection which also covers S.

As an application of this theorem, we have that every closed and bounded set in R" is
compact.

Example 4.1.7.
S =1[2,3]. Is S compact. Yes.
Example 4.1.8.

P = (1,2). The subset P in not compact since it is not closed.
In R?, the closed-disk are compact. R in closed but not bounded.

Example 4.1.9. The collection, {(0,2 — 1) : k € ZT} is an open cover of (1,2) because
(1,2) c u2,(0,2 — %) Again, this open cover does not have a finite subcover.



It happens that in R", closed and bounded subsets are compact.

Example 4.1.10. A = [2,5] is a closed and bounded subset in R. Hence, it is compact.

Example 4.1.11. Let f(x) = ||z||. Then the set = {r € R": f(x) <c¢,c> 0} is compact.
The set ) is called the sub-level set of the function f.






LECTURE-5

5.1 Dense and Connected sets

Definition 5.1.1: Dense set
Let S ¢ R™ Then S is dense in R™ if S = R™.

Example 5.1.1.

The set of rationals @) are dense in R, that is Q = R. In other words, given x € R, then
for every r > 0 we have B(z,r) N Q # (. A more practical example of a dense set is the
following: This example uses the space of continuous functions on the closed interval [a, b],
denoted by C([a,b]). Let f € C([a,b]). Then for every e > 0 there exists a polynomial p such
that ||f — plle < €.

Example 5.1.2. Dyadic rationals
Numbers of the form &, m € Z,n € N are dense in R.
Example 5.1.3.
The set {sin(n) : n € N} is dense in [—1, 1]
Definition 5.1.2: Separated set

Let A, B C R" be non-empty sets. Then, A and B C R" are said to be separated if
both AN B and AN B are empty. That is,

NB=10
NB=40.

Example 5.1.4. Consider the following three cases involving open and closed sets.

It is clear from the above Table 5.1 a necessary condition for two sets to be separated is
that they are disjoint. For sufficiency, the two sets should not have in common their closure
points.
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SNo| A B |AnB|AnB|ANB Remark
1 0,1) | (2,3) 0 0 0 Separated
0,1] | (1,2) 0 0 {1} | Not separated
3 0,1] | [1,2) | {1} {1} {1} | Not separated

Table 5.1: Separable and not separable sets.

Definition 5.1.3: Connected set

A set S C R"™ is said to be connected if it cannot be written as the union of two
non-empty separated sets. That is, S # AU B, where A, B are separated.

Example 5.1.5.
The intervals (0,1), (=00, 00), [2, 3] are all connected sets.
Example 5.1.6.

Consider the continuous function f : [a,b] — R. The graph of the function G =
{(z, f(x)) € R? : x € [a,b]} is a connected set.

Example 5.1.7.

If subset A and B are not disjoint and connected, then their union is connected.



LECTURE-6

6.1 Supremum and Infimum of a set

Let A C R be a non-empty.

Definition 6.1.1: Upper Bound

Let S C R be non-empty. If there is a real number b such that z < bV z € S, then b
is called an upper bound for S. We say S is bounded above by b.

Certainly any number ¢ > b is an upper bound for S, but we are interested in the least
among the upper bounds.
Definition 6.1.2: Completeness Axiom for a Real line

Every non-empty subset of S of R that is bounded above has a least upper bound.
Similarly, every non-empty subset of S of R that is bounded below has a greatest lower
bound.

Definition 6.1.3: Supremum

Let S C R be non-empty and bounded above. A real number b is called a least upper
bound for S, denoted by b = sup(S), if it has the following properties:

e b is an upper bound for S.

e No number less than b is an upper bound for S.

Supremum of S is the least upper bound.

33



Definition 6.1.4: Infimum

Let S C R be non-empty and bounded below. A real number a is called a greatest
lower bound for S, denoted by a = inf(.9), if it has the following properties

e ¢ is a lower bound for S.

e No number greater than a is lower bound for S.

Infimum of S is the greatest lower bound.

Using the completeness axiom, it can proved that if a nonempty set is bounded above,
then its supremum exists. Similarly, if it is bounded below, its infimum exists.

Example 6.1.1.

Let A C B, then sup(B) is an upper bound for A. But sup(A) is the least upper bound
for A. Hence sup(A) < sup(B). Similarly, inf(A4) > inf(B).

Example 6.1.2.

Consider A = [0,1] , 1 is an upper bound for A. Infact any number greater than or equal

to 1 is an upper bound for A. But, we are interested in the “least” such bound. Thus,
sup(A) = 1 = max(A). Similarly, inf(A) = 0 = min(A).

Example 6.1.3.
Let A=(0,1). sup(A)=1¢ A. inf(A) =0¢ A

[ The infimum and supremum of a set need not belong to the set.

Example 6.1.4.
A = (—00,2). We have sup(A4) = 2. inf(A) = —o0

[ The given set has an upper bound but no lower bound. ]

Example 6.1.5.

B = (5,00). We have sup(B) = +o0, inf(B) =5

[ The given set has a lower bound but not an upper bound. ]

Example 6.1.6.
A=1{1,2,3}. sup(A4) =3, inf(A) = 1.



Example 6.1.7.

A={z:—-1<xz<3}. Wehave sup(A) =3, inf(4) = —1.
Example 6.1.8.

A =N. We have sup(A) = oo, inf(A4) = 1.
Example 6.1.9.

A={z: (22 + 1)V > 1} We have sup(A) = 1, inf(4) = —1.
Example 6.1.10.

A={z:2*>1}. We have sup(A) = oo, inf(A) = —oo.
Example 6.1.11.

Let A, B be non-empty bounded subsets of R. Then

sup(A U B) = max{sup(A),sup(B)}
inf(AU B) = min{inf(A),inf(B)}

Let + € AUB. Then x € A or x € B. This implies x < sup(A) or = < sup(B), that is
r < max{sup(A),sup(B)}. Conversely, A C AUB, and thus sup(A4) < sup(AUB). Similarly,
sup(B) < sup(A U B), that is, max{sup(A),sup(B)} < sup(A U B).

Example 6.1.12. What is supremum and infimum of an empty set?

We have sup(AUB) = max{sup(A),sup(B)}. Suppose B = (). Then sup(A) = max{sup(A),sup(?)}.

This requires sup()) = —oo. Similarly, inf(A U B) = min{inf(A),inf(B)}. Suppose B = {).
Then inf(A) = min{inf(A), inf(@)}. This requires inf(0)) = +oo.

Definition 6.1.5: e-interpretation of supremum and infimum of a
set

Let b = sup(S),a = inf(S). Then for every ¢ > 0. There exists z € S such that
x > b — e. Similarly, there exists y € S such that y < a +e.






LECTURE-7

7.1 Properties of Supremum and Infimum

Proposition 7.1.1

The supremum or infimum of a set A C R is unique if it exists. Moreover, if both
exists, then inf(A) < sup(A).

Proof. Let m and m’ be the sup(A). Then, m < m/, since m’ is the sup(A). Similarly,
m’ < m, since m is the sup(A4). Thus m = m’. The proof for infimum is along similar lines.

If both inf(A) and sup(A) exists = the set is non-empty. Choose x € A. Then,
inf(A) <z <sup(A). Since, z € A is arbitrary, the result follows, i.e, inf(A) < sup(4). O

7.1.1 Scaling of a set

Let A C R and ¢ € R. Then, cA = {cx : © € A}. For example, A = {1,2,3}, ¢ = 5. Then,
cA = {5,10,15}.

Proposition 7.1.2

If ¢ > 0, then sup(cA) = ¢ sup(A) and inf(cA) = c inf(A). If ¢ < 0, then sup(cA) =
cinf(A) and inf(cA) = ¢ sup(A).

Proof. The result is trivial for ¢ = 0. Consider, ¢ > 0, let b = sup(cA) and by = sup(A).
by = sup(cd) = cx < b Vre A = 2 < % ¢ >0 But bis the sup(A).

¢

Therefore, by = % or cby = by. Thus sup(cA) = ¢ sup(A). For ¢ < 0, as = sup(cA). Since,
ag =sup(cAd) = cv<ay Vo€ A = x> 2Vzec A Butinf(A) =2 or ay = cinf(A).
Therefore, sup(cA) = ¢ inf(A). O

Example 7.1.1.

A= {107 7,2,3},_/41 = {7,2,3},142 = {2,3},143 = {3} Observe that, A3 C Ay C A; C
A. We have, sup(A) = 10,sup(A;) = 7,sup(As) = 3,sup(A4s) = 3 and inf(A) = 2,inf(A4;) =
2,inf(As) = 2,inf(A3) = 3. We can thus conclude that:
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Proposition 7.1.3

Suppose A and B are non-empty subsets of R such that A C B. If sup(A) and sup(B)
exists then, sup(A) < sup(B) and inf(A) > inf(B).

Proof. We will show sup(A) < sup(B). Since, A C B, the supremum of B is also an upper
bound for the set A. Therefore, ¥V x € A, = < sup(B). Implies, sup(A) < sup(B). Next,
we show inf(A) > inf(B). If A ¢ B. Then, —A C —B where, —A = {—z:2 € A}.
From Proposition ?? we have sup(—A) < sup(—B) = —inf(A4) < —inf(B) or inf(A) >
inf(B). O

Proposition 7.1.4

Suppose A, B are non-empty sets of R such that + < y V2 € A,y € B. Then,
sup(A) < inf(B).

Proof. Fixy € B. Since, x <y V z € A. This implies, y is an upper bound for A. Therefore,
y > sup(A). sup(A) is a lower bound for B. But inf(B) is the greatest lower bound for B.
Hence, sup(A) < inf(B). O

Example 7.1.2.

A =1{1,3,4}, B = {5,7}. Then, sup(A) = 4 and sup(B) = 7. Therefore, sup(4) <
sup(B).

7.1.2 Set Addition and Set Subtraction

Let A, B C R be non-empty. Then, define set addition and set subtraction as follows.

A+B={z+yeR:z€ Ay B}
A-B={r—yeR:ze€Aye B}

Proposition 7.1.5
If A, B are nonempty sets, then

sup(A + B) =sup A+ sup B inf(A+ B) =inf A+ inf B
sup(A — B) =sup A —inf B inf(A— B) =inf A —sup B

Proof. The set A+ B is bounded from above if and only if A and B are bounded from above,
so sup(A + B) exists if and only if both sup A and sup B exist. In that case, if x € A and
y € B, then

r+y <supA+supB.



so sup A + sup B is an upper bound of A + B and therefore
sup(A+ B) < sup A+sup B

Conversely, let € > 0. Then there exists x € A and y € B such that

€ €
> A—— >sup B — =
T > sup 5 y > sup 5
It follows that
r+y>supA+supB —¢

for every e > 0, which implies that sup(A + B) > sup A + sup B. Thus, sup (A + B)
sup A + sup B.

Ol

We now move to the supremum and infimum of real-valued functions.

Definition 7.1.6: If f : A — R is a function, then
sup f = sup{f(x) : z € A}, ir}lff = inf{f(z): x € A}.
A

A function f is bounded from above on A if
sup, f is finite, bounded from below on A if
inf 4 f is finite, and bounded on A if both are
finite. Inequalities and operations on functions
are defined pointwise as usual; for example, if
fig: A— R, then f < g means that f(z) < g(z)
for every x € A, and f+g: A — R is defined by

(f +9)(x) = f(z) +g(x).

Proposition 7.1.7

Suppose that f,g: A — R and f < g. If g is bounded from above, then

sup f <supy,
A A

and if f is bounded from below, then

. <infal
1%ff_1gfg

Proof. If f < g and ¢ is bounded from above, then for every z € A

f(z) <g(x) < Sup g.



Thus f is bounded from above by sup 4 g. So, sup, f < sup, ¢. Similarly, g is bounded from
below by inf, f, so inf,4 g > inf4 f. Note that f < g does not imply that sup, f <infa g as
the following example shows. O

Example 7.1.3.
Define f,¢:[0,1] :— R by f(z) = 2x,9(z) =2z + 1. Then f < g and

supf =2, inf f=0, supg=3, infg=1.
[0,1] [0,1] [0,1] [0,1]

Thus, supy ;) f > infpy g.

Proposition 7.1.8

s

If f(z) < g(y) for all z,y € A, then sup(f) < inf(g).
A

Proof. We will prove by contradiction. Suppose igf (9) < sup(f). The there exists x € A s.t
A

i%f(g) < f(z) < sup(f). There also exits y € A s.t i%f(g) < g(y) < f(z) < sup(f). We are
A A

lead to ¢g(y) < f(z), a contradiction. O
Like limits, the supremum and infimum do not preserve strict inequalities in general.
Example 7.1.4.
Define f: [0,1] — R by

fz) =

z if0<ax<l
0 ifz=1

Then f < 1 on [0,1] but sup, f = 1. Next, we consider the supremum and infimum of
linear combinations of functions. Scalar multiplication by a positive constant multiplies the
inf or sup, while multiplication by a negative constant switches the inf and sup.

Proposition 7.1.9

Suppose that f: A — R is a bounded function and ¢ € R. If ¢ > 0, then
supcf =csup f, inf ¢f = cinf f
A A A

If ¢ <0, then
supcf =cinf f, infcf =csup f
A A A A

Proof. Apply Proposition 7.1.1 to the set {cf(z) : x € A} = ¢{f(z) : * € A}. For sums of
functions, we get an inequality. ]



Proposition 7.1.10

If f,g: A— R are bounded functions, then

sup(f +g) <sup f+supg, inf(f+g)>inff+infyg
A A A A A A

Proof. Since f(z) < sup, f and g(z) < sup, g for every x € [a, b], we have

f(z)+g(x) <sup f+supg
A A

Thus, f + ¢ is bounded from above by sup, f + sup,4 g, so sup,(f + g) < sup, f + sup, g.
The proof for the infimum is on similar lines. O

We may have strict inequality in Proposition 7 because f and g may take values close to
their suprema (or infima) at different points.

Example 7.1.5.
Define f,¢:[0,1] = R by f(z) = z,g(z) =1 — x. Then

sup f = sup g = sup(f +g) = 1,
[0,1] [0,1] [0,1]

Finally, we prove some inequalities that involve the absolute value.
Proposition 7.1.11

If f,g: A— R are bounded functions, then

e | o
inf f lgfg‘_sgp\f gl

supf—supg‘ <sup|f —yl,
A A A

Proof. Since f = f —g+gand f — g <|f — g, we get
sup f <sup(f —g) +supg <sup|f —g|+supg,
A A A A A

SO
sup f —sup g < sup |f — g].
A A A

Exchanging f and ¢ in this inequality, we get
supg — sup f < sup|f — g|
A A A

which implies that

sup f — Supg' <sup|f—gl
A A A




Replacing f by —f and g by —g in this inequality and using the identity sup (—f) = —inf f,
we get

inf —'f‘< —ql.
‘lgf lgg_sgplf gl

Proposition 7.1.12

If f,g: A— R are bounded functions such that

1f(x) = f(W)| < lg(w) —g(y)| forall v,y € A,
then

sup f —inf f <supg —infg.
A A A
Proof. The condition implies that for all z,y € A, we have

@) = fy) < lg(@) = 9(y)| = max|g(x), 9(y)] — minlg(z), 9(y)] < supg —infg
which implies that

sup{ f(z) — f(y) : v,y € A} < Supg — inf g.

From earlier Proposition
sup{ f(z) — f(y) : v,y € A} = sup f —inf f

So the result follows. O



LECTURE-S

8.1 Pre-image of a subset and inverse of a function

Definition 8.1.1: Pre-image of a set

Let f: X — Y be a function. Then the pre-image of a subset B C Y is the set
f'(B)={z€X: f(z) € B}.

The pre-image of a set is subset of the domain. If the function is surjective, then it is
non-empty; if the function is injective, then the pre-image of a singleton is a singleton or
empty. We next define the inverse of a function. It is again a map between sets.

Definition 8.1.2: Inverse of a function

Itisamap f~!:Y — X, defined as

f'(y) = {Unique element = € X st f(x)=y}.

The inverse of a function exists if and only if f is bijective. Equivalently, let f, g be two
injective functions. If (f o g)(z) = x and (go f)(y) =y, for all z € X and y € Y, then we
say f and ¢ are inverses of each other.

The preimage preserves set operations as seen through the following lemma

Lemma 8.1.3:
If f:S— T and V,W are subsets of T. Then

(VW) = V)0 I ).
(Vuw) = V) u ).
(D) =
(1) =

Example 8.1.1.
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Consider f : R — [0,00) defined as f(x) = x2. Then f has no inverse. However, if the
domain is restricted to [0,00), then f~! exists and is given by f~'(y) = \/¥.

Example 8.1.2.

Consider f : R — [0,00) defined as f(z) = a*,a € (0,1). It is easy to verify that f is
bijective. The inverse is given by f~1(y) = log, y

Definition 8.1.4: Composition of maps

Let f: A— B and g: B — C be two functions. Then, the composotion of g with f,
denoted by go f, is the map go f : A — C, and defined as (go f)(z) = g(f(z)) for all
x € A

It can be easily show that the composition of bijective functions is also bijective.

Proposition 8.1.5

The unit circle S is compact.

Proof. The proof involves by starting with an open cover for S! and then showing it has a
finite sub-cover. Consider the f: [0,1] — S' defined by f(¢) = (cos(27t),sin(27t)). Note
that f is continuous and surjective. Let U be an open cover for S'. That is, I is a collection

of open sets such that S' C |J Q.
Qeu
For each Q € U, the inverse image of @ under f, f~(Q), is open in [0,1]. This follows
from the continuity of f. The collection, |J f~!(Q) is an open cover for [0,1]. Since, [0, 1]
Qeu

is compact, it has a finite subcover, that is [0,1] C f~! |J (Q), where V is a finite collection
Qev
of sets from U.

Next, to show that every point in S* is in some Q € V. Let, x € S', then by the bijection
of f there exists y € [0, 1] such that f(y) = z. As, [0, 1] is covered by a finite number of open
sets, there must exists some @ € V such that y € f~1(Q) or f(y) € Q which implies x € Q.
Thus V is a finite sub cover of S and the claim that S! is compact holds. O



LECTURE-9

9.1 Cardinality of sets

The first thing that we learn as children is how to count. We need counting for our daily
survival and our everyday transactions depend on it. Let us now delve into investigating
what we are doing at a fundamental level when we count.

KXk (kY

C\O\S.SA Cl°\$3 B

Figure 9.2: Class strength

Let us take a simple instance. At the basic level counting is comparing the amount of
something between two different sets. For example, what do we mean when we say class A
has the same strength as class B? Everyone will agree that both the classes A and B have
the same strength. But how do we say that? We can see that every person in class A can be
associated to an unique person in class B. In short, we can create a pairing between members
of class A and class B so that every body in class A gets a unique pair from class B and
everybody from B, gets a unique pair from A as shown in Figure 9.3. So this is the secret of
saying that two sets of objects contain same amount of them. More precisely, what we are
doing is that we are framing a bijective function from Ato B, f: A— B, f': B— A, fis
a bijective funtion = f and f~! are functions.

f is a function < ensures everyone from A gets a single unique pair from B. f~!is a
function < ensures everyone from B gets a single unique pair from A.
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Figure 9.3: Counting scheme

So when we say two sets have the same number of objects, mathematically we have pro-
duced a bijective mapping between the two sets, a correspondence between every single
member of A and every single member of B. Now in mathematics, the set of objects we deal
with need not be finite in number. Instead of members from the class we may have the set
of all natural numbers as a set. However, this logic extends to arbitrary sets A and B, even
if you may not be physically able to count the members and compare them. With this we
define the cardinality of a set.

Definition 9.1.1: [Cardinality] Two sets A and B are said to be
equicardinal if there exists a bijective mapping
f: A— B.

Now let us define what we intutively do again most of the time. A set A is said to have
cardinality of NV for some natural number N if it is equicardinal with the set {1,2,3,..., N}.
Thus we say a set has six elements or cardinality 6 if it is equicardinal to the set {1,2,3,4,5,6}.
This is again something that we routinely do to compare two sets. To see if two sets A and B
are equicardinal, check if they are both equicardinal to the same set of the form{1,2,... M}
for some M. This follows from the result that:

Theorem 9.1.2: If two sets are equicardinal to another set, then
they are equicardinal to each other.

Proof. Given fac : A — C, fge : B — C are bijective maps. Using the fact that the
composition of two bijective functions is another bijective function, we have fap = fz&o fac
is a bijective map from A to B. m

Now, we define another notion. A set A is called finite if it is equicardinal to a set of the
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form {1,2,...,m} for some m € N. A set A is called infinite if it is not finite. An infinite set
is called countably infinte if it is equicardinal to the set of natural numbers, N. An infinite
set is called uncountably infinite if it is not countably infinite. So this is how mathematically
we define finite, countable and uncountable sets.

Example 9.1.1.

Natural numbers are countable. This is trivial as the identity function serves as a bijection
from N to N.

Example 9.1.2.

The set of even numbers are countable and hence equicardinal as N.
This may sound initially shocking that there are as many even numbers as much as there are
natural numbers but this is true if we accept the definition above of being equicardinal.
Note that this cannot happen in case of finite sets. A subset of a finite set cannot be
equicardinal to itself! But with infinite sets we have to get used to the fact that a subset of
an infinite set can be equicardinal to the given set itself as with the case of even numbers
and natural numbers.

Example 9.1.3.

Integers are countable and equicardinal to N.
Again this may sound surprising but it is true even if it appears that the integers are twice
in number as natural numbers as we have negative integers also! But again in infinite sets,
we have to let go of our intution and accept that a subset of a set can be of same cardinality
as the set itself. We use odd numbers to count 0,1,2,3,... using the map f(2n+1) =n. We

6] | L 3 L ¢ -
_ -2 = -

Figure 9.4: Counting scheme for the set of integers

use even numbers to count —1, -2, —3, ... using the map f(2n) = —n. The inverse is given
by f7}(n) =2n+1,n=0,1,2,...and f~'(-n) =2n,n = —1,—-2,-3,.... Hence, f: N — Z
is bijection.

We cannot get uncountable sets by taking countable union of a family of countable sets.
Let, A;,1 = 1,2,3,... be a family of disjoint sets. Then we claim that J;°, A; is still
countable.



Proposition 9.1.3

Countable union of disjoint countable sets is countable.

Proof. The proof uses Cantor’s diagonal argument as the counting scheme. Define S = U2, A;
and let a;; be the jth element of the ith set. Arrange them in the infinite array as shown.

Ay = a1 a1z a13 Q14 Q15 - -
Ay — ag1 aga g Az Qg5 . ..
As — asz aga ass asq ass . . .

Ay — Qg1 Qg2 Qg3 Qg Qg5 - .

If we cross out the first diagonal, we have mapped element 1. If we crossed out the second
diagonal, we have mapped elements 2 and 3. If we cross out the third diagonal, we have
mapped elements 4,5 and 6. At the nth diagonal, we have cross out n elements. Thus we
have, f(1) = a1, f(2) = a12, f(3) = ao1, f(4) = a3, f(5) = ag, f(6) = asi,.... The counting
scheme is given by the map f: N — S defined as follwos: f(1) = a1, if f(n) = a;;, then

air15-1 if 4,5 €N

9.1
Q1 i+ if ] —1 ¢ N. ( )

f(n+1) = {
Since we never run out of elements in N, eventually given any diagonal we have created a
map to every element in it, thus establishing the surjectivity. Since every element in S is one
of the diagonals, we have a one-to-one map. O

Example 9.1.4.

Rational numbers are countable: Now using this we can prove that rational numbers
are countable. It also may sound surprising as there appear much more rational numbers
than natural numbers as between any two rationals however small, there is always another
rational number and hence dense in the real line. Compared to the natural numbers that are
scattered here and there in the number line, rationals are dense and look like they fill the line
completely. But still cardinality says that there are as many rationals as there are natural
numbers. This is again due to a diagonal argument. Any rational number is of the form
given by p/q where p and ¢ are integers and hence they can also be arranged in an infinite
array with some gaps corresponding to leaving out fractions with common factors. We will
illustrate Cantor diagonalization method to show that the rationals are countable. Consider
the infinite array

+1/1 +2/1 +3/1 +4/1 45/1
+1/2 +2/2 +£3/2 +4/2 45/2
+1/3 +£2/3 +£3/3 +4/3 +5/3
+1/4 +2/4 +£3/4 +4/4 45/4



The infinite S array contains all the rationals. The first diagonal is just the element 0. Any
element a/b along the nth the diagonal satisfies a + b = n. For example take n = 4, the
possible way one can add up to 4 is (1,3),(2,2),(3,1). Every rational number is in some
diagonal. For example, the rational % is in the 2002th digonal. The length of the elements
in any diagonal is finite. The counting mechanism will involve going along diagonals 1,2, 3, . ..
and count all &% that are rational (skip any % with common factors). We then have the

following bijection f : N — S as follows:

So the rationals are densely packed in the line but they can be counted as well. Looks
like every set is countable. We cannot get uncountable sets by taking countable union of
countable sets. What can we do to generate an uncountable set from a countable set? More
generally given a set of some cardinality, how do we generate another set of higher cardinality?
Looks like there is an easy way. The power set of a given set cannot be equicardinal to the
given set. No set can use itself to enumerate its own power set. Recall that power set 2% of
a set X is the set of all subsets of X.

Theorem 9.1.4: There is no surjective map between X and 2%.

Proof. The proof by contradiction. We will assume 3 f: X — 2% is surjective and arrive at
a contradiction. Take an element x € X and return a subset of X containing some elements
of X. Define D={ae€ X :a¢ f(X)}.

For example, say X = {1,2}, then P(X) = {{1},{2},0, X}. Then suppose x = 1, and
f(1) = {2}. Then 1 ¢ f(1) = {2}. Thus the set D is well-defined. Clearly, D € P(X).
There are two cases for f(z) given x € X. We will show that f(z) ¢ D for all a € X.



Casel :ze€D = z ¢ f(x) = f(x)¢D.
Case2 : 2 ¢ D = z € f(x) = f(x)¢D.

Thus, for all z € X, f(x) ¢ D = fis not surjective. O

Theorem 9.1.5: Power set of Natural numbers is uncountable.

We think of rational numbers as normal and irrational numbers as weird, hence the re-
spective names. At first glance, there seems to be not much of a difference between rationals
and reals as any real number can be approximated as much precisely as we like by a rational
number. But the fact is still the irrationals are uncountable, because if they were countable
then the real numbers which is the union of rationals and irrationals would be countable as a
countable union of countable set is countable and we have assumed irrationals are countable
and have already established rationals as countable. So this says that irrational numbers are
much larger in number than rational numbers. It is time we get to know them better. Now
having proved that the power set of a set is not equicardinal to the original set and has to
be bigger in size we can produce a series of sets whose cardinalities are bigger and bigger as
follows: finite, N, 2, 2K QQR, .... In other words, there are infinitely many infinities.



LECTURE-10

10.1 Sequences in R

An infinite sequence z is a mapping X : N — R denoted by x(n) or z,, consisting of a non-
terminating collection of real numbers. We will focus on the sequence of real numbers. We
will denote a sequence by {z,}°°,. A sequence consists of elements {x1, 22, ..., %y, Tni1,.}

Example 10.1.1. A ={1,2,3,4}. This is not a sequence but a finite set.
Example 10.1.2. {z,}°,z, = 3n. Then z,, = {3,6,9,...}.
Example 10.1.3. {z,}° = {z5, zs,...}.

Example 10.1.4. {z,}, wherez, = (—2)*",n =1,2,.... Here, x, = {4,16,64,256,1024,...}.

Sequences can also be defined inductively or recursively.

Example 10.1.5. Fibonacci sequence: vy = 9 = 1, Tpy1 = Tp_1 + Tp,n > 2. x, =
{1,1,2,3,5,8,...}.

Objective

We are given a sequence, and we need to find what happens to the sequence as n becomes
very large. The limit of the sequence captures the notion.

Example 10.1.6. {z,},z, = "Tﬂ,n =1,2,3,...
T, =1{2,3,2 2 .}

) 99 39 49

The sequence looks like it is approaching 1 as n becomes very large. In fact, lim % = 1.
n—oo

Definition 10.1.1: Convergence of sequence

Let {z,} be a sequence of real numbers. We say that the sequence {z,} converges to
a real number x, or tends to x, and we denote by x = lim x,, or z,, — x if for every

n—oo
€ >0, thereisan Ny € Nsit |z, — x| <e Vn>N.

ol
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We say x is the limit of the sequence and say that the sequence {x,} is convergent if the
limit exists.

Definition 10.1.2: Divergent Sequence

A sequence {z,} diverges or is divergent if it does not converge to any number.

Example 10.1.7. {z,} =n. The sequence x,, is divergent.

Definition 10.1.3: Archimedian Property

Given x € R, dn € N such that n > x.

Proposition 10.1.4

Uniqueness of limit: A sequence {x,} € R can have atmost one limit.

Proof. Let x,, — x and also x,, — 2’. We need to show x = 2/. Given € > 0, since x,, — x,
dN, €Nst |z, —2x| < §Vn>N. Also, since x, = 2/, 3N, € Nst |z, —2'| < §Vn>
Ny. Now, |z — /| = |z, — 2’ —xp + 2| < |2 — 2|+ |2 —2| < 5§+ 5 =€V n >N, where

N2 max { N1, Na}. Since, € > 0 is arbitrary, z = 2’ ]

Example 10.1.8. {z,} = 2.

{z,} = {1, 35 3,...}. Claim x = 0 is the limit point. Let ¢ > 0 be given. We need to
come-up with Ny € N s.t |z, — x| = |x,| < €, ¥V n > Ny. This implies % <eVn>N;or
n > %Vnz Ny. Choose Ny > %

Thus, x, — 0.

Example 10.1.9. {z,},7, = -

T Vn
_ 11
fon} = {125 &5}
Claim x, — 0.
Given € > 0 we need to show the ezistence of an integer Ny s.t |x, — 0| < eV n > Ny. Now,

\/iﬁ <e = /n> % - n > 6% By Archimedian property such a number exists.
Take Ny = ’—eiz-‘ + 1, where [x] is the greatest integer function of x.

Example 10.1.10. {z,}, 7, = -

271
{z,} = {;,% L....}. Claim z, — 0. Given e > 0. 2in—O| < eV n>N,. What is this
integer Ny ¢
2%<e — 2">% — nln2>—lne = n>— . Choose Ny = maX{lJr(lfﬂ 1}

Definition 10.1.5

A sequence {z,} that converges to zero is called a null sequence.
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We have seen several equivalent definitions of the convergence of a sequence. They are
summarized in the following proposition.

Proposition 10.1.6

Let {z,,} be a sequence in R and let € R. The following statements are equivalent.
1. z, — .
2.Ve>0,3N, €Nst |z, —z|<eVn>N.
3.Ve>0, AN;eNst Vn>N, z—e<z,<z+e€

4. V engbd of x, denoted by B(x,¢), I Ny € Ns.t Vn > Ny, x, € B(z,e€).

Proposition 10.1.7

If {x,,} converges, then {z,} is bounded. A sequence is unbounded if it is not bounded.
Proof. A sequence {x,} is said to be bounded if there exists a number M > 0 such that
|z,| < MV neN. We are given z,, — x. Take ¢ = 1. Then, there exists N; € N such that

|z, — x| < 1 for all n > N;. Consider

|| = 20 — &+ 2| < | — 2| + |2 <1+ |z]

for all n > N;. We need to take care of the first Ny —1 terms x1, o, ..., xn, 1 of the sequence,
which is done by defining M = max{|z1|, |z2|,...,|zn,-1], 1 + |2|}. Thus |z,| < M for all
n € N. O

Example 10.1.11. {z,}, where z,, =2",n=1,2,..., x, = {2,4,8,16,...}.
The sequence is divergent. Proof by contradiction. Assume the sequence is convergent. Then
by Proposition 10.1 we have,

12" < M
2" < M
nlog2 < M
M

<
"= log 2

Contradicting Archimedian property. Hence, the given sequence {x,}, where x, = 2" n =
1,2,... is divergent.
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LECTURE-11

11.1 Limit Theorems

Proposition 11.1.1

(Linearity Property) Suppose z,, — = and y,, — y. Then, z, +y, — = + v.

Proof. Since, x, — x. Given ¢ > 0,3 N; € N st [z, —2| < § V n > N;. Similarly,
lyn —yl <5 V n > N, where N, € N. Consider

| + Y — x+y| < |z0 — 2| + |yn — Y

E+£:e, ‘v’anaX{N17N2}‘

<
2 2

Note: If z, = x and v, — y. Then, ax, + By, — ax+ Py V o, € R.

Proposition 11.1.2

Let x,, — = and y,, — y. Then, (z,y,) = (zy).

Proof. Note that {z,y,} is a new sequence formed using x,, and y,,. Since z,, — x, fix ¢ > 0.
Then there exists N7 € N such that |z, — 2| < €;. Similarly, there exists Ny € N such that
|yn, — y| < €1. Consider

< &nYn — Tyl + [0y — 2y
< |zal lyn — yl + Y] |20 — 2|

Since {x,} is convergent — I M >0s.t |z,| <M V n € Nand y € R.

ST — 2yl < My, — yl + |yl|z, — 2|

M M

B T T
—— A
YV n>N1 V n>Ny

95
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Choose M; = max{M, |y|}. Then,

M M
|[Znyn — 2yl < ;1 + 2161 = Mye; ¥V n > max{Ny, No}
Define ¢; < a7+ Then, |z — xy| < € ¥ n > max{Ny, Na}. O

Proposition 11.1.3

(Quotient Rule) If z, = 2 & y, =y s.t y, # 0V n & y#0. Then, (32) = ().

< |8

Note: We will prove an equivalent result. If v, — vy,y, # 0V n & y # 0. Then,
o) = ()
Proof. Given € > 0. To show that there exists N; € N such that |— — —| <eVn>N.

Consider |- 1 1] = e | = Ln=vl \We first need to show ——  is bounded. We know y, — v,
Yyn yllynl - |

SO we can ﬁx € = |g—‘ such that there 3 Ny € N s.t |y, — v S \gl for all n > Ny. Using the
reverse triangle inequality |y, — y| > |y| — |ya| or

Ynl = |yl — [yn — ¥l
lyl _ Iyl
> |yl — =
2 2
12
Un

Thus ‘y—lﬂ is bounded. Again, since y, — ¥y, so we can fix €5 such that there 3 N3 € N s.t
|y — y| < €9 for all n > Nj.

Consider
11 o 9
R (Y — )| <ol
Yn Y [yl 1yn] |l
Choose €3 = €|y|?/2. Then K‘y’ﬁ Dl < ¢V n > max{N,, Ns}. O

Example 11.1.1. Find lim 3n-—2

2
n—o0 +

It is of the form {z—:} where x,, = 3n* — 2&y, = n* + n.

-2 . 3-3%

lim = lim 5
_3
1

Proposition 11.1.4

If x, > xand x,, >0V n €N, then z > 0.



(@)
\]

Proof. By Contradiction.
Suppose £ < 0 = —x > 0. Given —z > 0 (treat it as epsilon), 3 N; € N s.t

T, — x| <e=—x ¥V n>N
— T, T < —T
= , <—x+x=0

or x, <0

A contradiction. Hence, proved. n

Proposition 11.1.5

If {x,} and {y,} are convergent sequences and if z,, <y, V n, then limz, <limy,.

Proof. Define z, = vy, — x,. Vn € N we have 2, > 0

= lim 2, >0
n—o0o
— lim y, — lim x, >0
n—oo n—oo
— lim y, > lim x,
n—ro0 n—o0
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LECTURE-12

12.1 Monotonic sequences

Proposition 12.1.1

Suppose lim x, = x then lim |z,| = |z|.
n—oo n—oo

Proof. We will use the inequality ||a| — [b]| < |a —b|. Given € > 0, since x,, — x, there exists
N; € Ns.t |z, — 2| <€ forall n > Ny. Consider

||zn| — |2]] < |zn — 2| <€ ¥ n > Nj.

Proposition 12.1.2

Suppose z, — = and z,, > 0 then lim /7, = /.

n—oo

Proof. We have two cases:
Case 1: = = 0. Given that z,, — 0. Let € > 0, there exists N; € N s.t. |z, — 0] < € for all
n > N;. Consider

|z,| < €
z, >0
T, < €
T, <€
VT, — 0| <eVn>N, = lim /z, =+v0=0.

n—oo

Case 2: = > 0. Since, x, — =z, Fix ¢, < €y/x. Then there exists Ny € N such that
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|z, — x| < €,Vn > N,. Consider,

= (Ve = V) (Ve £ V7)
V= V| = [P
_ ) Enza)
VEa Ve
|xn_$|
Nz
<ea/Ve

<€,anN2.

<

Monotonic sequences

Let {z,} C R is a sequence. Then we say, {x,} is

1.

2.

8.
9.

Bounded above if there exists M € R such that z,, < M V n € N.

Bounded below, if there exists m € R such that m <z, Vn € N.

. Bounded if it is bounded above and below.

Monotonically increasing if x, < x,41 < Tpio... Vn € N.

Strictly increasing if x, < p11 < Tpio... Vn €N

. Monotonically decreasing if x,, > ;11 > Tpio... Vn € N.

Strictly decreasing if x,, > x, 11 > Tpyo... VN € N.
Strictly monotonic if it is strictly increasing or strictly decreasing.

Alternating, if it changes it sign alternatively.

Example 12.1.1. {1/n} ={1,1/2,1/3...}. Strictly decreasing and bounded.

Example 12.1.2. {n} ={1,2,...}. Strictly increasing and bounded below.

Example 12.1.3. {(—1)""'} ={1,-2,3,—4...}. Neither increasing, nor decreasing. It is
unbounded.

Example 12.1.4. {(—1)"/n} ={—1,1/2,—1/3,...}. Neither increasing nor decreasing. It
is bounded.

Example 12.1.5. {n'/"} = {1,2Y/2 313 ..}, Not monotonic. Tail is strictly decreasing.
Look after n > 4. We say the sequence is eventually decreasing. Bounded above and below.
In fact, the sequence is converging to 1.



Theorem 12.1.3: (Monotone Convergence Theorem) Every in-
creasing sequence that is bounded above con-
verges. Also, every decreasing sequence that is
bounded below converges.

Proof. Given {a,}
1. {a,} is bounded above.

2. It is increasing.

A ={a, € R:n e N}. A is non-empty and bounded above. By Completeness Axiom of the
real line, sup(A) exists. Let a = sup(A). Given ¢ > 0 3 N; € Ns.t ay, > a —e. We know
{a,} is an increasing sequence

a—e<an, <ap,<a<a+eVn>N
= a—€ec<a, <a-+te
= |a, —a| <eVn>DN.

The proof for decreasing sequence is along similar lines. m

Example 12.1.6. {a,}, a, = ;157. {an} = {3.2,2,.. .} {an} is an increasing sequence and

bounded above by 1. . a, — a for some a € R by MCT (Monotone Convergence Theorem,).

Example 12.1.7. {a,}, a, = 1++. {a,} ={2,3,5,...}. {an} is a decreasing sequence and

bounded below by 1. . a, — a for some a € R by MCT (Monotone Convergence Theorem,).

Example 12.1.8. {a,}, a, = 1V n € N. It is both increasing and decreasing sequence
a1 = as = az = .... It is both bounded above and below by 1. .. a, — a for some a € R by
MCT (Monotone Convergence Theorem). Here a = 1.

[ Equivalent result ]

A monotonic sequence converges if and only if it is bounded.

Question: Does a bounded sequence converge?
Answer: No, a counterexample is as follows.

Example 12.1.9. {a,}={1,-1,1,—-1,...}
It 1s bounded but oscillating.

Example 12.1.10. Suppose the sequence {a,} satisfies 0 < a, < 1, a,(1 —an11) > 411 for all
n € N. Establish the convergence of the same and find the limit. Using AM-GM inequality,
we have

an + (1 — ans1) >

5 > Va, + (1= apg1) > 1/2

Qp — Apyq > 0
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This implies that the sequence is decreasing and it is bounded. By MCT, the sequence con-
verges to a limit a. The limit is obtained by solving the quadratic 4a®> — 4a + 1 = 0 which
yields a = %

Example 12.1.11. Show that the sequence {a,} = 5%, n > 1 is strictly decreasing and find
the limat.

Proof. a1 = %,ag = %,ag = g,.... We have az < as. Assume a, < a,_; which implies
n 2(n—1) : _ ntl _ a 1 an—1 1 1
or < =5 Consider a,11 = 5257 = @ + 5omr < 5 + 5aar = @n — 5a-1 < Gp. Thus, by

induction we have established that {a,} is a strictly decreasing sequence. Since the sequence
is decreasing and bounded below, by MCT, it has a limit point, say a.

Next, a1 = (”J;% For large n, we have a = (";L—l)a which implies na = a for all n. Hence,
a=0. O

n



LECTURE-13

13.1 The Squeeze/Sandwhich Rule

Theorem 13.1.1: The Sandwhich/Squeeze Theorem

Let {a,}, {bn}, {cn} be the three sequences in R such that a, < b, < ¢, Vn > N; and
for some N; € N.

1. Ifa, - L & ¢, — L, then b,, — L.

2. If b, — oo, then ¢, —
3. IF ¢, — —o0, then b, — —o0.
Proof. Let € > 0 be given. Since a,, - L 3 Ny € N st |a, — L| < € ¥V n > N,. Since

¢n — L 3 N3eNst|e,— L <eVn>Ns. Since a, < b, <¢,Vn>N;

L—e<a,<b,<c¢,<L+eV n>max{N, Ny, N3}
— L—e<b,<L+e
= b, — L.

Corollary 13.1.2

If {¢,} is a null sequence of nonnegative real numbers, and |b,| < ¢, V n > N. Then
{b,} is a null sequence.

Example 13.1.1. ¢, ={-+}
Cp 1S

1. non-negative.

2. null sequence i.e, ¢, — 0.
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Consider {b }
<

By Corollary 15.1, b, — 0.
Ifa, -0& |b,— L <a,Vn>N. Then, b, — L.

Example 13.1.2. {a,} = cosinz)
Ll gcos(n?) oL

Both —% and_% are null sequences. By Squeeze Theorem 13.1, a,, — 0.

13.2 Subsequences

It is an infinite ordered subset of a sequence. Let {a,} be a sequence in R. Let {ng}r>1 be a
strictly increasing sequence of positive integers. The integers {n;} are called the subsequence
indices. Then the sequence {ay, }x>1 is called a subsequence of {a, },>1.

Example 13.2.1. {a,} = {a1, a2, a3, a4,as,as, ...}

{bn} = {as,a4,a7,a100,...}. Then {b,} is a subsequence of {a,}. It can also be written as
{an, }, where ny = 2,ny =4,n3 = 7,ny = 100 and note ny < ngy < nz < nyg < ... 1s strictly
mereasing.

Example 13.2.2. Let {a,} sequence. The sequence {argi1}tr>1 = {as, a5, a2z, ...} is sub-
sequence. Here ny = 8,ny = 15, n3 = 22 which is an increasing sequence of positive integers.
Thus {a7p11} is a subsequence.

Example 13.2.3. Let {a,} = {a1,a2,a3,a4,...}. Define {b,,} = {as,as,ay,ar,...}, not a
subsequence.

Observations

1. Can we say that every subsequences of a convergent sequence must converge and con-
verge to the same limit?

2. Every sequence is a subsequence of itself?

3. If a sequence has convergent subsequences whose limits are different, what can we say
about the sequence {a,}?
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Define {a,} = (—1)" — not a convergent sequence. i.e, {a,} = {-1,1,-1,1,—1,...}.
Define subsequences

as, = {1,1,1,1,..} > 1
Qg1 = {—1,-1,—-1,-1,..} = -1

Both the subsequences converge, but to different limits. Subsequences can be conver-
gent but need not converge to the same limit.

Subsequential limits

Subseqential limits: Let {a,} be a sequence. A subsequential limit is any real number or
symbol +oo & — oo that is the limit of some subsequence {a,, } of {a,}.

Example 13.2.4. Consider a, = 1+ (=1)". The subsequence {ag}r>1 = 1+ (=1)%* =
{2,2,2,2,...} — 2 and the subsequence {as,—1}r>1 = {0,0,0,0,...} — 0. The subsequential
limits are {0,2}.

Example 13.2.5. = Consider a, = {n(—1)"}. It is clear that +o0 & — oo are the subse-

quential limits of the sequence {a,}.

If a sequence {a,} converges, what can we say about all its subsequences?

Invariance property of subsequences.

Proposition 13.2.1

If {a,} converges, then every subsequence {a,, } of it converges. Also, if a,, — 400,
then a,r, — +oc.

Proof. We prove the first part. Let {a,,} be a subsequence of {a,}. Given a, — a. Given
e >0,3 N € Nst|a, —al <eV n> N;. Toshow |a, —a|] < e Choose k > N =
n, > N; and

la,, —al <€V ng > Ny

Corollary 13.2.2

The sequence {a,} is divergent if it has convergent subsequence with different subse-
quential limits. Also, {a,} is divergent if it has a subsequence that tends to 4+o0o or
has a subsequence that tends to —oo.



Example 13.2.6.

k=1
CL1:1
1
a2:1+§
1+1+1
Aa = — —
’ 23
NI
M=rTo T3y
1
ap=1+>+...+—
n
Clearly
1. a, >0V n

2. strictly increasing

We will show that the sequence diverges by showing that a subsequence {an,} of {a,} is
unbounded.

21
N
2 Z;k

1

as =1+ 3 (2nd element of {a,})
1 1 1

ag =1+ 5 + 3 + 1 (4th element of {a,})
1 1

a8:1+§+...+§ (8th element of {a,})

{a‘n} = a1, ag, as, 44, as, g, G7, Aag, Ag, . . .

e b = nt= b1, by, by ,...
{ak} {a2} 1 2 3

az ay asg
O ELEL LI
CLQgn = -4+ -4+, =t A+ ...+ =
2 23 45 8 1+ 2n-1 2
——
b1
~—_———
b2

N J/
-~

b3




IS,

1
1

1
R
oty st

1
=1+5(1+1+1..)
—_———

n terms

=1+ g <+— unbounded

s agn } is unbounded which further implies {asn} diverges. This implies {a,} also diverges.






LECTURE-14

14.1 Bolzano-Weierstrass Theorem

Theorem 14.1.1: Bolzano-Weierstrass Theorem

Every bounded sequence of real numbers has a convergent subsequence. In other words,
if {a,,} is a bounded sequence, i.e |a,| < M Vn € N and some M > 0, then there exists
a number, a € [-M, M] and a subsequence {a,, } such that a,, — a.

The outline of the proof is:
i. It uses the fact that every sequence in R has a monotonic subsequence.

ii. Invoke monotone convergence theorem (MCT) to the subsequence.
The following Theorem is useful in finding the limit point.

Theorem 14.1.2: If a sequence converges, then the limit must
be the least upper bound of the sequence. As a
consequence, if the given sequence converges to
a, then the limit must satisfy a,.; = f(a,) and

a= f(a).

Example 14.1.1. Consider, {a,} defined by: a1 = 1l,ap41 = V2+ap,n > 1. a, =
{1,v/3,vV/2++/3,...}. Note a, >0. We neat claim, {a,} is increasing by induction. True
for ag > ay. Assume it is true for a, < a,iq1. To show that a, o > apy1 ¥V n € N. Since,
Uni1 > an V' € No apyo = 2+ apy1 > any1 ¥V n € N Therefore {a,} is monotonically
increasing sequence. Let a be the limit of the sequence, then, a = /2 +a,a*> =2 +a —
a=2,—1. The root —1 is ruled out. Hence, a = 2.

Let, {a,} be a convergent, say a, — a. The difference between a,, and a is small for very
large N € N. This also implies that the difference between a,, and a,, for very large m,n € N
is also small. Give, € > 0, then there exists m,n € N such that, |a, —a| < €/2, |a,, —a| < €/2
which implies = |a,, — a,| = |am — a + a — a,)|
< lam — a| + |a — a,| < €/2+ €/2 = e. This leads to the notion of Cauchy sequence.
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Definition 14.1.3: Cauchy sequence

A sequence, {a,} is called a Cauchy sequence, if for every e > 0, there is a positive
integer N € N such that for all m,n > N, it follows that |z, — z,,| < €.

Example 14.1.2. a, = {1/n} is Cauchy.
11/m—1/n| <1/m <e€ forallm> [1] +1.

Example 14.1.3. a, =1/n
a, ={1,1/2,1/3,1/4...} — decreasing.
As we go closer to the limit point, the terms of the sequence are close to each other.

What can we say if a sequence is convergent?

Proposition 14.1.4

Every convergent sequence is Cauchy.

Proof. Given, ¢ > 0, 3 N € N, such that |a, —a| < €¢/2 V n > N. For m,n > N,
lan — am| = |an —a+a— an| < la, —al + |a, —al < €/2+€/2 =e. O

Proposition 14.1.5

Every Cauchy sequence is bounded.

Proof. Let, {x,} be Cauchy. Since {x,} is Cauchy, fix ¢ = 1. Then there exists N; € N such
that, Vn,m > Ny, |z, — x| < e = 1. Consider, |z,| = |z, — Tpm + | < |p — 2| + 2] <
1+ |xm|. Take m = Ny. Then, |z,| <1+ |zy,|. O

Completeness criterion for a sequence

Theorem 14.1.6: A sequence in R is convergent if and only if it
is a Cauchy sequence.

Proof. Assume, {a,} C R is Cauchy. To show, {a,} is convergent. Let ¢ > 0. Since {a,} is
Cauchy, there 3 N € N such that V¥V n,m > N, l|a, — a,,| < €/2. Also {a,} is bounded. By
BWT, {a,} has a convergent subsequence. That is, there exists a subsequence {ay, } of {a,}
such that, {a,, } — a € R. Then, 3 K € N such that, |a,, —a| <€/2V k> K. Let m = n.
Then, |a, — an, | < €/2V n >n, > N. Choose, k large such that £ > K and n; > N. Then,
la, —al = |an, — an, + an, —a| <la, —an, |+ |an, —a| <€/24+€/2=€eVn>N. O

Caution: This result is not necessarily true if the space is non-Euclidean.



LECTURE-15

15.1 Limit superior and limit inferior
Consider a sequence in R, say {a,}.Then for each k € N, let

My = sup{ay,as, ...}

My, = sup{ag, ags1, ...}
= sup{a, : n > k}.

Observe that, My > M., that is, {My} is a decreasing sequence. {M} = +oo if the
sequence is not bounded above. Define,

my = inf{ay, as,...,}
my, = inf{ax, ags1, ...}
= inf{a, : n > k}.

Since my, < myyq i.e {my} is an increasing sequence, the sequence {my} = —oo if the
sequence is not bounded below.

Example 15.1.1. Consider the sequence A = {—1,5,2,-3,4,1,...}. Then, M; =5, My =
5,Mz = 4, My =4, M5 =4, Mg =1 = M, = .... Thus {M} = {5,5,4,4,4,1,1,...} is a
decreasing sequence.

Similarly, m; = inf{—1,5,2,-3,4,1,...} = —1,mg = =3, mg = —3,my = 1,ms = 4. Thus
{mi} = {-1,-3,-3,1,1,1...}, an increasing sequence. Thus, m; < mg < ...mpy; <
M1 < My... < My < My. We have, { My} is a decreasing sequence in R and {my} as an
increasing sequence in R. Since, {My} and {my} are monotonic,

M = klim M,
v . . o
—_— k,hm - exists (proper and improper limit).
—00

A Proper limit means that the limit is in R. An Improper limit means that the limit is
+00 or —o0.

71
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M is called the limit superior of {a,} and m is called the limit inferior of {a,}.

M = limsupa,
n—oo

m = liminf a,,

n—s00
M = +o0 if {a,} is not bounded above.
M= —xif lim a, = —©

n—s00
m = —oo if {a,} is not bounded below.
m = +oo if nli_}r&% = +400.

1
Example 15.1.2. Let {a,} = {—}
n

S M = lim My = 0. Similarly,
k—o0

my = inf{1/k,1/k+1,...} =0

s.m = lim my = 0. In this case, limsup a,, = liminf a,, = 0.
k—o00 n—00 n—00

Theorem 15.1.1

For any sequence of real numbers, {a,}, we have lim a, = a if and only if
n—oo

lim sup a,, = liminf a,, = a.
n—o00 n—00

Example 15.1.3. Let

n, n is even
a, =

1
—, n is odd
n



k—00

1 1 1
n — 1727_747_767_7"'
n=1123,4567.}

n—o0

It is easy to see that My = oo and thus M = oo, while m = 0. Therefore limsup a,, = oo and
liminfa, = 0. Therefore, {a,} does not converge (the sequence diverges)

n—oo

Equivalent interpretation of Limsup and Liminf

limsupa, = hm M, = inf sup a,,

n—r00 —0 k21 p>g
liminf a, = hm my, = sup inf a,.
n—oo

k>1 n>k

—1)"
Example 15.1.4. {z,}, z, = =

n

B (_1)k (_1)k+1 (_1)k+2
Mk_s“p{ E R+l k2 }
(=" —(=D*
Sup{ kO k1l }
1 .
:{ k——|—17 ]C'LS Odd
1
k

k s odd

k+1

(G55
{ ’ k+1""}

{ —1, k is odd
"y

A k s odd

my, = inf

lim my =0 = {x,} converges with limit equal to zero
—00
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1
Example 15.1.5. Consider {a,}, a, = (—1)”n il
n
3 —4 5 3
My=swp{ =255 e = 3
3 —4 5 3
My =sup{ 5, =5
—4 5 5
Mgzsup{?,z—l,...}zz
5 — 5
My = SUP{Za 5 } =1
k+1 1
My=""0 g4 o
ST T
3 -4 5 —6
P T
mq m 727 3747 57
. 3 —4 5 —4
mg—mf{—,—,_,,,}:_
2734 3
k+1

M= lim M, =1, m= lim m; = —1
k—o0 k—o0

Let us see what is the supremum and infinum of {a,}.

DN o

infnzlan = —2.

Here, lim sup a,, and sup(a,) are not be confused as same. Similarly lim inf a,, and inf(a,).
n—o0 n—00

The plot of a,, is shown in Figure 15.5.



5
? ® o (
0 5 10
° ° |
]
--5

Figure 15.5: Ex. a, = (—1)”’%1: Even though the sequence is not converging, the limsup

and liminf exists

We end this lecture with a very useful interpretation of limsup and liminf.



Proposition 15.1.2

Suppose {a,} C R with L = lim sup a, and [ = lim inf a,. Then for every ¢ > 0

n—oo n—00

there exists integers N7 and N,y such that

a, — L <¢€ forall n>N;
a, — L > —e for infintely many n > N;

and

an — 1 > —€ forall n> Ny
a, — | < e for infintely many n > N,

Proof. We have L = hm M. Given € > 0 there exists integer Ny s.t |[My — L| < e for all
k > Nj. In other WOI"dSL—€< M, < L+ ¢€or

ar < sup{ag,agi1,...} =My < L+e¢

for all k& > N;. Since {My} is decreasing sequence, L < sup M. In particular, L <
k>1

sup{ay,as,...}. By definition of sup, there exists ny such that a,, > M; —e¢ > L — e.
Taking £ = n, we obtain that L < M,,,. So, there exists ny such that a,, > M,, —€ > L —e¢.
Proceeding indefinitely, we obtain integers ny < ng < ng---ng < --- such that a,, > L —¢
for all k € N. We have [ = hm my. Given € > 0 there exists 1nteger Ny s.t |my — 1| < e for

all £ > N,. Inotherwordsl—e<mk<l+eor
ap > inf{ag, agi1,...} =mp <l+e

for all k > Ns. Since {my} is increasing sequence, | > gfl my. In particular, [ > inf{ay, as,...}.

By definition of inf, there exists ny such that a,, < mi+e<l+e. Taking k& = n; we obtain
that [ > m,,,. So, there exists ny such that a,, < m,, + € < [+ €. Proceeding indefinitely,
we obtain integers ny < ng < ng---ny < --- such that a,, <! —efor all kK € N. O



LECTURE-16

16.1 Arithmetic on the Extended Real Line

We work with the extended real line

R=RU{—00,+00}.

Basic conventions

a+ (+00) = 400, a+ (—o0) = —oo forall a € R, a # —o0, 400,
(+00) + (+00) = +00,  (—00) + (—00) = —o0.

Undefined sums:
(+00) + (—o0) is left undefined.

Multiplication
For a € R,a # O:

+oo ifa >0,

—o0 ifa <0, a-(-o0) =

—oo if a >0,
+o00 ifa < 0.

a-(+o0) = {
(+00) - (+00) = 400, (—00):(—00) =400, (400):(—00) = —00.

Undefined products:
0-(£o0) are left undefined.

Order

The order extends naturally:
—00 < a < +oo forall aeR.

7
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16.2 Some more results on limsup and liminf

Example 16.2.1.

Let {a,} and {b,} be sequences in R. Then

limsup(a, + b,) < limsupa,, + + limsup b,

n—oo n—o0 n—oo

provided the RHS is not of the form oo — co.

Proof. Define

gr = sup{ax, agy1, ...}
hi = sup{bg, bxt1, ...}
Pk = sup{(ak + bk), (ak+1 + bk+1), .. }

By definition a,, < g and b, < hy, for all n > k. Thus a, + b, < gx + hx ¥V n > k. Taking
sup on the LHS gives

sup(an, +b,) =pr < g +hi V> k.
n>k

As this holds for all k, letting k — oo gives
lim pg < lim (g + hg) = lim g + lim hy
k—soo k—o0 k—o0 k—o0

limsup(a, + b,) < limsup a,, + limsup b,

n—o0 n—oo n—o0

Example 16.2.2. Give an example where limsup(a,, + b,) < limsup a,, + limsup b,
n— 00 n— 00 n—00

Proof. Let a,, = (—1)", b, = (=1)""'. Then sup(a,) = 1,sup(b,) = 1, while sup(a, + b,) =
0. [
Example 16.2.3. Show that liminf(—a,) = — limsup a,

n—00 n—o00

Proof. We have lim inf(a,,) = sup inf (a;). Consider

n—00 n>1 k>n

lim inf(—a,) = sup inf (—ay) = sup(—sup(ax)) = — inf sup(ax) = — limsup(a,,)
n—00 n>1k2>n n>1 k>n n21 g>n n—00

O

Example 16.2.4. Let a, be a sequence s.t liminf(a,) = L. Then for any convergent subse-
n—oo

quence p, of a,, we have lim p, > L.
n—oo
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Proof. We have liminf(a,) = L = sup énf(ak) = sup z,, where z, = énf(ak) Given € >
n—o0 n>1 n>1 zn

0,3N eNstz,>L—¢e ¥Vn> N. This implies 1nf(ak)>L—e V' n > N, which further
implies a, > L —e¢ Vn > N. Nowpk—snk>L—e Vks.tnkZN. Thus

L—e<pyg
L — e <liminf py = lim p, = p.
k—o00 k—00

Since € > 0 is arbitrary, L < p. O]

Example 16.2.5. Let a,, be a sequence and S be the set of all subsequential limit points of
an. Then liminf(a,) = inf(S).
n—oo

Proof. Let liminf(a,) = L. Then, by earlier example, for any convergent subsequence {c,}
n—00
of {a,}, we have lim ¢, > L. Taking infimum over all subsequential limits we get
n—00

inf(S) > liminf(a,). (16.2)

n—oo
Deﬁne pr = inf{a, : n > k}. Then, there exists a subsequence {a,, } of {a,} s.t pr < a,, <
Pet+ E z- By squeeze theorem, the subsequence a,, converges to khm pr. This means the limit
—00

infimum of our sequence a,, is the limit for some convergent subsequence. That is, the limit
infimum is a part of the set S. This gives

lim inf(a,) > inf(S) (16.3)
n—oo
From (16.2)-(16.3), we get the equality. O

Example 16.2.6. Show that a sequence s, converges to a limit L if and only if iminf(s,) =
n—oo

limsup(a,) = L.

n—oo

Proof. Let lim mf(sn) = limsup(s,) = L. Let a, = ]1r>1f Sk, b, = sup s. Then for any n we
n— n—00 zn k>n

have a, < s, <b,. Letting n — oo, L < s, < L. By squeeze Theorem, s, — L.

Conversely, let s,, — L. This implies that every subsequence of s,, also converges to L. That
is the set of all subsequential limits of s, is L, that is {S} = L. From previous examples,
limsup s, = sup(S) = L = inf(5) = liminf s,,. O

n—oo n—o0

Proposition 16.2.1

Least upperbound property

Let {a,} be a sequence in R. Let A = sup{a, : n > 1} € RU {oc} U{—o0}. Let
M € RU{oo} U{—0o0} be an upper bound for {a,}. Further, let B € RU{oo}U{—00} such
that B < A. Then

n < Aforalln>1.



e A<M

e There exists atleast one n > 1 for which B < q,, < A.

Proposition 16.2.2

Greatest lower bound property

Let {a,} be a sequence in R. Let A = inf{a, : n > 1} € RU {oo} U {—o0}. Let
M € RU {oo} U{—00} be a lower bound for {a,}. Further, let B € RU {oco} U{—o0} such
that B > A. Then

e q, > Aforalln>1.
e A>M

e There exists atleast one n > 1 for which B > q,, > A.

Theorem 16.2.3
Let {a,} be a sequence of real numbers.

e For every limsup(a,) < a, there exists an N > 1 such that a, < a for all n > N.

n—o0
In other words, for every limsup(a,) < a, the elements of the sequence {a,} are
n—o0

eventually less than a. Similarly, for every liminf(a,) > [, there exists an N > 1
n—oQ

such that a,, > L for all n > N.

e For every limsup(a,) > a, and every N > 1, there exists an n > N such that
n—ro0
a, > a. In other words for every limsup(a,) > a, the elements of the sequence
n—0o0

{a,} exceed a infintely often. Similarly, for every lim inf(a,) < [ and every N > 1,
n—o0

there exists an n > N such that a, <.

Proof. 1. limsup(a,) < a.

n—oo
We have
limsup(a,) < a

n—oo

inf supax < a

n21p>p
inf zy < a, where zy = sup a;.
N21 k>N

{zn} is a non-increasing sequence. We have ]{[n>f1 zy < a. By GLB property, there exists

atleast one N > 1 s.t zy < a. This means sup az < a, which implies by LUB property
k>N

a, < a for all n > N (eventually).



ii.

1il.

1v.

lim sup(a,) > a.
n—0o0

We have

limsup(a,) > a
n—oo

inf supa, > a
n21 gp>n

inf zy > a, where zy = sup a;.
N21 k>N
{zn} is a non-increasing sequence. Now J’{gfl zy > a by GUB property implies zy >

a YV N. This further implies sup a; > a. Then by LUB property imples that there
k>N

exists atleast one n > N s.t a,, > a (infintely often).

liminf(a,) <.

n—oo
We have
liminf(a,) <1
n—oo
sup inf ax < [
nzll) k>n F

sup zy < l, where zy = inf ay.
N>1 k>N

{zn} is a non-decreasing sequence. Now sup zy < [ implies by LUB property zy <
N>1
[ ¥V N. This further implies klngv ay < l. Then by GLB property there exists atleast one

n>Nsta, <l

liminf(a,) > (.
n—oo

We have

liminf(a,) >

n—oo
sup inf a > [
n>1k2n

sup zy > [, where zy = inf ay.
N>1 k>N

{zn} is a non-decreasing sequence. Now sup zy > [. Then by LUB property, there
N>1
exists atleast one N > 1 s.t zy < [. This means klngv ap > (. This further implies by

GUB property that a,, > [ for all n > N (eventually).
]

Suppose a, < b, and a,, = a. Then lim a, < liminfb,. If a, > b,, then use lim A, >

n—oo n—o0 n—oo

limsup b,
n—oo






LECTURE-17

17.1 Series

Definition 17.1.1: An infinite series is any expression of the form
221 a;, where a; € R.

17.1.1 Conditional Convergent Series

Definition 17.1.2: Consider the sequence Zf\il a;. For any N > 1,
define the N partial sum Sy of this series to

be Sy = Zf\il a;.
e Note Sy is a real number.

e If the sequence {Sy}3¥_, converges to some limit L as N — oo,
then we say that this infinite series Y °, a; is convergent and
converges to L. We also say L =) ", a; and L is the sum of

the infinite series.

o If {Sy}%_; diverges, then we say this series > ;- a; is diver-

gent.

Example 17.1.1. Consider
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The partial sum is

Sn=t4lig42
N7ty TN
=1-27"

Now consider the sequence { Sy }¥_,. The sequence converges to 1. Hence the seriesy 27"
18 convergent with sum equal to 1. On the other hand, consider the series

=242 4204

n=1
The partial sum s
Sy=2+2%4+... 42V
2SN:22+23++2N+1

-~

(Sn—2)
28y = (Sy —2) + 28!
Sy = 2Nt 9,

The sequence {Sny}X_, diverges since it is unbounded. Thus the series Y - | 2™ is divergent.

The following proposition shows that a series converges if and only if the ‘tail’ of the series
is eventually less that € for any € > 0.

Proposition 17.1.3
Let > 7 a, be a series of real numbers. Then, ", a, converges if and only if, for

every real number € > 0, there exists an integer N > 1 8.t [Sy1p — S| = [Dh_y tnsi| <
e Vn>Nandp>1.

Tests for Convergence:

Zero test:
Let, Y>> a, be a convergent series. Then we must have lim a, = 0.
n—oo
In other words, if lim a, is non-zero or divergent, then the series, - | a, is divergent.

n—o0

Example 17.1.2.

{a,},an ={1,1,1---}

a, — 1

Therefore, > 7 | ay is divergent.



Example 17.1.3. {a,},a, = (—=1)"
The sequence diverges, hence the series Y .~ a, is divergent.

1
Example 17.1.4. {a,},a, = —
n

1
The sequence, {a,} converges to zero. But, Y, — is divergent.
n

Note: If the sequence converges to zero, the series > a, may or may not be convergent.

Example 17.1.5. > 7 ja, =Y - ar™,r >0 is a Geometric sequence.
a— First term.

r— Common ratio.

n+
an a.r
+_ = r (Independent of n).
a, a.rm
Partial Sum

Sp=a(l+7r+1"4 41"
7Sy =a(r +r*+ 73+ 4"t
=alr+r*+-+r") +ar"t
7.8, = (S, — a) + a.r"t?

Sp(r —1) = —a+ a.r™™!
Car™—a  a(r"t —1)

A | N r—1

a

[f0 <7 <1, then hrf " =0 and S, — . The series converges with sum 1 ¢ If
n—-+oo —r —

r > 1,7 is unbounded and the series is divergent.

Definition 17.1.4: Absolute Convergence: Let ) a, be a series of
real numbers. We say this series is absolutely
convergent if and only if the series >~ |a,| is
convergent.

Proposition 17.1.5

(Absolute Convergence Test): Let, > a, be a series of real numbers. If this series is
absolutely convergent, then it is also conditionally convergent . Furthermore, in this
case we have the triangle inequality, | > 07 | a,| < > 07 |an|.

NOTE: The converse of this proposition is not true.






LECTURE-18

Series Laws
1. Let > a, and > b, be convergent series such that >  a, = a and > b, = b. Then the
S (an +by) =D an + > b, and converges to a + b.
2. Let > a, be a convergent series such that » a, = a. Let ¢ € R. Then, Y ca, =
¢y a, = ca.

3. Let Y a, be a convergent series. Let k € N. If one of the two series Y, a, and
>, an are convergent, then the other is also convergent and we have the identity

DRETIED DURTED Dute

4. Let )" a, be a convergent series converging to a and let kK € N. Then Y > a,_j also
converges to a.

Proposition 18.0.6

Telescopic Series: Let {a,} be a sequence of real numbers which converge to zero. Then
the series Y 7 (an, — an41) converges to ao.

5 5 5 5
E le 18.0.6. Let =
xampre ST T v Tl vy SRR D e )
5 A~|— B
nn+2) n n+2
5 -5
Substituting n =0 and n =1 we getA—§ dB:?
;nn+2
- { 1 r 1 1 1 1 1 1 1 1 1+ )
B 3 T2 13 s 6T s 7 6 s
1 15
2{ 2} 4

87
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Proposition 18.0.7

Alternating Series Test: Let {a,} be a sequence of real numbers which are non-negative
and decreasing, thus a,, > 0 and a,, > a,41 V n > 1. Then the series > - (—1)""'a,
is convergent if and only if the sequence {a,} converges to zero.

1
Example 18.0.7. {a,} = —. The sequence {a,} is non-negative and decreasing with
n
1
lim a, — 0. Consider the series Y - ,(=1)"—. By alternating series test, this series is
n—oo n
convergent.

18.1 Sums of non-negative numbers

Consider > a,, where a,, > 0V n > 1. Then, the partial sums Sy are increasing. i.e,
Sni1 > Sy V N > 1. Therefore, {Sy} is an increasing sequence. If it is upper bounded then,
the sequence {Sy} is convergent.

Proposition 18.1.1

Let " a, be a series of non-negative real numbers. Then, this series is convergent if
and only if there is a real number M s.t ZnN:1 a, <MV N >1.

Corollary 18.1.2

Comparison Test: Let > a, and > b, be two series of real numbers with a,,, b, > 0 for
all n and a,, <b,, for all n. Then,

e > a, is convergent if > b, is convergent.

e If Y a, is divergent then so is > b, .

Example 18.1.1. Prove that the series ) 1335” converges for each x € [0,1). Fiz x €
n
ka*
0,1). Set = . Not
[ ) ) e ak<x> k'"_?) ole

e ai(z) >0, for each fized x € [0,1).

<1VE>1.

kE+3

Hence, ap(z)<az*® V x € ]0,1).



Thus, for x € [0,1)

085, = ap(z) < "
k=1 k=1
1 —am
o ™) Ty
11—z 1—a
Thus, {S,} is increasing and bounded above. This implies {S,} converges — > Z—an
n

converges for x € [0, 1).






LECTURE-19

19.1 Tests for convergence

19.1.1 Ratio Test (D’Alembert)

an—i—l

Proof. Assume lim =r, = L <1 (Limit exists).

n—00 (A

e Note L > 0 since, a, > 0V n. Choose an interval (Ry, Ry) s.t L € (R, Ry) and
L<Ry<1,0< Ry <L.

Ap1

— L. By definition of convergence of sequence, 3 N € NstVn > N,

o, =

Qp,
Tn c (Rl, Rz)

e Now, consider the sequence {r,} after N. That is consider the series >~ \ ay.

aAN+1
Now
an

< Ry <1

91



ie,

any1 < Roay
2
any2 < Roany = Riyay

3
an43 < RZOJN

say ay = a
any1 = pa

2
aAN+42 = R2a

o0 [e.9]

ZCLN_H‘ < ZRSG
n=1

=1

(e’ . . . .
Now Y~ | Rfa is a convergent geometric series since Ry < 1.
By Comparison test the series > .-, an4; converges.

Now
00 N 00
E a; = E a; + E a;
=1 =1 i=N+1
——

finite sum and hence convergent convergent

o .
>0, a; is also convergent.

2 n

Example 19.1.1. Let x € R. Consider s, =1+ L + r + ..+ r 1.e, lim s, = e”.
1! 21 n! n—0o0
x’I’L
ay = —
n!
$n+1

Gt = 1)

Qi1 2™ oml

a, (n+1)'zm n+1

lim —— =0 Va

", The series > .| s, converge, infact to e.



Example 19.1.2. Consider the harmonic series > a, = 1+ 3 + 3 +.4

1
ay = —
n
1
Qp, I
+1 +_1
Qn1 o n
ap Cn+41
11m =
n—+a>n/+—1

Test is inconclusive. (This series is divergent, we have already seen it).

12 1\2
Example 19.1.3. Consider the series > a, =1+ <§> + <§> +...

- (2

2
Apy1 = < )
+1
L Qpg1 n? n?

a,  (n+1)2 n24+1+2n
Ant1 -1

lim
n—oo

This test is inconclusive. (This series is actually convergent).

k!
E le 19.1.4. = )
xample 19 14T Bkt
(k+1)!
i Uh1 lim 14.7....3(k+1)+1)
k—oo  Qy k—o0 k!
14.7....(3k+1)
— lim (k+1)! 14.7....3k+1)
koo 1.4.7....(3k +4) k!
1
k+1 o Mo
= lim = lim —*%
k—oo 3k +4  k—oo 4
3'+'E

—1<1
3

. By Ratio test, the series is convergent.



31—2n
Example 19.1.5. > — |
n
) Ani1 ) 3172(n+1) TL2 + 1
lim = lim )
n—00  (Qp n—o0 (n + 1)2 4+ 1 31-2n
n?+1 L

lim

n—oon?+1+4+2n+1
372(n?+1 1

n—oo N2 4+ 2n + 2 9

The series converges.

e4n
Example 19.1.6. > . =2
Consider
Api1 , et (n —2)!
1 =1
n—00  (y, n—00 (n +1— 2)' ein

The series converges.

Proposition 19.1.2

Consider an increasing sequence {a,} of real numbers. If a subsequence of {a,} is
bounded, then the sequence {a,} is also bounded.

Proof. We have a; < as < .... Suppose {a,} is unbounded, then there exists an M > 0
and N € N such that for all n > N, a,, > M. Consider a subsequence {a,, } of {a,}. It is
increasing and bounded (say M). Choose ny > N. Then, ay < a,, < M, a contradiction.
Hence, {a,} is bounded. O

Example 19.1.7. The p-series Y -, - converges for p > 1. The sequence a, = - is

n=1 np np
non-negative. The partial sum

Si=1

1
52:14—%

1 1
HElty Ty

The sequence {S,} is increasing. We show it is bounded. It is enough to show a subsequence

of {Sn} is bounded. Consider a subsequence {S,} of {Sn}. Choose ky =2' —1 = 1,k; =



22 —1=23,k3=2%—1=7 and so on. Nexat,

Sp, =1

1 1 1 1 1

Sk2:1+2_p+§<1+§+§:Sk1+_2p_1
1 1 1 1
Sk‘g:SkQ_‘_E—{—@—i_@_'—%

g 1 1 1 1
K, <1+ o1 + 92(p—1) (2@71))(3'71)

——. Hence {S,} is mono-

The RHS is a geometric series with ratio r = 217%1 with sum
2p—1

tonically increasing and bounded. Hence, the claim.

19.1.2 Integral test

Suppose f is a nonnegative, continuous, and decreasing function for x > ng. Then the infinite

series -
> (k)
k=1

converges or diverges if and only if the integral

[mf@ym

converges or diverges. Moreover, if f is positive, continuous, and decreasing, then

| s@ar <> s < [ p@des )

Example 19.1.8. Harmonic Series

For p > 1,
(o)
1
> W
k=1
Consider the function f(z) = mlp, p > 1. Then f(x) is positive, continuous, and decreasing
for z > 0. The integral test gives:

<1 1=p 7% 1
/ —dx = v =
;. aP 1-p], p—1
which converges when p > 1. Thus, the series > /-, kip converges for p > 1. When p = 2, we
2

have 1 < 3 25 < 2, while it is well-known that > 07 | & = =







LECTURE-21

21.1 Conditionally convergent
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LECTURE-21

21.1 Limits

1. Neighbourhood of a point.

2. Deleted neighbourhood B(zg,€) \ {zo}.

Definition 21.1.1: Limit Point: Let A C R. A point z; € R is a
limit point of A if every € — ngbd B(xg,€) of xg
contains a point of A other than x.

Theorem 21.1.2: Let A C R. A point 2y € R is a limit point of A
if and only if there exists a sequence {z,} C A
with x,, # x¢ V n such that z, — xo as n — oo.

n+1
x, # xg for every n and z, — xg as n — oc. O

Proof. Choose x, € B(zo, +) \ (B(xo, LN A) as shown in Figure 21.6. Clearly, x,, € A,

We next see if we can characterize the limit of a function by the limit of sequences?

21.1.1 Sequential characterization of limits

Let A C R and let x5 € R be a limit point of A. Suppose that f is a function defined on A
except possibly at x5. Then f is said to have limit [ as © — x(, we write

lim f(x)=1lor f(x)—1 as x— xg

T—T0

If f(x,) — l for each sequence {x,} in A with x,, # 2y ¥V n and z,, — x¢ as n — oo.

o If lim f(z) =< lim|f(x)—1I] — 0.
T—T0

T—x0

99



) 12
- U
/ " B(“”’Jn?-
[ C re )
_llr\’ﬂ \r\+|
R vy L
2 ) ‘
—t!{\)(—\ \[f‘l'l
’ [\ [
C = /u
‘_l[r\ 'LL\*' lr\'\'t &

Figure 21.6: Various sets

As x gets close to zg, f(x) gets close to (.
Definition for the limit of a function through the following theorem:
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Theorem 21.1.3: Let A C R and zy be a limit point of A, and
f: A— R. Then the following are equivalent.
a. lim f(z)=1

T—To

b. For every ¢ > 0, there exists a § > 0 s.t |f(z) — [| < ¢ when
r € Aand x € B(xg,9) \ {zo}.

Proof. (a) = (b)

Assume lim f(z) = [. We will prove by contradiction. Assume (b) is not true (negation).
Tr—xQ

Then there exists ¢y > 0 such that for every > 0 there corresponds a point z € A such that
0<|z—mx0 <d and |f(z) — 1] > €.

Then for each n € N,3 x € AN B(xo, %), denoted by x,, such that
1

0< |z, —a0| <= and |f(z,) —I| > €.
n

So, x, — xg, but f(z,) /4 I. We had assumed that lim f(z) = [. Hence, a contradiction.

Hence (b) holds. o
Conversely, we will show that (b) = (a). Assume (b) holds. Consider a sequence {x,} C
A, x, = xo, T, # T for every n. Givene > 0, |f(x,)—1| < e when z,, € Aand 0 < |z, — x| <
0. Now choose N € N such that
0<|zp—29|<d V n>N
= |f(z,) =l <e V n>N
= f(zn) — L.

Observations

1. f need not be defined at x in order to have a limit. So lim f(z) = [ does not depend
T—T0

on f(xg) even if f is defined at x.

Example 21.1.1.

R\ {1} =R

flx) = 2;2__11 , f(-) is undefined at x = 1
: (x+1)(x—1)

lim f(z) = @—1) x:1=2

Fven though the function is undefined at x = 1, the limit exists.
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2. Tt is only a deleted neighbourhood of B(z,0) \ {x¢} of zo that is involved. So zy need
not belong to A.

3. Even if zy € A holds, we may have f(z() # [. For example

142 i 2 #£0
f(x)_{o if =0

Different ways in which x approaches x

1. z > 0, x approaching xy from the right.
2. x < 0, x approaching z( from the left.

3. x can approach xy in an oscillating manner (from both the left and the right).

o If f(z) has a limit [ as x — x¢, then we say f(x) approaches [ as x approaches x.

o If f(x) does not get close to any value as * — z, then we say f(.) does not have a
limit at zg.

Example 21.1.2. f:R\ {0} = R
||

f(x):?

lim f(x) does not exist.
z—0

Example 21.1.3. f:R — R defined by
)1, z€Q

Claim: f(x) has no limit point at x = 0 in R. Suppose hH(l) f(z) = L. Then for every
T—r

sequence of {a,} of non-zero numbers converging to zero, we have lim f(a,) = L. Since,
n—oo

1 2

{%} is one such sequence, L = lim f(%) =1, since — € Q. Likewise, {—} is another
n—r00 n n

sequence and L = lim (‘/75) =0, since ‘/75 ¢ Q. We have L =1 & L = 0. But the limit is

n—oo
unique. Therefore, f(.) has no limit at x = 0.



LECTURE-22

22.1 Divergence Criterion:

Let A C R, Let xg € R be a limit point of A, and suppose f : A — R. Let [ € R be given.
Then, f(x) 4 | as © — x¢ if and only if there exists a sequence {x,} C A with x,, # x¢ for
all n such that x,, — xg as n — oo but, f(z,) 4l asn — .

e — 0 definition of limit:

Definition 22.1.1: Let f be defined in some neighborhood of z( €
R, except possibly at z,. We say that lim f(z)

T—TQ
exists if there exists a real number [ satisfying

the following: For every ¢ > 0,4 6 > 0 such
that, |f(z) — [| < e whenever 0 < |z — x| < 6.

To show the divergence, if there exists an € > 0, such that for every § > 0, there exists an
x5 € A such that 0 < |zs — zo| < 0, but |f(zs) — f(z0)| > €.

Example 22.1.1. Find lin}))xg. We have f(z) = 22, 29 = 3. Consider | f(z)—9| = |22 —3?| =
T—

|z + 3||x — 3|. Take § < 1, then |z —3| <6 <1 = x € (2,4) and hence x + 3 € (5,7).

Therefore, |2 — 9] < 7|z — 3|. Choose, § = min{1, ;}, then |f(z) — 9| < e.

o ( 1 >
limsin | — |,
x—0 x

Example 22.1.2. Show that

does not exist.

Sandwich rule for Functions

Let, f, g, h be defined in a deleted neighborhood of xy such that:
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e g(z) < f(x) < h(zx) V z in a neighborhood of =g , x # x.

e lim g(z) = lim h(x) =1 then, lim f(x)=1.
Tr—xQ Tr—T0 T—T0

One-sided limits:

Let f be defined on A = (x¢,x¢ + 0) for some 6 > 0. We say f(z) approaches the limit [ as
x approach zy from the right,

lim f(z) =1.
x—>ra'
We denote
lim f(z)=1=f(a7).
$*>$3—
Similarly f is defined on
A= (.’L‘O —5,1’0).

we say, f(x) approaches xy from left if

lim f(z) =1.

.’E—>$0

We denote,
lim f(z) = f(zg).

(E—}IEO

Theorem 22.1.2: Let f be defined in a deleted neighborhood of
zo. Then, lim f(z) = [ if and only if lim f(z)

T—Zo =Ty

and lim f(z) both exists and both are equal to

T—Tq
he

Example 22.1.3. Consider f : R\ {0} — R defined as f(z) = Z. Then f(07) =1 and

T

f(07) = —1. Note that f(07) # f(07), we say f has a jump discontinuity at xy = 0.

Example 22.1.4. Consider

z=0

f(:)j):{ (1): x40

f(OF) = f(07) =0 while f(0) =1. Then, xg =0 is called as removable discontinuity.



Properties of limits of functions

Suppose, f and g are functions defined on I C R. Then,
e (f+9)(z) = f(z)+ g(x), (Point-wise addition).
e (fg)(x) = f(z)g(x), (Point-wise multiplication).

o (f/9)(x) =12 provided g(z) # 0 on I.

e

Combination rule

Let lim f(z) = [ # 0, Then there exists a deleted neighborhood B(zg,d) \ {zo} on

T—>T0

which f(z) # 0. Moreover, f(x) has the same sign as [ on B(xg,09) \ {zo}.

Proof. Fixe = %, then there 3 0 > 0, such that (where [ could be either positive or negative).

|f(z) = 1] <e= |i2| whenever 0 < |z — x| < J. This implies l—% < f(x) < %—l—l

Vx € B(xg,0)\{zo}. Suppose [ > 0, then

< f(z) < 5:>f(x) > 0.

DO | =~

Suppose [ < 0, then

3|1] ||
- < flz) < -3 = f(z) <0.

In either case f(x) # 0 and has the same sign as [ on B (z9,9d) \ {zo}.

O






LECTURE-23

23.1 Continuity

Let f : I — R, where [ is an open interval containing xy. Then f is said to be continuous
at o € I if lim f(z) = f(xo). If f is continuous at each point of I, then f is said to be
Tr—xTQ

continuous on I. The function f is said to be continuous if it is continuous on the domain of

f.

If xy € 91 (boundary of T), then we can talk only of left and right continuity.

Example 23.1.1. Let f : R - R, f(z)=c¢
f(+) is continuous on R. Since given ¢ > 0, |f(x) — f(y)| =|c—c|=0<eVy e B(x,0).

Example 23.1.2. f:R =R, f(z)=1=z
lim f(z) =m0
T—T0

1. f(xmo) is defined.

2. limit exists.
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3. lim f(z) = f(zo)

T—rT0

. f() is continuous at every x € R.

Example 23.1.3. f(z) = 2%, k € N. We will prove f is continuous by induction. For

k=1, f(x) = x, which is continuous. Assume the result is true for k, that is lim z* erists.
T—T0

k

That is lim x* = xf. Neat, consider x*T1. We have

T—T0
25— 2 = |z — wo||a® + 2" g + .+ a4 2
Take 6 =1, then |x — x9| < = x € (kg — 6,20 + 0).

For © € (x9 — 0,70+ 6), the term |2F + 2 '2g + ... + 22k~ + 2F| is bounded, by say, M.
Then |z5+! — 257! < 6M Choose § = min{1, £} from which it follows |zF+! — 2t < e

Arithmetic operations on functions

Given two functions, f: I = R,g: I — R. We can define

L (f+g))= () +g()

~
sum point-wise addition
2. (f=g)x) = [lz) —g(x)
TV TV
difference point-wise subtraction

3. max{f, g}(x) = max{f(z), g(z)}
4. min{f, g}(x) = min{f(z), g(z)}

5. (fg)x)= [fla)g(x)
N—— ——
product point-wise multiplication
_f=@)

o ), provided g(x) #0Vz € [

7. (cf)(@) = cf(z) ¥ c € R.

Composition of functions

Suppose f : I — J, g: J — R. Then the composition of f with g, denotes g o f, is a map
go f:I— R defined as = +— g(f(z)),z € I.

go f # fog, composition is not commutative.




109

Theorem 23.1.2: (Composition rule): If lim f(z) =y, and ¢ is a

T—Tg
function that is continuous at yy, then lim (g o

(@) = g(w0)- H“

Proof. Since, g is continuous at y9 = Ve >0, 3dg > 0 s.t

lg(y) — g(yo)] < € whenever |y —yo| < dg (23.4)

Treat dg as the epsilon for f. That is for dg > 0, 3 6 > 0 s.t [f(z) — yo| < Oy where
0 < |z — x| <.

fsn (23.4), put y = f(z) then [(go f)(x) = g(yo)| = [9(f(2)) = 9(yo)| < € where 0 < |z — o <
. [l

Corollary 23.1.3

Composition of two continuous functions is continuous.

Corollary 23.1.4
(Squeeze Rule) Let f, g and h be defined in a ngbd of z s.t
1. g(z) < f(z) < h(z) V x in a ngbd of x.

2. g and h are continuous at z¢ and g(z¢) = f(z¢) = h(zo). Then f is continuous
at xg.

Example 23.1.4. Dirichlet’s function on R. Define f: R — R by

1, €@

Then f is discontinuous at each point of R.

Proof. Suppose that a € R and lim f(z) ={. Then given e >0, 3 ad > 0s.t {z,} C Q and

r—a

{yn} TR\ Qs.t z, — a and y, — a.

| f(zn) — <§ whenever 0 < |z, —a| <§
&

| f(yn) — <% whenever 0 < |y, —al <9
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Hence, AN e NstVn > N,

L= 1f(zn) = fyn)| = | f(2n) =1+ 1= f(ya)l
< |f(xn) =1+ 1 (yn) = 1|
<§+§:€-

1 £ eV e>0. Thus, f(z) does not approach a limit as x — a whether a is rational or
irrational. Therefore, f is discontinuous at each point in R. O]

Proposition 23.1.5

Pre-image of a an open set under a continuous map

Let f: X CR — Y C R be continous. Let V C Y be open. Then, f~1(V) is open in X.

Proof. O]

23.1.1 Uniform Continuity

Definition 23.1.6: (Uniform Continuity): Consider f : I — R.
The function f is said to be uniformly con-
tinuous on [ if for every ¢ > 0, there exists a
0 = d(¢) (depending only on ¢), such that for
all z,y el

2 —y| <6 = |f(z) - fy)| <e

Example 23.1.5. FEvery Linear funciton f(x) = ax + b is uniformly continuous on R.

Example 23.1.6. f(z) =sinx
Since, |f(x) — f(y)| = |sinx —siny| < |z —y| Vz,y € R
Take 6 = e.

Example 23.1.7. f(x) = 2? is uniformly continuous on [a, b
Since, |2° — y?| = [z + yllz — y[ < 2blx —y| YV 2,y € [a,D].
Take § < —

20

1
Example 23.1.8. f(z) = — is U.C on [b,0)
x
1 1‘ B ’y—x
o

r Yy Y

Take & < b%e.

Since,

1
‘§§|?J—$|



Example 23.1.9. f(x) = 2? on R is not U.C on R.

Proof. 1t suffices to show that f is not a UC on a smaller subet [0,00). Let € > 0. We will
show that | f(z) — f(y)| > € for any § > 0 and for all x, y satisfying |z —y| < . WLG, assume
x <yandlety—x=a>0. We have a < . Now

f(z) = fy)] = 2> —y*| > €
=lr—yla>e€
=a2r+a) > €

€—a®
== x>
2a

Since x > 0, we need a < \/e. Therefore 6 = min{0,/e}. Then, x = 6532, Yy = % satisfy
|z —y| < § while |f(z) — f(y)| = e. Hence, the claim. Conversely, assume f is uniformly
continuous. Fix g € [a,b]. Given £ > 0, by uniform continuity there exists § > 0 such that
lr —yl <o = |f(z) — f(y)| < e forall z,y € [a,b]. Setting y = xo gives: if |z — xo| < I
then |f(z) — f(xo)| < e. Thus f is continuous at xy. Since zy was arbitrary, f is continuous
on [a, b]. O

Example 23.1.10. f:(0,1) — R defined by f(x) =

s

For every 6 > 0, choose x 5.t 0 < x < min{l,0} & y g Then |z —y| = g <d&

@) = )l = | =
1 2 1 1
=zl =lzl=21

Theorem 23.1.7: Every continuous function f on a bounded
closed interval [a,b] is uniformly continuous.

Proof. Assume f is continuous on [a,b]. We will prove by contradiction. Suppose f is not
uniformly continuous on [a,b]. Then 3 € > 0 s.t for every 6 > 0,3 z,y € [a,b] s.t |[x —y| < ¢
and |f(z) — f(y)| > €. In particular, we can define two sequences {z,},{y.} € [a,b] s.t for
every n > 1 have |z, — yo| < + and |f(z,) — f(ya)| > €. Since, {z,} is bounded, by the
Bolzano-Weierstrass theorem, it contains a convergent subsequence {z,, } that converges to

some point ¢ € [a, b]. Let {yn, } be a subsequence in [a,b]. Then
|ynk —d = |ynk — Tpy T Ty, — |
< ’ynk - mnk| + |xnk B C’

1
<E+|$nk_c|
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Taking lim on both sides, we have hm |Yn, — | = 0
k—o0

k—o0

= the sequence {y,, } = cas k — oo. Since f is continuous at ¢, we have f(x,,)— f(yn,) —
f(e)—f(c) = 0as k — oo. This contradicts the assumption that | f(x,, )—f(yn, )| > €V k € N.
Thus f must be uniformly continuous. O]

Proposition 23.1.8

Let f: A — R where A C R. Then f is uniformly continuous on A if and only if for
every pair of sequences {x,},{y,} C A with |z, —y,| — 0 we have | f(z,) — f(y.)| — 0.

Proof. (=) Assume f is uniformly continuous. Let {z,}, {y,} C A satisfy |z, — y.| — 0.
Given € > 0, uniform continuity gives § > 0 such that |z —y| < d = |f(z) — f(y)| < € for
all z,y € A. Since |z, — y,| — 0, there exists N with |z, — y,| < § for all n > N, hence
|f(xzn) — f(yn)| < e foralln > N. Thus |f(x,) — f(yn)| — 0.

(<) Suppose the sequential condition holds. If f were not uniformly continuous then
there exists €9 > 0 such that for every § > 0 there are x,y € A with |z —y| < § and
|f(x)— f(y)] > €. Choosing 6 = 1/n for each n yields sequences {z,}, {y,} with |z, —y,| <
1/n — 0but | f(z,)— f(yn)| > o for all n, contradicting the hypothesis. Hence f is uniformly
continuous. O

1
Example 23.1.11. f(z) = — on (0,1)
x

1 1

xn an_
n—l—ly n

| yn’_‘n—l—l__‘

_\n—n—ll
n(n+1)
1

= —0 as n—

However, |f(z,) — f(yn)| =n+1—n=1asn — oo.

Example 23.1.12. f: R — R, f(z) = z*
1

Take v, =n+ —,y, =n
n

1
Then|xn—yn|:‘—’—>0 as m — oo
n

1
However, |f(z,) — f(yn)| = ’n2+—2+2—n2 =2 asn — oo.
n



23.2 Lipschitz Functions

Definition 23.2.1: Lipschitz continuity
Let D C R be a dmonain (open and connected set). A function
f:D—R

is said to be Lipschitz continuous (or simply Lipschitz) if there exists a constant
L > 0 such that
|f(z1) = fz2)| < Llzy, x| Vay,22 €D.

The smallest such constant L is called the Lipschitz constant of f.

Examples
1. The identity function f(z) = x on R is Lipschitz with constant L = 1.
2. Any linear function f(z) = ax + b on R is Lipschitz with constant L = |al.
3. The absolute value function f(z) = |z| is Lipschitz with L = 1.

4. The function f(z) = v/x on [0,00) is not Lipschitz near 0, because

@)~ FO) _ VT _

| 0l = —ocoasx — 0.
x — x

5=

Remarks and Properties

e Every Lipschitz function is uniformly continuous. Indeed, given ¢ > 0, choose
d =¢/L. Then if |71 — x2| < §, we have

|f(z1) = f(22)] < Llwy, 29| <e.

o If f and g are Lipschitz with constants L; and L, respectively, then

— f + g is Lipschitz with constant Ly + Lg;

— cf is Lipschitz with constant |c|L; for any scalar c.

e If f is differentiable on an interval I C R and |f'(z)] < M for all z € I, then f is
Lipschitz with constant L = M (by the Mean Value Theorem).

e A function can be uniformly continuous without being Lipschitz. Example: f(z) = /x
on [0, 1] is uniformly continuous but not Lipschitz.



Figure 23.7: f(z) = —|z|*/?sign(z)

Geometric Interpretation

The Lipschitz condition bounds how steeply f can change:

[f (1) = f(2)] < Lly — 2]

means that the graph of f lies within a cone of slope L around any point, preventing arbitrarily
sharp oscillations.

Example 23.2.1. Consider f : R — R defined by f(x) = —|z|’sign(x), 8 > 1 a shown in
Figure 77. Let us test the Lipschitz continuity at x = 0.

|f(z) = f(0)| = |-|z| sign(z) — 0] = [|z]” — 0] < [& — 0|
for all x € [—1,1]. Thus, f is Lipschitz continuous with Lipschitz constant L = 1 on the

compact interval [—1, 1].

Piece-wise continuous function

f :[a,b] — R is said to be piecewise continuous if it has at most a finite number of disconti-
nuities on [a, b] and the one-sided limit exists at each point of discontinuity.
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Definition 23.2.2: A function f : [a.b] — R is said to be piece-
wise continuous if there exists a partition,
P ={xg,x1,29,...,2,} of [a,b] such that,
1. xo=a;x, = 0.

2, f is continuous on each sub-interval
(Tp—1, )1<k<n—1

3. f( ) for 0 < k < n—1 and f(x;) for
1 < k <n exists.

Example 23.2.2. f(z]) = f(zg) but, f(xf) = f(zg) # f(z0).

%)

//\D R(mwi‘\tl;*‘MlB
1

Figure 23.8: Piece-wise continuous function

Example 23.2.3. The function f : [—1,1] — R defined by f(x) = sign(x) is peiece-wise
coOntINuUoOus.






LECTURE-24

24.1 Converse, Inverse, Contrapositive and Negation state-
ments

Consider the statement If the weather is nice, then I will wash the car.
Let

p: the weather is nice

q: I will wash the car

If p, then ¢ can be written p — ¢.

For negations we use the notation: ~p & ~ ¢

~ p = the weather is not nice

~ q = I will not wash the car.

Three new statements can be formed using p, q and their negations.

1. Converse ¢ — p
If T wash the car, then the weather is nice.

2. Inverse ~ p —~q
If the weather is not nice, then I will not wash the car.

3. Contrapositive: ~ g —~p
If T don’t wash the car, then the weather will not be nice.

e For a if then statement, the contrapositive is also true.
e The converse and inverse may or may not be true.

o If p— g & q — p, then p <> (if and only if) ¢

Example 24.1.1. p = I will walk to school.q = I will be late. p — q : If I will walk to
school, then I will be late.

1. Converse q — p: If I am late, then I walk to school.

2. Inverse ~ p —~ q: If I don’t walk to school, then I won’t be late.
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3. Contrapositive ~ ¢ —~ p : I am not late, then I don’t walk to school.
Example 24.1.2. Ifn > 2, thenn?> > 4. Letp:n > 2,q: n? > 4.

1. Converse ¢ — p: If n® > 4, then n > 2. False Take n = —3.
2. Inverse ~p —~q: If n # 2, then n? # 4. False Take n = —3.
3. Contrapositive ~ q —s~p : If n®> # 4, then n # 2. True.

Example 24.1.3. p: Two points are on the same line. q : They are collinear.
p — q : If two points are on the same line, then they are collinear.

1. Converse ¢ — p : If two points are collinear, then they are on the same line. True.

2. Inverse ~ p —~ q : If two points are not on the same line, then they are not collinear.
True.

3. Contrapositive ~ q —~ p : If two points are not collinear, then they are not on the
same line. True.

Negation
Negation p and not g, contradicts the implication

Example 24.1.4. p: The weather is nice.
q : I will wash the car.
~ (p — q) : The weather is nice, but I will not wash the car.

Negation with logical quantifiers

Suppose X is a set, A is a subset of X, and P is a statement about the general element of
X. Consider the following statement:

For every x € A, statement P holds. (24.5)

The negation of this statement is: For atleast one x € A, statement P does not hold.
Therefore, for the negation of a statement as in (24.5), replace “for every” by “for atleast one”
and replace the statement P by its negation. The process works in reverse just as well. For
atleast one x € A, statement ) holds.

Negation: For every x € A, statement () does not hold.

Definition 24.1.1: (Uniform Continuity): Let ACRand f: A —
R. Then f is said to be uniformly continuous
if for every ¢ > 0, 40 > 0 s.t V z,y € A, the
following holds

2 -yl <6 = |f(z) - fly)| <e



Negation of the above definition is as follows.
Let AC Rand f : A — R. Then f is not uniformly continuous if 3 atleast one
€e>0stVéd>0, Jo,ye Awith |z —y| <d but [f(z) — f(y)| > e






LECTURE-25

25.1 Differentiability

Let I be an open interval in R. Let a € I. Since [ is open, for all h such that, |h| is small,
the point a + h € I.

f: I — R. Define the slope of the graph of f at (a, f(a)) to be the limit x — a of the slope
of the chord through the points (a, f(a)) and (z, f(z)).

Difference quotient for f at a is given by:

f(z) = f(a)

T —a
So, the slope of the graph at (a, f(a)) is

limM:hch<a+h)—f(a)
h

r—a Tr—a h—0

provided the limit exists and is finite.

The limit denoted by f'(a) is called the derivative of f at a. If f has a derivative at a, then
the function is said to be differentiable at x = a. If f is differentiable at every point in I,
then f is said to be differentiable on 1.

If f:]a,b) — R, then we have right derivative of f defined as:

@)= @ _ . flath) ()

z—at Tr—a h—0+ h

provided the limit exists and is finite. Similarly, if f : (a,b] — R, then we have left derivative

of f defined as:
)= i SO =IO S0 = 1)

T—b— b—=x h—0~ h

provided the limit exists and is finite.

Theorem 25.1.1: Suppose, f: (a,b) - R and ¢ € (a,b). Then f is
differentiable at c if both f!(c) and f’(c) exists

and [ (c) = f(c).
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Definition 25.1.2: f: [a,b] — R is differentiable if f'(z) exists on
(a,b) and both f!(a) and f’(b) exists.

25.1.1 Basic Properties:

Theorem 25.1.3: Let f be defined on an open interval (a,b) and
xr € (a,b). If f is differentiable at x, then f is
continuous at z.

Proof. We have,

St )~ fa) = LEED 2T,

Taking limit as h — 0 on both sides,

e =@

lim(f(z+h)— f(z)) = lim

h—0 h—0 h h—0
= f(z).0=0
s im f(x 4+ h) = f(x)
h—0
= f is continuous. n

Example 25.1.1. f:(-1,1) = R, f(z) = |z|
Then for h # 0

fle+h)—f(x) _ f(h) = f(0)
h h
f(h) |h| _{ 1, h>0
-1, h<O

h ho
o f(x) = |x] is not differentiable at x = 0. However, f is continuous on (—1,1).
Example 25.1.2. f:R — R, f(x) = 22 is differentiable everywhere.

(2o + h)?* — x3

fao) = lim, h
~ im x3 + h? + 2xoh — 23
h—0 h

= lim h + 2x9 = 2x.
h—0



Example 25.1.3. f:R — R, f(z) =sinz. Test differentiability at o € R

. flxzo+h) = f(zo) . sin(xg 4+ h) — sinxg
/ —
f'(zo) = }ll1rr(1) N = }LIH(I) N

sin zg cos h + cos g sin h — sin xg

h—0 h
B sinxo(1 — cos h) N Y sin h
=l h COSTo I T
h? h?
1-1-=4+—+..)
. . 20 4!
= sinxg lim ~+ cos xg
h—0 h
h? At
= sin o lim : + cos xg
N h

= 04 cosxg = cos xg.

Since xq is arbitrary, f'(x) = cosz.

Example 25.1.4.

(9]

o

Figure 25.9: Piecewise function

Determine if f (see Figure 25.9) is differentiable at x = 0. Determine if f has right and
left deriwative at x = —1 and 27
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At ¢ = —1, we compute the right-derivative
o fEER) = f@) L f(1eR) = f(-1)
h—0+ h h—0t h
— _ _ 2 _
lim f(=1+h) 2:hm1—|—( 1+h)*—2
h—0t+ h h—0t
1+1 2_2h—2
lim 1t h = lim h—2
h—0+ h h—07t
= -2

o f(=1) exists and equal —2.
At © = 2m, for h — 0~

f(h+2m) — f(2m) cos (h + 2m) — cos 27

hli%lf h - hlg(r)lf h
. coshcos2m — sin hsin 2w — cos 2w
= lim
h—0~ h
cosh —1
= Jm = —=0
Limits f" (2m) exists and equal 0.
At x =0, for h — 0"
. f(O+h)— f(0) . cosh—1
/ o _ _
710 = iy FEEEID iy <2~
. f(04+h)— f(0) . 1+h-1
/ o _ _
-0 = hlgélf h B hlgg{ h =0

Thus, both f' (0) and f'(0) exists and equal 0.
Further, f is differentiable on (—1,27) and differentiable from right at —1 and differentiable
from left at x = 2.



LECTURE-26

26.1 ¢ — ¢ interpretation of derivative

Suppose f is differentiable at xy. Givene > 0,3 d(xg, €) > 0, such that:

‘f(ﬂi) — f(xo)

r — T

— f/(.ilﬁo)| < €

whenever
0<|z—x| <9

Proposition 26.1.1

Let I be an open subset of R. Suppose, f : I — R is differentiable at z( if and only if
there exists a function n that is continuous at zy and satisfies,

f(@) = f(zo) + f'(wo)(x — x0) + (x — z0)n(2) V & € B(x0,0).

Equivalently, f is differentiable at z( if and only if
f(z) = f(xo) + L(x) + E(x)

where, L(z) 2 f(zo) + f'(x0)(x — xp) is a linear (affine) approximation of f at zy and
E(z) is a function defined in a neighbourhood of xy and satisfies lim % =0, |E(z)|is
T—T0

small in comparison with |z — x| for z close to zy. In other words, |E(x)| = o(|x —xo|).

Proof. (=) Suppose f is differentiable at z5. Then by definition,
f(@) — f(xo)

For = # x, define

Then for all x near z,
f(x) = f(xo) + f'(x0)(x — mo) + (2 — wo)n(2).
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Since

f(x) — f(xo)
T — X9
continuous at xy. Thus the desired representation holds.

If we set E(z) = (z — x¢)n(x), then

— f'(z0) as © — xo, we have n(z) — 0. Define n(zg) = 0 to make 7

xE_(xgg =n(z) >0 asz — xo,
f(@) = f(zo) + f'(20)(x — m) + E()
with lim 2%

T—w0 T — T
(«=) Conversely, suppose there exists a function 7 continuous at xy such that

f(z) = f(20) + Alx — m9) + (z — x0)n(x)
for all x near z(, where A is a constant. Then for x # x,

f@) — f(o)

r — 29

= A+ n(z).

Taking the limit as * — x¢ and using the continuity of 7,

lim f(z) — f(xo)

T—rx0 T — ZL‘O

= A +n(xo).

Hence f is differentiable at xy with derivative f'(xzq) = A + n(xo).
If we take A = f'(x0) and n(xo) = 0, this matches the forward direction.
Equivalently, if

f(@) = flzo) + f'(wo)(x — wo) + E(x),

E
where lim (z) =0, then

rx—x0 L — 1'0

f(z) = flxo) _ E(x)

r — 2o r — Tg

showing that f is differentiable at x;.

f(2) = L(z) + BE(@), L) = f(zo) + F(2o)(x —z0), lim &L

r—zo T — X

=0.

26.1.1 Smooth and piecewise smooth functions

Suppose, f is differentiable on an interval I. Then, we obtain a new function f’ (Whose
domain may be a subset of ). Even if f'(x) exists on I, the new function f’ may not be
continuous on [.



Definition 26.1.2: C!

We say f is of class C* on I,denoted by f € C'(I), if f is differentiable on I and f’ is
continuous on I. If f € C*(I), then f is said to be continuously differentiable on I.

Definition 26.1.3: Piece-wise smooth

A function, f : [a,b] — R is said to be piece-wise smooth if there exists a partition,
P = {xy,z1,%9,...,2,} of [a,b] such that f is continuously differentiable on each
sub-interval (zy_1,2x),1 < k < n where zy = a,x, = b.

Example 26.1.1. Definef,g,¢: R — R by:

[ sin(d), 240

g(x) = xf(z) and §(z) = 2* f(z).
1. f is not continuous on R.

2. g is continuous on R but not differentiable at 0.

3. ¢ is differentiable on R but not continuously differentiable.
NOTE:f,g,¢ are continuously differentiable on R\ {0}.

e f(.) is not continuous at x = 0

)= 10 = Jsin (3) =0l = [sin (1 )

There are points at which |sin(2)| =1, no matter how small § > 0 is made.

e To show that g is continuous at x = 0,

1 1
lg(x) — g(0)| = |z sin (—) — 0| = |z sin (—) | <lz| <o
x x
Choose, § = e.

e To show, ¢ is continuous at x = 0
1
o)~ 9(0) = le*sin (1) = 0] < |2 <

|z| < §, choose 6 = +/e.
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e To show that g is not differentiable at x = 0.

o 9040 —g(0) | gh) =0
h—0 h h—0
h.sin(+
lim sin(z) = lim sin (—)
h—0 h h—0
Therefore, g is not differentiable at x = 0.
Next, to show that ¢ is differentiable at x = 0.
— h?.sin () — 0
lim o(h) — 4(0) = lim % = lim h. sin (1) =0
h—0 h h—0 h h—0 h
2zsin(L) +2%cos (L) (&) 2 #0

) 2zxsin (i) — €08 (i) x#0
0 T =
Consider, 2x sin (l) — cos (l) Now lim 2z sin (l) = 0. Howewver, lim cos (1) takes
x x z—0 x z—0 z
values, +1, —1 for x arbitrarily close to 0.
¢'(.) is not continuous. liII(l] ¢'(z) does not exist even though ¢'(0) = 0.
2—

Definition 26.1.4: L’Hopital’s Rule

We have seen

_ xT—a

li =
vva g(z)  limg(x)

Tr—a
provided

1. lim f(x) exists.

r—a

2. lim g(x) exists, g(x) # 0.

r—a

3. limg(x) #0

r—a
When lim f(z) = 0 and lim g(z) = 0 or lim f(z) = oo and lim g(z) = oo such cases are
r—a r—a r—a T—a

called indeterminate forms. Other such indeterminate forms are 00.0, 00 — 0o, 1°°, 0°.
The rule to evaluate such limits is called L’Hopital’s rule.



Theorem 26.1.5: L’Hopital’s Rule
Let f(x) and g(z) be differentiable at xq, with f(xg) = g(zo) = 0. If ¢’(x¢) # 0, then

oo @) _ /@)

==z g(x)  g'(%o)

Proof. Since ¢'(x¢) # 0. By sign preserving property 3 a ngbd of z¢ s.t ¢'(z) # 0. Then,
g(x) — g(zo) # 0V in the ngbd of xy. Then
— =~

#0 =0
f(z) = f(zo)
b £@) = F(@0) =
f’(l’o) _ w0 xr — Zo — lim xr — To
g'(x0) (9(x) = g(z0))  ==w0 g(x) — g(0)
— ~—~—
lim 70 —=
T—T0 T — X T — o
= lim @
=0 g(x)

[]

The following examples illustrate the different types of indeterminate forms that can be
solved using L’Hopital’s Rule.

Type Example Result
0 . slnzx
- lim 1
O z—0 X
00 . 207+ 3 2
— lim ——— -
00 v—oo Hr? 4+ Ta 5
0-00 lim zlnx 0
z—0+ 1
o0 —o0 | lim (Va2 +x —x) 5
T—>00
0° lim z* 1
x—0~+
) 1\"
19 lim (1 + —) e
T—00 x
0 . 1\"
00 lim ( — 1
z—0t \ T

Table 26.2: Resolving inderminate forms using L’Hopital’s Rule






LECTURE-27

27.1 Generalization of the derivative

27.1.1 Derivative of a real-valued function

Let ACR,¢: A— R. Suppose A contains the neighbourhood of the point a. The derivative
of ¢ at a is defined as:

¢'(a) = lim

h—0

¢la+h) — ¢(a)
h

provided the limit exists. If the limit exists, we say that ¢ is differentiable at a.

Facts about differentiable functions

e Differentiable functions are continuous.

e Composition of differentiable functions is differentiable.

Attempt to generalize the functions from R" to R™

Definition 27.1.1

Let A C R™ and let f : A — R”. Suppose A contains the neighborhood of a, given
u € R™ with u # 0, define

o) — i L1 1) = F(@)

t—0 t

provided the limit exists. The limit depends on both a and w. f'(a,w) if it exists is
called the directional derivative of f at a with respect to the vector w.
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Example 27.1.1. f:R*> =R, f(z,y) =2y , a = (a1,as) and u = (1,0)

flay + tuy, ag + tug) — f(ay, az)

, .
fi(a,u) =lim "
lim (a1 + tuy)(ag + tug) — aqraz
t—0 t
lim (a1 +t)(az) — aras o
t—0 t

- f(a,u) =as.

f:ACR™— R" Suppose A contains the neighbourhood of a. We say f is differentiable
at a if there exists a n X m matrix B such that

fla+h)— f(a) — Bh

— 0 as h — 0.
i

Here, h € R™.

1. Bh is a linear approximation of the increment f(a + h) — f(a).

2. The matrix B which is unique is called as the derivative of f at a, denoted by Df(a).
Proof that D f(a) is unique.

Proof. Suppose C' is another such matrix such that C' # B and satisfies
fla+h)— f(a) —Ch

" ] =0
i fla+h) — f(a) — Bh _o.
h—0 [|h]]

Subtracting and letting h = tu,u # 0

B —
ﬂ:o as h — 0
|7
¢ ful]
B —
(B-Cu_,
[l
(B=Cu=0;u+#0
— B=C

With this definition, it can be shown that

1. Differentiable functions are continuous.



2. Composition of differentiable functions is differentiable.

3. Differentiability of f at a implies the existence of all the directional derivatives of f at
a.

Theorem 27.1.2
Let A€ R™ and f: A— R™ If fis differentiable at a, then f is continuous at a.

Proof. Let B = D f(a). For h near 0 but different from 0,

Fla-+) = fla) = RO =

fla+h) — f(a) — Bh
|7 Al

.‘.}E}%f(a%—h) — f(a) =0.

| + Bh

—0as h—0

Thus, f is continuous at a. O]

Example to illustrate the existence of all directional derivatives of f at a does not imply
that f is differentiable at a.

Example 27.1.2. f:R? - R,

Let u # 0,u = (uy,uz)

|
-
®
3

If uy = 0, consider t = 711

Thus, we have
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Thus f'(0,u) exists for all u # 0. We will show that f is not differentiable at (0,0).
If g : R — R? is a differentiable function at 0, the Dg(0) is a 1 x 2 matrix of the form [a b).
Recall B € R™™. Here, n =1 and m = 2.
Then

9'(0;u) =D f(0).u
=[a b].[u1 us)
=au; + busy

which is a linear function of u. But f’(0,u) is not a linear function of u. In fact, f is not even

continuous at the origin. Consider (z,,y,) = (%, #) Then, lim f(x,,y,) = % # £(0,0).
n—oo

We next show that the differentiability of f implies the existence of the directional deriva-
tives in all directions.

Theorem 27.1.3

Let A C R™ — R™. If f is differentiable at a, then all the directional derivatives of f
at a exists and f'(a;u) = Df(a).u

Proof. Let Df(a) = B. Set h = ut,t # 0. Then,

fla+h)— f(a) — Bh
[|7]

fla+tu) — f(a) — Btu
2] ||

—0as h—0

—0ast—0

Since lir% involves both one-sided limits, they must exist and be equal. If ¢ approaches from
—

positive values,

fla+tu) — f(a) — Btu
t[ul]

fla+tu) = f(a)  Bu

[l [Jull

—0ast—0

—0ast—0

Multiplying by ||ull,

fla+tu) — f(a)
t
f'(a;u) = Bu.

—Bu—0ast—0

If it approaches from the negative side,

fla+tu) — f(a) — Btu

—0ast—0
—t|ul|




Multiplying by —||ull,

fla+tu) — f(a)
t
f'(a;u) = Bu

—Bu—0ast—0

]

Utility of this theorem - If atleast one of the directional derivatives do not exist at a, then
f is not differentiable at a.

Partial Derivatives

Let f: A CR™ — R. The jth partial derivative of f at a is the directional derivative of f at
a with respect to the vector e; provided that the derivative exists and is denoted by D; f(a).

D, f(a) = lim fla+te) — fla)

t—0 t

Theorem 27.1.4

Let f : A ¢ R™ — R. If f is differentiable at a, then Df(a) =
[D1f(a) Daf(a) -+ Dpfla)l.

Theorem 27.1.5

Let f: A C R™ — R". Suppose A contains neighborhood of a. Let f = [f1 fo -+ fu]T.
Then

1. The function f is differentiable at a if each f;,i = 1,2,...,n is differentiable at
a.

2. If f is differentiable at a, then its derivative D f(a) is given by

Difi(a) -+ Dmfi(a)
Df(a)=| : :
Difou(a) -+ Dmfula)
Example 27.1.3.
%y

if (z,y) # (0,0
fl@y) = § 2%9% + (y — 2)? )7 0.0

0 if (z,y) = (0,0)
a. For which vectors uw # 0 does f'(0,u) exist? Fvaluate it when it ezists.

b, Does Dy f and Dsf exists at 0.
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c. Is f differentiable at 0.

d. Is f continuous at 0.

Solution:

a.
t2ulu2
/ -0) =1 12
F'(u;0) 50 (t2udu3 + (ug — uy)?)t
tutu3

0 (U2 + (3 — un)?)

If (ug —ug) =0, then f/(0;u) does not exist.
If uy # ug, then

2,2
PH(} uEuQ )2 =0
— Uy — U
tu%u% + %
b. D, f(0) =0= D,f(0)
c. The function is not differentiable at 0.
d. Consider (z,,y,) = (+, ), then lim f(z,,y,) = lim n and so the limit does not exist.
n—oo n—oo
Hence f is not continuous at the origin.
Example 27.1.4.
xly|

0 if (z,y)=1(0,0)
Solution:
a.
tuq|t
1(0,u) :lim%
=0ty /t2uf + t2u3
iyt ul
=lim —————
=0 t|t|\/u? + u2
oy

- 2 2
Uy + us

o f'(0;u) exists for all u # 0.
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b. D f(0) =D>f(0)=0
c. fis not differentiable at 0 since f’(0,u) is not linear in w.

d. Given e > 0,B(0,0) = {(z,y) = V2% +y*> < 0}.

!f(m,y) - f(oa())’
zly|

vVt +y?
[2llyl |2l

RNV Ear = |yl

Now (z,y) € B(0,6) = /02 +42 < /22412 <d = |y| <4. .'.%g\yl<5.
e+ vy
Take § = e.







LECTURE-28

28.1 Mean value theorem

Theorem 28.1.1: Mean value theorem

If f:[a,b] — R is continuous at each point on the closed interval [a, b], and differen-
tiable on the open interval (a,b), then there exists a point ¢ € (a, b) such that:

f() = fa) = f'(0)(b — a).

Theorem 28.1.2

Let A be an open subset of R™. Suppose that the partial derivatives D; f;(x) of the
component functions of f exist at each point in A and are continuous on A. Then f is
differentiable at each point of A.

A function satisfying the hypothesis of the above theorem is said to be continuously
differentiable or of class C' on A. If the partial derivatives of f of all orders < r are
continuous on A, we say f is of class C" on A. Thus a function f is of class C" if each
function D; f;(z) is of class C"~! on A.

We say f is of class C* on A if all orders of partial derivatives exist and are continuous
on A.

Theorem 28.1.3: Equality of mixed partials
Let A be an open set in R” and f : A — R be of class C". Then for each a € A :

Example 28.1.1. Show that the function f(x,y) = |zy| is differentiable at 0, but is not of
class C in any neighborhood of 0.

Solution:

Let us compute the partial derivatives at (0,0):

J(0+ter) — f(0)
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Similarly, Dy f(0) = 0. Suppose [ is differentiable at 0. Then, D f(0) = [0 0]. Consider

1o FO+1) = (0) = D)1
h—0 || h]]

()
o el

Now consider || |y| = min(|z], [y[) max(Jz], |y}) = min(jz], [y)]|2, ]l
Using equivalence of norm ||z, Y|l < |z, ]|2

|z[ly| < min(lz[, [y (2, y)l|

|z]ly]
< min(fz|, [y])

(@ o)l ~

)
LTI

Therefore, f is differentiable at 0 with Df( ) =10,0].

Example 28.1.2. Let f: R — R be defined by f(t) = t*sin (1) for t # 0 and f(0) =
a. Show that f is differentiable at 0.
b. Compute f'(t) fort # 0.
c. Show that f' is not continuous at 0.

d. Conclude that f is differentiable on R, but not of class C*.

Solution:
- 7(t) = £(0)
t —
/ o _
F(0) = fim = =0
b. For t # 0:
1 1
f'(t) = 2tsin (;) — cos < )
c. Consider the sequence
. 1
" 2mn

lim f'(t,) = lim L[sin(27m) — cos(2mn)] = —1

n—o0 n—oo TN

But f’(0) =0 for all n € N.



141

d. Thus, f is differentiable on R but not differentiable at 0. Therefore, f is not of class C*.

Example 28.1.3. Let f : R? — R? defined by

f(r,(0)) = (rcos(d),rsin(h))
It 1s polar coordinate transformation.
a. Compute Df(r,0)
b. Sketch the images of f of the set [1,2] x [0, 7]

Solution:

a)

DF(r.0) = [cos@ —rsin&} |

sinf rcosd

b) The boundary of S is made up of four line segments:
e B =1x[0,7] CR?
e By =2x[0,71] CR?
o By=[1,2] x 0 C R?
e B,=[1,2] x T CR?

Their images under the map f are

&
o
} S
) T . 7

Figure 28.10: Set S

The image of the function is the annular region between the red and blue semicircles.
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/ : -

‘j_i R 7
£

Figure 28.11: Image of F for S

Theorem 28.1.4: Chain rule

Let ACR™ BCR"™ Let f: A— R"and g : B — RP with f(A) C B. Suppose
f(a) = b. If f is differentiable at a and ¢ is differentiable at b, then the composite
function g o f is differentiable at a. Furthermore,

D(g o f)(a) = Dg(b) - Df(a)

where - denotes matrix multiplication.

Corollary 28.1.5
If f and g are C", so is the composition g o f.

D(go f)(z) = Dy(f(x)) - Df(z), Vo € A.

Theorem 28.1.6: Let A be open in R” and f : A — R be differ-
entiable on A. If A contains the line segment
with endpoints a and a+h, then there is a point

c = a+ toh with 0 < {3 < 1 on the line segment
such that

fla+h) = f(a) = Df(c) - h.



Derivative of inverse of a function

Let A be an open subset of R". Let f : A — R". Let f(a) = b. Suppose g maps a
neighborhood of b into R", and ¢g(b) = a and

g(f(z)) =2 for all z in a neighborhood of a.

If f is differentiable at a and ¢ is differentiable at b, then

Dg(v) = [Df(a)] .

Example 28.1.4. Let f: R3 — R? satisfy

f@ =2, wd pfo)= |y o]

Let g : R? — R? be defined by

g(x,y) = (x 4+ 2y + 1, 3zy).
Find D(g o f)(0).

Solution.

D(go f)(0) = Dg(f(0)) - Df(0)
oo 1
[é g] [é g ﬂ B {é 122 251}‘

Example 28.1.5. Let f : R? — R3 g : R® — R? be defined as

62961 RE)

f(z1,29) = | 329 — cos
x3+ w9 + 2

9y, Y2, y3) = {

3y + 2y + 42
y%—y3+1

a. If F(x) = g(f(z)), find DF(z).
b. If G(y) = f(g9(y)), find DG(y).
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Solution:

262361 +x2 62961 +x2

DF(z) = | sinmz 3 | :DG(y) = { 3 2 2?/3}
x1

Given F(z) = g(f(x))
DF(x) = Dg(f(x)) - Df(x)

f(0)=(1,-1,2)
2 1
32 4
DF(0) = 0 3
[2 0 —1} =

Example 28.1.6. Let g : R? — R? be defined by g(x,y) = (z,y + 2*). Let f: R* - R be
defined as

2

_ J e i (zy) #(0,0)
It ’y)_{o if (z,9) = (0,0)

Let h = f og. Show that the directional derivatives of f and g exist everywhere, but there is
a direction u # 0 for which h'(0;u) does not exist.

Solution:

For the function f :

SO+ tu) — f(0)

! . .
f(0;u) = lim "
t3ulu
/ . RT 142
F05u) = g tout + t3u3
2
1 (0;u) = lim Uit

t—0 t2u] + u3
u? .
w W (u2) #0
0 if(u2) =0



Therefore f'(0;u) exists. For the function g :

9(0 + tu) — 9(0)

g'(0;u) = lim ;

e ]
(05 = i
g'(0;u) = lim [UQ j_ltu%}
9'(0;u) = {Zj

Directional derivative exist for f and g exists for all u # 0. Consider h = f o g.

R0 + tu) — h(0)

h'(0;u) = lg% ;
Sl — £((0))
t—0 t

and g(0) = (0,0), f(9(0)) = 0. Now,

t2u (tug + t?u?)

tu)) =
flg(tw)) tuf + (tug + t2u?)?
and
tBuuy + thuf
R (0;u) = lim 1 1
(0;) =0 t5u] + t3ud + tou + 2t4ugu?
ufug + tuf
= 2 12,4 2
t=0 t2u] + uj + t2uj + 2tusug
[f Ug = 0
tul
/ N ey 1 —1
(05 ) £50 t2uf + t2uf
= lim —
t—0 ¢

which does not erist.
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Differentiability and the inverse function

Theorem 28.1.7

Let A be an open subset in R" let f : A — R™ and f(a) = b. Suppose that g
maps a neighborhood of b into R", and that ¢g(b) = a and g(f(x)) = = for all z in a
neighborhood of a. If f is differentiable at a and if g is differentiable at b, then

Dy(b) = [Df(a)] ™.

and g(f(z)) =2« V x in an open set around z.

Theorem 28.1.8: Inverse Function Theorem

Let A be open in R” and f : A — R” be of class C". If Df(z) is non-singular at
the point x of A, there is a neighborhood U of this point such that f carries U in a
one-to-one fashion onto an open set V' of R™ and the inverse function is of class C".

To show f need not be one-to-one on all of A.

Example 28.1.7. Let f: R?* — R? be defined by f(r,0) = (rcosf,rsinf). Then

sinf rcosf

DF(r.0) = |:COS(9 —rsin 9}

and det(Df(r,0)) = r > 0. Let A = {(r,0):7 € (0,1),0 € (0,b)}. Note that Df(r,0) is
non-singular at every point in A. However, f is one-to-one on A only if b < 2.

9 1
‘},\1.1 /—i
b onee- ane
A
b< 2T

Example 28.1.8. Let f: R* — R? be defined by f(x,y) = (2? — y?, 2zy).
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(a) Show that f is one-to-one on A = {(z,y) : x > 0}.

(b) What is the set B = f(A)?

(c) If g is the inverse function, find Dg(0,1)?
Solution:

Df(x,y) = [;; ;iy]

and det(Df(z,y)) = 42* + 4y* = 4]|(x,y)||* > 0 if (z,y) # (0,0). To show one-to-one of f
consider

f(x,y) = f(a“7 b)
= |1f(z,y)lI* = [1/(a,0)[]"
= (22 — y*)? + 42%y® = (a* — b*)? + 4D
ot 4yt — 22%% + 42%y? = ot + bt — 202D + 4a*V?
<x2 + y2>2 — <a2 4 b2)2
2’ +y’ =a® + b

We also have

22—yt = —
2xy = 2ab.

From

22 —y? =2 — b?
2?42 = a4 b?

SL’2 = CLQ.

But it is given x > 0, thus © = a,y = b. On the set A defined by A = {(x,y) : @ > 0}, f is
one-to-one and D f(x,y) is invertible. It is clear 0 ¢ f(A) and let (a,b) #0, (a,b) € f(A).
Given (z,y) € A, we have 2* —y* = a, 2wy ="b. Thus,

2o
432
42 — b = 42°%a

42t — daz® = b2,

Let & = a2, then T = a&Ya+b V‘fw Since a — v a? + b? < 0, we discard it and are left with T =
GV yhich implies & = \) VS This is well-defined since |a| < Va2 +b2 ¥ (a,b) €
R2

. 2

b



148

Thus
f(z,y) = (a,b)
B = R*\{0}.
¢)
f(z,y) =(0,1)

x2—y2:0:>x2:y2:>x:y

20y =1= 222 =1

b
N
Dg(0.1) = <Df<%%,>>—1 - [_77 ;] |

Example 28.1.9. Let f: R® — R"™ be be given by f(x) = ||z|*x. Show that f € C* and
f carries the unit ball B(0,1) onto itself in a one-to-one fashion. Show, however, that the
wmverse function is not differentiable at 0.

Solution:

For simplicity take n = 2.

—_

f@) = P
o= (5

(21 + 23)22
Since each component f; € C*°, f € C°. Neuxt,

Df(x) = 3z + 13 2mTe } _ [ x? 2[E11’21 n [x% + x5 0

=9 T 2[
2I1=’L’2 l’% + 31’% 21’1{23'2 2{17% 0 x% + fL‘%‘| XX+ HXH

At (ZEhl’Q) = (0,0), Df( ) 0

We will next show f is one-to-one on B(0,1). Let x,y € B(0,1) such that f(x) = f(y). If
x =0, then f(z) = f(y) = 0 =2yy” +||y||> ] = z =y. Similarly, ify = 0,z =y. Therefore,
we can assume x and y are both non-zero. Next, f(x) = f(y) = ||f(@)| = |IfW)| =
IzIPzl| = Nyl*yll = |z||? = ||lyl|> = x = y. The last assertion follows by using the identity
(a® —b*) = (a — b)(a® + b* — 2ab). Therefore, f is one-to-one on B(0,1).

(c) Ifx =0, f(z) =0. So assume x # 0. Let

y = |lz)|7a.



Then
|||

lyll = Tl — I <1 for ||lz] < 1.

Therefore, y € B(0,1).
F) = lylPy = lylPlle) 2
ol 11 e[ 4
ol I 4
=x € B(0,1).
Therefore, f is one-to-one on B(0,1).
c) The inverse of the function fis given by

g(y) = ||=]| >
We have,
f(0)=0
9(0) =0
g(f(x)) ==z for all x in a neighborhood of 0

If g was differentiable at 0, then

Dg(0) = (Df(0))~

But Df(0) 1is singular. . g is not diff at 0.






LECTURE-29

29.1 Implicit function Theorem

Example 29.1.1. Consider: f(z,y) = 23y + 2we™ = 0. Determine y as a function of x.
Find %.
dx

d d
3z2y + B +2e™ |y + ) —0
dz dz
d
% (2° + 2ze™) = —2e™y — 327y
dy  2e™y+ 322y

dx 3 + 2we™y

provided, x®+2ne™ # 0. Suppose, we have f(x,y) = 0 and y is a function of x, sayy = g(x).
Then, the differential of f w.r.t. x :

of [ of 4 \_
9 ayg (x) = 0.
We can solve for ¢'(z):
of of
/ _ _ Oz . -4
g (z)= g_g (provided o #0).

Thus, if we are given f(z,y) = 0 and g—i is invertible at say (a,b), then locally around a,
there exists a differentiable function g such that f(z,g(x)) = 0.
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Theorem 29.1.1:

Let A be an open set in R¥*". Let f : A — R” be differentiable, with f as f(x,y),
where € R¥,y € R™. Then,

_ |of of
pf =[5 5]

Suppose there is a differentiable function g : B — R™ defined on an open set B C R¥,
such that f(z,g(x)) =0 Vaz € B. Then for x € B,

5 (.9(0) + 5 (2.9(0)) - Dy(z) = .

If g—g(x,g(x)) is invertible, then,

pwa=-(3)" (2

Theorem 29.1.2: Implicit Function Theorem

(2,9(x))

Let A be an open set in R¥™ ; let f: A — R" be of class C", with f = f(z,y), where
z € R* y € R™. Suppose that (a,b) is a point in A such that f(a,b) =0 and

det (G @) 2o

Then there is a neighborhood B of a in R* and a unique continuous function g : B — R”
such that g(a) = b and f(z,g(z)) =0 Va2 € B.The function g is, in fact, of class C".

Example 29.1.2. Let f : R? — R be defined by

fla,y) =2"+y* =5

The point (1,2) satisfies f, since

f(1,2) = 0.

Our objective is to solve for y in terms of x. That is, does there exist g : B — R such that
f(z,g9(x)) =0 V€ B. Note that,

and

af
ay =
g(m) =4 #0.

dy



Figure 29.12: Unique function g

Thus, locally around (1,2), we can solve for y in terms of x using
y=g(z) = V5 -z

Note that the solution is not unique unless we specify that the function g is unique in the
neighborhood of x = 1. For example, the function

h(x) Vb — 12, x>1
T) =
—vbh—a? x<l1

satisfies f(x,h(x)) =0, but is not continuous at v = 1.

ol
{‘_\JLF) \\JS = JNﬂ

'
l
t

. N 5
L ) l‘Lu

L

Figure 29.13: Discontinuous function h

Example 29.1.3. Let f : R?> = R be defined by
flz,y) =a* +y* = 5.
The point (\/5,0) satisfies the equation, i.e f(v/5,0) = 0. But,

af
ay

is not invertible at (v/5,0). Therefore we cannot solve y in terms of x in a neighborhood of

(V5,0).



1

any
-

Figure 29.14: Nonexistence of inverse
Example 29.1.4. Let f: R® — R? be of class C'. Suppose f(x,y1,y2) = 0 and (a,b,c) =
(3,—1,2) such that f(a,b,c) =0.

Df(g,—1,2):ﬁ _21 ﬂ

(a) Show there is a function g : B — R? of class C' defined on an open set B C R such
that f(z, g1(x), g2(x)) =0 Vo € B and g(3) = (-1,2).

(b) Find Dg(3).

Solution:

0 0 0
Df(xvyl7y2):|:a_£ a_yfl a_y];:|

(@,y1,92)

For the existence of g, where g : R — R? i.e,

= ()

such that f(z, g(x)) = 0 and we need [g—yfl g—y’;} to be invertible around (3, —1, 2).

af or]l |2 1
oyi Oy | T | —1 11|’

This matrix is invertible. Therefore, locally around z, there exists a unique C* function:
9=(91,92) : R = R? such that f(z, gi(x), g2(x)) = 0.

(b> We have, f($,g1<$),gg($)) = 0. SO>

af of af
— 4+ —0D + —=D =0.
or Oy 9(x) 0y ga(x) =0

or . [Bf Bf] [Dm(ff)] _

ox 91 Oy Dgs(x)



Therefore,

Example 29.1.5. Given f : RS — R? of class C'. Let a = (1,2,—1,3,0). Suppose that
f(a) =0 and

131 -1 2
Df(“):{oo1 2 —4}'

(a) Show that there is a function g : B — R? of class C' defined on an open set B of R3
such that

f(@1,91(2), g2(), w2, 23) = 0
fOT.I’ = (ill'l,xg,l'g) € B and g(1,370) = (2’ —1)
(b) Find Dg(1,3,0).

Solution:
Given,
1 3 1 -1 2
bit@) {0 01 2 —4]
Since,

3 1
01
is invertible, there exists g : B C R®* — R? such that f(z1,y1, ¥, T2, 3) = 0 and

] = [2] waso

Now,

f(xl,g1($),gg(x),x2,m3) =0

o1
o o 2114 2L Dgy(e) + 5 Doo(w) = 0






LECTURE-30

30.1 Riemann Integration

Definition 30.1.1: Bounded function

A function f : [a,b] — R is called bounded if there exists a real number M such that

|f(x)| < M for all & € [a,b].

We denote the set of all bounded functions on [a,b] by Bla, b].

Example 30.1.1. Let f(z) = x on the interval [0,1]. This function is bounded since
|f(z)| <1 for all z € [0,1].

Example 30.1.2. Let f:[0,1] — R be defined by f(x) =
on [0,1]. However, f € B[1,2] since |f(z)| <1 forall x

. This function is not bounded
[1,2].

Mg | =

Example 30.1.3. Let f: [0,1] — R defined by

B %, if x#0
f(x)_{o, if £=0.

Suppose for contradiction that [ is bounded. Let M > 1, then ﬁ € [0,1] and f(ﬁ) =
M +1> M, a contradiction. Hence, f ¢ B[0,1].

Example 30.1.4. The Dirichlet Function

Consider
(@) = 1, ifzeQn]o,1],
XA =00, iteeQno, 1.

This function is bounded, since |xg(z)| < 1 for all z € [0, 1]. Therefore, xq € BJ0, 1].

30.1.1 Continuity and Boundedness

In the previous example (the Dirichlet function), the function was not continuous, yet it was
bounded. We will now show that if a function f is continuous on a closed interval [a, b], then
it must be bounded on that interval.
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Lemma 30.1.2
Let f : [a,b] — R be continuous. Then f € Bla,b].

Proof. The function f is continuous on the interval [a, b]. The interval [a, b] is a compact set
in R. A well-known theorem in analysis states that the continuous image of a compact set is
compact. Therefore, the set

f(la,b]) = {f(x) : = € [a, b]}

is a compact subset of R. Since f([a,b]) is bounded, there exists some M > 0 such that
|f(z)| < M for all z € [a, b]. -

Definition 30.1.3: Partion

A partition P of an interval [a, ] is a finite set of points
P = {QT(),[El,ZL‘Q, Ce ,[L’n}

such that
Aa=To<T1<x3<...<x,=>0.

We can think of a partition as dividing the interval [a,b] into a union of n closed

subintervals:
n

la,8] = | Jlwi-1, zi].

=1

The i-th subinterval is denoted by I; = [x;_1,2;] for i =1,2,... n.

Recall the definitions of the infimum (greatest lower bound) and supremum (least upper
bound) of a function f over a non-empty bounded subset A:

ir}lff:inf{f(x) cx € A}, sgpf:sup{f(ac) cx e A}



30.2 Lower and Upper Riemann Sums

Definition 30.2.1: Lower and Upper Riemann Sums

Let f € Bla,b]), and let P = {xg,x1,...,2,} be a partition of [a,b]. For each subin-
terval I; = [x;_1, ], define:

o m; =inf{f(x):z € [rj_1,2;]} (infimum on the j-th subinterval)
o M; =sup{f(z):z € [x;_1,z;|} (supremum on the j-th subinterval)

Then the lower Riemann sum of f with respect to P is defined as

E:mJ — Tj-1)

and the upper Riemann sum of f with respect to P is defined as

ZM — T - 1

Example 30.2.1. Let f : [0,1] — R be defined by f(x) = z*. Consider the partition P,
which divides the interval [0, 1] into n equal subintervals:

1 2
p=for2 il
nn

j—117
Iy =[xj 1,25 = { 7—} :

The j-th subinterval is

n n

and the length of each subinterval is

1

Az, =z, —x;_1=—.
i B n

Since f(x) = 2* is an increasing function on [0,1], the infimum on I; occurs at the left
endpoint and the supremum at the right endpoint:

o m; =inf{f(z):x € ;} = f(&) = (‘7;21)2
o M;=sup{f(x):z €L} =f() =4



forj=1,2,....n

E:my —Tj1)

S|

o
1 e, . )
ZEZ(]—U
7j=1
1n—1
2
—ng-
k=1

ZM ZL‘Jl
IRV
_;m

1 < ,
-3

j=1

Recall the standard formulas for sums of powers:

—_

=, m(m+1)(2m+1)
2T

Using this, we obtain

Z]_l {n(2n2—3n+1)]

o2n% —3n+1
6n2 '

6

32 { n(2n? +3n+1)]

_2n —|—3n—|—1
N 6n2 ’



Proposition 30.2.2
Let f € Bla,b] and

m= inf f(x) and M = sup f(z).

z€la,b] z€[a,b]
Then, for any partition P of [a, ], the following inequality holds:
m(b—a) < L(f,P) < U(f, P) < M(b— a).
Proof. (The detailed proof is omitted here.)
The proposition implies that the set of all lower sums
{L(f,P) : P is a partition of [a,b] }
and the set of all upper sums
{U(f,P): P is a partition of [a,b] }

are bounded sets. This allows us to take the supremum of all lower sums and the infimum
of all upper sums. O

Definition 30.2.3: Lower and Upper Integrals

Let f € Bla,b]. The Lower Riemann Integral of f on [a,b] is defined as the
supremum of all lower sums:

/bf(x) dx = sup{ L(f, P) : P is a partition of [a,b] }.

The Upper Riemann Integral of f on [a,b] is defined as the infimum of all upper
sums:

/bf(m) dr =inf{ U(f, P) : P is a partition of [a, ] }.

Note that the lower and upper integrals of a bounded function need not be equal.
Example 30.2.2. The Dirichlet Function

Consider the Dirichlet function xg on [0, 1]:

@) = 1, fzeQnio,1],
XA =00, itee@nio, 1.

For any partition P = {xg, x1,...,2,} of [0,1], and for each subinterval I; = [z,_1, z;]:
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e m; = inf{xq(x) : © € I;} = 0, since every interval contains an irrational number.
o M; =sup{xq(z) : x € I;} =1, since every interval contains a rational number.

Hence,
X@> Z 0- — T 1 07

and

U(xo, P Z 1-(xj —zj_1) = (xn —x0) = L.

Since this holds for any partition P:

/0 va(#) dz = sup{L(xq, P} = 0
/O vo(@) dz = nf{U(xg, P)} = 1.

Thus, the lower and upper integrals are not equal.

Definition 30.2.4: Riemann Integrability

Let f € Bla,b]. We say that f is Riemann integrable on [a, b] if its lower and upper

integrals are equal: L
b b
/f(x)dx:/f(x)dx

In this case, we call this common value the Riemann integral of f from a to b,

denoted by
b
| fa)as

/abf(x) i — /ibf(x) i — Zf(m) da.

That is,

Refinement of Partitions

Definition 30.2.5: Refinement

A partition P* of [a,b] is called a refinement of a partition P if every point of P is
also in P*; that is,
P C P*.
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A partition P* is a common refinement of two partitions P; and P, if it is a refinement
of both. A simple way to construct a common refinement is by taking the union of their
points and arranging them in increasing order:

P*:P1UP2.

Example 30.2.3. Let the interval be [0,4].
o P=1{0,2,4}
o P*={0,1,2,4}
Since every point of P s also in P*, we say that P* is a refinement of P.
Example 30.2.4. Let the interval be [0,5].
e P, =4{0,1,2,3.5,5}
e P, =1{0,2,4,5}
A common refinement is obtained by taking the union (and ordering it):

P*=P UP,=1{0,1,2,3.5,4,5}.

Example 30.2.5. Let the interval be [0,1]. Consider the partitions:
P12{07%7%7%71}7 PZZ{Ovéaéyévl}'
We can form a common refinement P* by taking their union and ordering the points:
P =P UP,={0,1,3.5 2,2 1}.

By definition, P* is a refinement of both P, and P.
Lemma 30.2.6
Let f € Bla,b|.
(i) If P* is a refinement of the partition P of [a, b], then

L(f, P) < L(f, P") < U(f, P*) < U(f, P).

(ii) If P, and P, are any two partitions of [a, b], then

L(f,P) <U(f, P).
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Proof. (i.) Let P = {zg,x1,...,2,} where a = z9 < x1 < ... < z,, = b. Let’s first consider
the case where P* is a refinement of P obtained by adding just one additional point. Let
P = {xg,x1,...,x,}. Suppose P* = {xo,...,xj_1,2", z;,...,2,}, where ;1 < * < z;.

Most of the terms in the sum for L(f, P*) will also appear in L(f, P). The j-th term in
L(f, P), which is m;(z; — x;_1), is replaced in L(f, P*) by two terms. Let

o m; =inf{f(x):x € [z;_1,2,]}
o mi =inf{f(z):z € [x;_1,2%]}
o m; =inf{f(x): x € [z*, x|}

Since [x;_1,2*| C [xj_1,2;] and [z*, x;] C [xj_1,z;], the infimum over the larger interval must
be less than or equal to the infimum over the smaller subintervals. Therefore, we have:

* *
m; <m; and m; < ms.

Now, let us analyze the Lower Sum L(f, P). We split the j-th term, which is the one
containing the new point x*:

We can rewrite the length of the j-th interval as

(25 —xjo1) = (¥; — 2%) + (2" — z5-1).

Hence,
L(f, P) = Z TTLZ(ZL’z — Ii_l) + mj((xj — l’*) + (.73* — ZEj_1>)
7
= Zmz(m zi—1) +my(x; — ) +mi(z" —xz;-4).
i
Since the interval lengths (z; — 2*) and (z* — z;_1) are positive, we can write:
L(f,P) <ZmZ z; —xi_1) + my(z; — %) + mi(z" —x;_q)
Z#J
~ L(f, P).

Thus, we have shown that
L(f,P) < L(f, P").

By a similar argument (using the supremums M; > M and M; > M), we obtain
U(f,P) = U(f, P").

The general result follows by induction on the number of points added to P to obtain P*.



ii. Let P* be the common refinement of P, and P,. Then, by part (i.),
L<f7P1> S L(f7P*> S U(pr*)

and
L(fvp*)SU(faP*)SU(faPQ)

The result then follows. O

Corollary 30.2.7

For any bounded function f on [a, b], the lower Riemann integral is less than or equal
to the upper Riemann integral:

lEWstZZmMm

Proof. Let P, and P, be any two partitions of [a,b]. For any partition P, the lower sum is
less than or equal to the upper sum, so L(f, P,) < U(f, P1).
If P is a common refinement of P; and P>, then

Thus, for any two partitions Py, Py, we have L(f, P1) < U(f, P,).
This means U( f, P,) is an upper bound for the set of all lower sums {L(f, P) | P is a partition}.
Since the lower integral is the supremum of this set,

/jwwwwguﬁHSUM&»

This holds for any partition P,. Hence the lower integral is a lower bound for the set of
all upper sums. Since the upper integral is the infimum of this set,

/ibf@)dxgingq,P)—/abf(m) dz.

Theorem 30.2.8: Darboux’s criterion for integrability

A bounded function f : [a,b] — R is Riemann integrable on [a,b] if and only if for
every € > 0, there exists a partition P of [a, b] such that

U(f,P)—L(f,P) <e.
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Proof. (=) Assume f is Riemann integrable on [a, b]. By definition,

/Lbf(x) dx —ff(x) dr = /abf(x) dx

Let € > 0. By definition of supremum, there exists a partition P; such that

L(f,P1)>£f(x)dx—§:/abf(x)da:—g.

Similarly, by definition of infimum, there exists a partition P, such that

ot € b €
U(f,P2)</f(:c)dx—|—§:/ f(:c)d:c+§.

Let P be a common refinement of P; and P,. Then

Therefore,

U(f,P) — L(f,P) < U(f.P») — L(f, P\) < (/f d:c+> (/f dm——):e.

Thus U(f, P) — L(f, P) < e.

(«<=) Conversely, assume that for every e > 0 there exists a partition P such that

U(f,P)— L(f,P) <e

For any partition P,

L.P) < [ f@yde< [ f@)de <UL P),

So for this P we have

b

b
/f(x)dxﬁU(fyp)<L(f,P)+e§/f(m)dx+e.

a

Thus

og/abf(x)dx—/;f(x)dxq.

Since this holds for every e > 0, the difference must be 0:

ff(a:)dx:/ibf(w)dx

Hence f is Riemann integrable. O]
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Example 30.2.6. Let f:[0,1] — R be defined by

5 ifw=3
flay=4 " %fx i .
2, ifzel0,1\{5}.

We will show that f is Riemann integrable on [0,1] and

/Olf(:v)dxzz

Let € > 0. Choose § = £ (any & < ¢/3 would work). Assume e small enough so that 0 < 3 —4
and % + 0 < 1. Define the partition

1 1 1 € 1 €
PE—{0,§—5,§+(5,1}—{0,5—?754—?,1}
This produces three subintervals
1 € 1 €1 € 1 €
h= [%7]’ b= {5—?’??]’ fs= {5*?’1]'

Their lengths are

On I and I3, f(x) = 2, so my = My = mg = M3 = 2. On Iy, f takes values 2 and 5, so
me = 2 and My = 5.

i -a(3-5)-2(2) 2 (-2) -
(i) n(3)i-g) s
b€

U(f7P€>_L(f7P€):7<€'

Thus, U(f, P.) — L(f, P.) <€, so f is Riemann integrable. Moreover,

L(f, P) g/olf(x)dxg U(f, P.) :>2§/01f(x)dx§2+6—76.

Since this holds for every e > 0, we conclude

/Olf(x)dx:Q.






LECTURE-31

31.1 Sequential characterization of Riemann integral

Theorem 31.1.1

Let f € Bla,b]. Then f € R[a,b] if and only if there exists a partition P, of [a, b] such
that

n—o0

Example 31.1.1. Let f:[0,1] — R be defined by f(x) = x. We will show that f € R0, 1].
Let P, ={0,%,2 ..., 2}, Then

nn’

n

L(f, P,) :Z (2’7;1) _ (n—1)

- 2n
i (n+1)
P = —_— =
VP = =
Thus,
1
n—o0 n—oo 2N

Theorem 31.1.2
Let f,g € Rla,b]. If f(x) < g(z) for all z € [a,b], then fff(m)dm < ffg(x)dm

Proof. Let f, g be Riemann integrable on [a,b] with f(z) < g(x) for all x € [a,b]. For any
partition P and any subinterval I € P define

my(I) = inf f, M;(I) = sup f, mg(I) = inf g, My(I) = Sup g.

Since f < g on I we have my¢(I) < my,(I) and Ms(I) < My(I). Summing over I € P and
multiplying by the lengths |I| yields

L(f,P)<L(g,P), U(f,P)<U(g,P).
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Taking suprema over partitions for the lower sums and infima over partitions for the upper
sums gives

b b b b
/fdxg/gdac, /fdxg/gdx.

Since f and g are integrable, the lower and upper integrals coincide with the Riemann

integrals, so
b b
/ fdx < / gdx.



LECTURE-32

2.1 Properties of the Integral

Theorem 2.1.1
If f and g are integrable on [a, b], then f + g is also integrable on [a, b], and

/ e = / it / e

Proof. Given € > 0, there exist partitions P; and P» of [a, b] such that

) U(P27g)_L<P27g)<

DN

U(Py, f) = L(P, f) <

N

Let P* = P, U P, be the common refinement of P; and P,. Then,

<U(P", f)+U(P",g)
<SU(P, f)+U(P, 9),
> L(Py, f) + L(Py, g).

Therefore,

Thus, f + g is integrable on [a, b], and

[urowar=[ rwas [ g a.
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Theorem 2.1.2

If f is integrable on [a, b] and ¢ is a constant, then ¢f is integrable on [a, b] and

bcf(x) dxr =c bf($) dx.
J J

Theorem 2.1.3

If f and g are integrable on [a,b] and f(z) < g(z) for all = € [a, b], then

/abf(x) dz < /abg(:c) dz.

Proof. Note that g(xz) — f(z) > 0 for all € [a,b]. This implies

b
[ to@) = s@par =0

Note that it need not be true that the upper integral is non-negative. Therefore,

/abg(x)dx—/abf(a:)dx:/ab(g—f)(x)dx:/Lb(g(x)_f(x))dxzo

Theorem 2.1.4

If f is integrable on [a, b], then so is | f|, and

/a ' Ha) de

Proof. Let P = {xg,x1,...,x,} be any partition of [a, b]. Define

< [ V@la

M;= sup f(z), m;= inf f(z),

1‘6[$j717$j] $€[:)3]‘71,33j}

and

M= sw [f@@)], m= if |f(2)]

z€lzj_1,14) z€lzj—1,7;]
Now, for each subinterval [x;_1, ;] we have

Mj—m;= sup [f(z)|— inf |f(z)].

z€lzj_1,14) z€[zj—1,7;]



Recall that for any function h on an interval I,

sup h(z) — irelgh(x) = sup (h(z) — h(z')).

zel z,x'el

Applying this to h(z) = |f(z)|, we get

M;—m;= sup (|f(z)]—|f(a")]).

xx' €lrj1,x;]
Since for all real numbers a, b,
la] = [b] | < |a— 0],
it follows that

sup  (If(@)| = [f@)]) < sup (fl2) = f(2) = M; —m;.

I,I/E[ijl,afj] x,x’e[a:j,l,:r:j]

Hence, o

Summing over all subintervals, we obtain
U(|fI, P) — L(|f[, P) < U(f, P) = L(f, P).
Since f € Rla,b], given € > 0, there exists a partition P of [a, b] such that
U(f,P)— L(f,P) <e.

Then it follows that
U(|f],P) — L(|f], P) < e.

Therefore, |f| € R|a,b]. Next, since f(z) < |f(z)] and —f(x) < |f(z)| for all = € [a,b], by

we have
/abf(:c)dxg/ab!f(:c)]dx, _/abf(ﬂf)dxé/ab!f(:c)]d:c.

Combining both inequalities gives

/ () do

< [ V@ia

Theorem 2.1.5
If f,g € Rla,b], then fg € R|a,b].
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Proof. Assume WLG f # 0 and g # 0. Also, consider the case f and g are non-negative.
Let € > 0. Since f, g € R|a, b], there exists partions P;, P, of [a,b] s.t Let

My = sup [f(z)], My = sup |g(z)].

z€[a,b] z€[a,b]

Both are finite since f, g are bounded on [a,b]. We assumed f,g > 0 on [a,b]. For any
subinterval [x;_;,x;], we have

sup(fg) <sup(f)sup(g),  inf(fg) > inf(f)inf(g).

Thus,
Myg; < My ;Mg ;, Mg = Mf,Mg,j-

Consider the difference:
Mygj —myg; < MyiMg; —mygmyg,;.
Rewriting the right-hand side,
My My ; —myymg; = (Mp; —my ;) Mg+ my;(Mg; —mg ;).

Summing over all subintervals with Az; = z; — x;_4,

n

> (Mygj = mypg)Az; < My (Mpy—my)Axy+ > mypj(My; —my;)Ax;.

j=1 j=1 j=1

Then
U(P, fg) — L(P, fg) < My(U(P, ) = L(P, f)) + M (U(P,g) — L(P, g)).
Take P = P, UP,. Then

€ € €
g

€
—=c
2

Therefore, fg € R[a,b]. O

Theorem 2.1.6: First Mean Value Theorem for Integrals

Suppose u is continuous on [a, b] and v is integrable and non-negative on [a, b]. Then
there exists a number ¢ € [a, b] such that

/ab u(z)v(z) de = u(c) /abv(a:) dx.

Proof. Since u is continuous on the closed interval [a, b, it attains its minimum and maximum
values. Let
m = min{u(z) : x € [a,b]}, M = max{u(x):x € [a,bl}.



This means that for all x € [a, b], we have m < u(z) < M.
Since v(z) is non-negative, we can multiply the inequality by v(x) without changing the
direction of the inequality:
mu(z) < u(x)v(x) < Mo(z).

Now, integrate from a to b:

/abmv(x) dz < /abu(x)v(x) dz < /abMU(x) dx

The constants m and M can be factored out:

m/ da:</ u(z )v(x)d:vSM/abv(x)da:

1. Case 1: Iff x)dr =0
Then the 1nequahty becomes

which implies

The theorem holds for any ¢ € [a, b].

2. Case 2: Iff x)dz >0
Divide the 1nequahty by fa v(x) de:

m < fab ub(ac)v(:v) dx <M
[ v(z)dx
Let ,
L et de

J, v(w) d

Since m < k < M, by the Intermediate Value Theorem, there exists a number ¢ € [a, b]
such that u(c) = k. Therefore,

Rearranging gives the desired result:

/a " wl()ola) dr = u(o) / ' o(e) d.



1. If we let v(z) = 1, then fabv(x) dr = (b — a). The theorem becomes:

b
/ u(z) dx = u(c)(b — a).
This is the standard Mean Value Theorem for Integrals.

2. The expression

fab u(z)v(z) dx
fab v(x)dx

is called the weighted average of u over [a, b] with respect to v.

Theorem 2.1.7
If f € Rla,b] and a < ay < by < b, then f € Rlay, b;.

Proof. Given € > 0, since f € R|a, b], there exists a partition P of [a, ] s.t

n

U(P,f) = L(P, f) = > (M; —my)(z; — xj-1) < ¢

J=1

Assume that a; and b; are partition points of P, if not they can be inserted to obtain a
refinement of P, denoted by P* and we have

l](Pﬁvf)'_-L<Pﬁ7f)f§ Uxfzjj _'L(sz)‘< €.

P={xo=a,z1,29,...,2, = b} and let a; = z,,b; = z5,7 < s. In

n

U(P,f) = L(P, f) = > _(M; —mj)(z; — ;1) <¢

J=1

every term is nonnegative, and hence

S

> (My—my)(z; — i) <€

j=r+1
Thus P = {a;, = 2, Ty41,...,Ts = by } is a partion of [a;, by] s.t
l]<j37f)'_ L(Z37f)<< €

This implies f € R|ay, by]. O

Theorem 2.1.8

If f is integrable on [a,b] and a < ¢ < b, then f is integrable on [a, c] and [c, b].



Proof. Since f € RJa,b], given € > 0, there exists a partition P of [a, b] such that

n

U(P,f) = L(P, f) = > _(M; —mj)(x; — x;1) <€

=1

We can assume, without loss of generality, that the partition P includes the point c. If not,
we can form a new partition P* = P U {c}, which is a refinement of P. We know that for a

refinement P*, U(P*, f) < U(P, f) and L(P*, f) > L(P, f), so
U(P*vf)_L<P*7f) SU(P7f)_L(P7f) <€

Therefore, we can work with the partition P that contains c.
Let P = {xg,x1,...,2,} be a partition of [a,b]. Let ¢ be a point in (a,b). We can write
the difference between the upper and lower sums for the integral over [a, b] as:

n

U(P,f) = L(P, f) = > _(M; —mj)(x; — xj-1).

j=1
Since f is integrable, for every e > 0 there exists a partition P such that
U(Pvf)_L(Pvf) < €.

Because each term in the sum is non-negative, the whole sum being less than e implies each
partial sum is also bounded by e.
Now, consider the partitions of [a, ¢] and [c, b] that are induced by P. Let

P =Pnla,d, P, =PnNleb|.

The difference between the upper and lower sums for the integral over |[a, c| is

U(Py, f) = L(Py, f) = > (Mj = my)(x; — x5-1),

z;<c

and for the integral over [c, b]:

U(Py, f) = L(Pa, ) = > (Mj = my)(x; — x;1).

Tj>cC

Since all terms in the sums are non-negative, and their total sum is less than e, it follows
that each partial sum must also be less than e:

U(P17f>_L(P17f)<€7 U(P27f)_L(P27f><€

Therefore, f is integrable on [a, ¢] and on [c, b]. O

Theorem 2.1.9
Suppose f € Ra,b] and a < ¢ < b. Then f € Rla,b] iff f € R[a,c| and f € R]c, b] and

/abf(x)dx _ /acf(x)da:+/cbf(x)dx.
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Proof. Let f € Rla,b]. Given € > 0, there exists a partition P of [a, b] such that
U(P, f)— L(P, f) <e.
Let P! be a refinement of P that includes the point ¢, i.e.,
Pr=PU{c}.

If ¢ € P, then P’ = P, otherwise, P’ = Q U R, where Q = [a,¢]N P and R = [¢,b] N P'.
Then we still have
U(P, f) — L(P', f) < .

Now, let
Q=P nNlad, R =P Njed].

Then @ and R are partitions of [a, ¢| and [c, b], respectively. By properties of upper and lower
sums, we have

U(f,P)=U(f,Q)+U(f.R),
and

L(f,P') = L(f,Q) + L(f, R).
Subtracting these, we obtain

U(f,P') = L(f. P") = (U(f,Q) — L(f,Q)) + (U(f, R) — L(f, R)).

Since all terms are non-negative, and the left-hand side is less than ¢, it follows that

U(f,Q) = L(f,Q) <¢,  U(f,R) = L(},R) <e

Thus f € Rla,c] and f € R|c,b].
Conversely, let f be integrable on [a,c|] and [c,b]. Given € > 0, there exist partitions @ of
la,c] and R of [c,b] such that

U@, f) =L@ f) <35, URS) = LR, [) <5

Now, let P = QU R. Then P is a partition of [a,b]. The upper and lower sums for f on [a, b]
with respect to P are

UP, ) =U@Q )+ UR,f),  L(P[f)=LQ f)+ LR, f)
Subtracting, we get

UP, f) = L(P, f) = (U(Q. /) = L(Q, f)) + (UR, /) = L(R, f)) < 5+ 5=

This proves that f is integrable on [a, b].
Finally,

b
/ f(x)dz < UP,f) = U(Q, ) + UR, f) < L(Q. f) + L(R. f) + ¢

:/acf(:z:)da:+/cbf(3:)dx+e



Similarly,
b
/f@MmZMRfﬁdﬂlﬂ+L@Jﬁ>WQJ%HNRﬂ+6
¢ c b
:/ f(x)dq:—i—/ f(x)dx—f—e

Thus,

/acf(x)d:zﬂr/cbf(x)derf—:</abf(x)d:z;</:f(x)doch/cbf(x)deFE

Since € > 0 is arbitrary, we have

/abf(x)dx: /acf(a;)der/cbf(x) dz.

Theorem 2.1.10

If f is integrable on [a,b] and a < ¢ < b, then the function defined by

Flz) = / ")t

satisfies a Lipschitz condition and is therefore continuous on [a, b].

Proof. Let x,y € [a,b]. We have

mm—mwzfﬂmw—/ﬁmﬂ

:/jf(t)dw/ycf(t)dt

- /y ")t

[}wﬂslﬂﬂmw

Since f is integrable on [a,b], it is bounded. Thus, there exists a constant M such that
|f(t)] < M for all t € [a,b]. Hence,

Now, consider the absolute value:

|F () = F(y)| =

|ﬂ@—F@ns/Umﬁ:Mu—m
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Therefore,
|F(x) = Fy)| < Mz —yl.

Theorem 2.1.11: The Fundamental Theorem of Calculus, Part I

If f is integrable on [a, b], and a < ¢ < b, then

F(z) = / " @)t

is differentiable at any point zq € (a,b), where f is continuous with F'(zq) = f(zo). If
f is continuous from the right at a, then F’ (a) = f(a). If f is continuous from the left
at b, then F’ (b) = f(b).

Proof. Consider the case xy € (a,b). Since f € R[a,b] , f is continous on (a,b). Since

- /xf(xo)dtzf(fﬂo)

T — X9

We can write

M—f(xo): L :/fo(t)dt—/cmf(t)dt} — f(xo)

r — X r — 29

:x_lxo :/jf(t)dt—/;of(t)dt} —m_lxo /;f(ﬂdt

- [v0- sl

T — X9 LS 20

Using the definition of F(z), we have

s L ([ s o)

Subtracting f(zo), we get
F(x)—F 1 v
(1)~ Flw) _

T — X9 r — X




Taking the absolute value:
Fx) = F(xo)

r — 2o

1

x—xo/ (£(t) - (xo))dt‘_ym_x /‘f — f(zo)|dt.

Since f is continuous at xg, for every € > 0 there exists § > 0 such that if |t — x| < J, then
|f(t) = f(xo)| < e If |x — x| <9, then for all ¢ between z¢ and x we have |f(t) — f(zo)| < €.
Hence,

- f(ﬂfo)

1 v 1
< edt = €|z — xo| = €.
|$_x0| o |$—.CEO‘

Since we can make the difference arbitrarily small, it follows that

i (HE=TE ) ) o

T—x0 T — :L'O

Therefore,
F'(z0) = f(z0).

Example 2.1.1. Let

Then the function

is continuous on [0, 2].

The function f(z) is defined on [0, 2] and has a discontinuity at x = 1. We define

:/Oxf(t)dt

For z € [0, 1], we have

For x € (1,2], we compute

/tdt+/ (t+1)d ] +[§+t}j:%+<%2+x>—(%+l).

Thus,

So,
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Continuity at z =1
2 2

T x 1
lim F(z) = lim — = -, lim F(z)= lim — —1=_.
i =y =g Bp i =l g re-t=g

Hence, F(z) is continuous at z = 1.

Derivatives at the endpoints

At x = 0 (right derivative):

. F(z)—F(0) = x
/ — 2 — _2 — —_ = =
F+(0) N whjgl+ xz—0 zhj(f)l+ x xh%%l"' 2 0 f(())
At z = 2 (left derivative):
F(z)— F(2
F'(2) = lim (z) 2)
T2~ r—2

SinceF(Q)z%—i—Z—l:ZS, we have

Z+r—1-3 2422 -8
F'(2) = lim 2 ° — qim T
T2~ T —2 T2~ 2(1’ — 2)
Factorizing:
-2 4 4
= lim (x=2)(@+ ):hmij :§:3:f(2)_
a2 2(x —2) z—2- 2 2

Now, let’s consider the derivative of F/(z) at x = 1. We need to calculate the left-hand
and right-hand derivatives.

Right-hand derivative at z =1

. F(x)—-F(Q)
/ —
F+(1) n mli>nll+ x—1
Using the formula for F(z) for z > 1:
<$2 + 1) I ’ 3
- Tr — - J— + r— =
2 2
F.(1) = lim — lim 2 :
z—1+ r—1 e—1t x—1
2 422 — -1 1
_ oy & T2 3:1m (x )(ac+3)_1 r+3 +3:2'
e=1t 2(x — 1) e=1+ 2(x —1) et 2 2

This value is equal to f(17), which is the limit of f(x) as x approaches 1 from the right.



Left-hand derivative at x =1

F(z) - F(1
F(1) = tim 2@ =)
z—1- r—1
Using the formula for F(z) for z < 1:
z? 12
Fr(l)=lim 2—2 — lim ——
es1- x—1 e—s1- 2(x — 1)

— (x—l)(x—i—l):hmx_—i—l:ﬂ:l'
es1- 2(x —1) 1= 2 2

This value is equal to f(17), which is the limit of f(z) as x approaches 1 from the left.

Since F' (1) # F'(1), the function F(z) does not have a derivative at = 1. This is
because f(x) is discontinuous at = = 1.

Theorem 2.1.12: The Fundamental Theorem of Calculus, Part 11

Suppose that F' is continuous on [a,b] and differentiable on (a,b), and f is intgrable
on [a,b]. Suppose that F'(z) = f(x) for x € (a,b). Then

b
/ f(z)dx = F(b) — F(a).

Proof. Let P = {xo,21,...,x,} be a partition of [a,b]. We can write the difference F'(b) —
F(a) as a telescoping sum:

n

F(b) = F(a) = > _[Flz;) = F(z;1)].

Jj=1

By the Mean Value Theorem, for each subinterval [x;_1, x|, there exists a point ¢; € (x;_1, ;)
such that
F(zj) — F(zj-1) = F'(¢;) (25 — zj-1).

Since F'(z) = f(x), this becomes
F(zj) = F(xj-1) = f(e)(x; — xj-1).

Substituting into the sum, we obtain

Since f € Rla,bl, it is bounded and hence

m; < f(c;) < M
mj(v; — 1) < Fay) — F(xj) < Mj(v; —x54)
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Summing over t = 1,...,n

L(P, f) < F(b) = F(a) <U(P, f)
for every partition P of [a,b]. But f € R[a,b], hence U(P, f) = L(P,f) = fab f(t)dt.
Therefore, F'(b) — F(a) = fabf(t) dt. O

Definition 2.1.13: Anti-derivative

A function F is an antiderivative of f on [a, b] if F' is continuous on [a, b] and differen-
tiable on (a,b) with F'(z) = f(z) for all x € (a,b).
Theorem 2.1.14: Integration by Parts
Suppose u and v are differentiable on [a, b] and their derivatives v’ and v" are integrable

on [a,b]. Then

/a w0 () ds = u(@)o(@)|! — / " (2)o(z) d.

Proof. We are given that v and v are differentiable on [a, b], which implies they are continuous

on [a,b]. Since u and v" are integrable, and w is continuous, the product uv’ is integrable.

Similarly, since v’ and v are integrable, and v is continuous, the product «v is integrable.
Consider the function

By the product rule, we have
F'(z) = d/(z)v(z) + u(z)v'(x).

Since both w'v and uv” are integrable, their sum F”(x) is also integrable.
Applying the Fundamental Theorem of Calculus, Part II, to F, we obtain

b
/ F'(z)dx = F(b) — F(a).
That is, .
/ (v (2)v(z) + u(z)v'(2)) do = u(b)v(b) — u(a)v(a) = u(z)v(z)|’ .
By linearity of the integral,
/ o' (z)v(z) de + / u(z)v'(z) de = u(x)o(z)]”

Rearranging terms, we obtain the formula for integration by parts:

/ab u(z)v'(z) de = u(z)v(z)]) — /ab o' (z)v(x) d.



Theorem 2.1.15: Second mean value theorem for Integrals

Suppose f’ is nonnegative and integrable and ¢ is continuous on [a, b], then

/ f(@)g(z) dz = f(a) / i)t 10 / o(z) de (2.6)

for some ¢ € [a, b)].

Proof. Since f is differentiable on (a,b), it is continuous on [a,b]. Also, g is continuous on
[a,b], hence the product fg is continuous on [a,b]. So all the integrals in (2.6) exist. If
G(z) = [ g(t)dt, then G'(z) = g(z) for z € (a,b). Therefore,

b b

f@)g(z)de = [ f(z)G'(x)dx

a a
b

= f(@)G@)) = | [(2)G(x)dz.

a

Since f’ is nonnegative and G is continuous on [a, b], by first mean value theorem,

[ rwew=ae [ s

for some ¢ € [a,b]. By the fundamental theorem of Calculus-II,

Theorem 2.1.16: Change of Variables

Suppose ¢ : I — R is differentiable on an open interval I. Let ¢’ be integrable on I.
Further, f : J — R be continuous, where J = ¢g(I). Then for all a,b € I

g(b)

b
/ Fole))d @) dz = [ f(u)du.

g(a)

Proof. Let
F(zx) = / f(t)dt for some c € I.
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Since f is continuous, F is an antiderivative of f on [a, b], so F'(x) = f(z).
Consider the function H(z) = F(g(x)). By the chain rule,

H'(z) = F'(g(x))g'(x) = f(g(x))g(x).

Since H(x) is an antiderivative of f(g(x))g’(x), by the Fundamental Theorem of Calculus
we have:

l/ﬂwmﬂﬂﬂzﬂ@—HMZFMW—FM@)

Using the definition of F'(u), we get

g(b) g(a) g(b)
Plo®) = Flgta) = [ fyar— [ eyt = /()f(t)dt.

Example 2.1.2. FEuvaluate the integral

V2 g gy
I:/ — dn.
,1/\/5 \/1—.%2

Proof. Let x = sint. Then dx = costdt. The limits of integration change as follows: - When
r = —1/v/2, we have sint = —1/v/2,s0 t = —7/4. - When = 1/+/2, we have sint = 1//2,
sot=m/4.

Substituting these into the integral, we get

I:/ ﬁ(cost) dt.

—n/4 /1 —sin®t

Using the identities cos?t = 1 — sin®t and cos(2t) = 1 — 2sin®t, we have

I :/ cos( )(cos t)dt :/ cos( )(cos t)dt.
—x/4 Vcos?t _n/a | cost|

Since cost > 0 on (—m/2,7/2), we have | cost| = cost on (—m/4,7/4). Hence

w/4
I= / cos(2t) dt.

—7/4

Evaluating the integral:

/Cos(2t) dt = 5 sin(2t),

SO

I~ [3sin(20)] 7%}, = hsin(3) — hsin(-5).



187

Example 2.1.3. FEuvaluate the integral
VT ogint
= / _sint
o 2t+cost

Proof. Let u = cost. Then du = —sintdt. The limits of integration change as follows: -
When ¢t = 0, u = cos(0) =1, - When ¢t = 7, u = cos(m) = —1.

Thus,
/7r sint dt:/_l —du:/1 du '
o 24 cost 1 24w 1 24u
Evaluating,
e |2 +uf]', = In(3) — In(1) = In(3)
124u -1 .
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LECTURE-33

33.1 Metric spaces

We are familiar with real valued functions. Ex: f : R — R defined by f(z) = 2?. In R?,
f(z,y) = 22 +y?, f: R?* = R. On the real line, we have the notion of "distance" between
two points, denoted by d : R — R and defined by d(z,y) = |z —y| z,y € R. d(-,-) is a finite,
non-negative real number.

Let X be an abstract space (set). By abstract space it is meant that the nature of the
elements of the set X are unspecified. The functions that we will study is the notion of
distance on set X.

Definition 33.1.1: A metric space is a pair (X,d)s.td: XxX — R
satisfies the following axioms:

M1. d is real-valued, finite and non-negative.

M2. d(z,y) =0 if and only if z =y

M3. d(z,y) = d(y, z) (symmetry)

MA4. d(z,y) < d(z,z) + d(z,y) (Triangle inequality) z,y,z € X
N

ext we will be give examples of the pair (X, d) and verify that the pair (X, d) is a metric
space.

Example 33.1.1. X =R, d(z,y) = |z — y|.
M1 It is a real, finite and non-negative.
M2 d(z,y) =0 = |z —y|=0&z=y.
M3 d(z,y) = |z —y| = |y — x| = d(y, z).
My d(z,y) = |z -yl =z —z+2z -yl <|o— 2|+ |z —y| = dz,2) + d(z,y).

(X, d) is a metric space.
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Axioms M1 and M2 are easily verified.
We need to show
d(z,y) < d(x, z) + d(z,y)
Consider d(z, z) + d(z,y)
\/(331 —21)? 4 (22 — 22)* + \/(21 — 1)+ (22 — 4p)°
VT + /P > /r+p (we will use this fact)

= V(@ —21) + (21 — 1) + (22 — 22)% + (22 — 12)?
> V(@1 — 1) + (22 — 1p)?
= d(z,y)

. (X,d) is a Metric space.

Example 33.1.2. X =R? d(z,y) = |v1 — y1| + |72 — v

L1 Y1
= [o)o= I3
M1 to M3 are easy to verify.
d(z,y) +d(y, 2)
=lzr =l + |22 — yol + [ — 2] + |y2 — 2]
=lzr =yl + |y — 21| + |22 — y2| + |y2 — 22|
> |z — 21| + |r2 — 22| we have used the triangle for real numbers.
=d(z,2)
cod(z, z) < d(z,y) 4+ d(y, 2)
o (X, d) is a Metric space.

Example 33.1.3. X =R,
d(a,y) = /(21— y1)? + (22 — 42)? + - + (20 — ya)?

Example 33.1.4. X = C",(n-dimensional unitary space) be an ordered n-tuples of complex
numbers

r = (21,29, ,x,) €C"

y=(y1,Y2, " ,yn) €EC"

d(@,y) = /@ — )P -+ 1@ — )P

(C™, d(x,y)) is a metric space.

Example 33.1.5. Function space X = Cla,b|, the set of real-valued functions of an inde-
pendent variable t’ that are continuous on a given closed interval [a,b], that is, Cla,b] = {f :
[a,b] - R : f € C}. Let d(z,y) = max|z(t) — y(t)| t € [a,b]. We will verify M4 as other
axioms hold.

2(t) — y(t)] = a(t) — =(t) + 2(t) — y(t)] < |o(t) — 2(O)] + |2() — y(D)] < max |a(t) — 2(8)| +

t€[a,b]

m[a}lf] |z(t) — y(t)|. Take max over both sides.
tcla,

_ < — —
mmax lz(t) —y(t)| < max |lz(t) — 2(t)| + mmax |2(t) — y(t)|
d(z,y) < d(x,z) +d(z,y)

(X,d(z,y)) is a metric space.



Example 33.1.6. Let X be a non-empty set and define

o
R P

It 1s easy to see that M1-MS3 hold. To check M/, we note that

2, frFy#z
d(z,z)+d(z,y) =<0, ifr=y==2
1, ifr=y#=z

Thus d(x,y) + d(y, z) > d(x, z). (X,d) is called discrete metric space.
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LECTURE-34

34.1 Infinite dimensional metric spaces

34.1.1 Sequence space S

This space consists of the set of all (bounded and unbounded) sequences x = {(;}$°,, where
(; € Ror (; € C and the metric is defined as

1 |G — il
d(x,y) = -
(@9) ;2’1+’C¢—77@'|
It is straightforward to see that M1-M3 hold. Let us show M4 also holds. In doing so
we need an auxillary function: f : R — R defined as f(t) = &5. We will show f(-) is
monotonically increasing, that is, if z,y € Rst z <y = f(z) < f(y). Note that
f'it) = ﬁ > 0Vt € R. Therefore, f(.) is monotonically increasing. For a,b € R, we have

la 4+ b] <|a|] + |b]. By the monotonicity of f, it follows that

f(la+b]) < f(la] + [b])
a+bl_ o+
T+1]a+b — 1+ al + 0]

N I
T+ al+ 10| 1+ |a|+ ||
|a| 10|
T 1+]al 1410
Now, define a = (; — 0;,b = 0; — 1;. Then,
|G — i < |G — o los — ni

L+[G—m| = 14+ |G =0l 14 |0y —ni

Multiply both the sides by % and sum over by ¢ from 1 to oo.

ii |G — mil <il |G — ail +il |07 — ni
=1 21+ |C@ —771‘ B i—1 201+ Kl —O'i| = 201+ |O'i —771‘

With z = 0;,d(x,y) < (z,z) + d(z,y) and thus (S, d) is a metric space.
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34.1.2 [P space

Space [P where p > 1 is a real number. The [P space consists of sequences of numbers (real
or complex) x = {(;} such that |(;[” 4 |G2|” + ... converges, that is, Y >°, |(|” < co and the

1
metric is defined by d(z,y) = (3.2, |G — niP)?, where z = (; and y = ;. Note that in
d(x,y), an infinite sum is involved, so we need to show that the series converges.

If (; € R, we get real [P space. If (; € C, we get Complex [P space. If p = 2,12 is called
Hilbert space, introduced by David Hilbert in 1912.

Let us prove [P is a metric space with the metric

d(z,y) = O _1G—ml")>. (34.7)
i=1
We need to show

i The series in (34.7) is convergent.

ii M1 to M4 also holds.
The proof involves showing the following:

a An auxillary equation
b Holder inequality
¢ Minkowski inequality

d Triangle inequality
Let p > 1 and define g as

1
e (34.8)
p g

The numbers p, ¢ are called conjugate exponents. Equation (34.8) can be rewritten as (p —
1)(g — 1) = 1. Define a curve u = t*~! and using the conjugate exponent, it can be written
ast = ui"!. Let o, 8 be any positive constants. Then af3 is the area of the rectangle and it
is less than the area under the curve u = t*P~! integrating from 0 to « plus the area under
the curve t = u?~! integrating from 0 to 3 as shown in Figure 34.15.



> |

Figure 34.15: Overestimate of the area

a B
af < / Pt —I—/ witdu
0 0

s

~
overestimate of the area of the rectangle formed by « and 3




196

If « = 0 or 8 = 0, the equality holds trivially. Next, consider the sequences {52} and {7;} s.t
S 1P = 1and 2, [P = 1. Setting @ = |G| and § = [i7], we have

- |p = |q
[« N 17|
p q

|§iﬁi| <

Summing over from 1 to oo we get

o NG o

Sy S

i=1 - Pia 1
Next, take any non-zero x = {(;} and y = {n;} such that

: G

G = e T
(k21 IGIP)
L i

L )

It is easy to verify that S°°°, |¢;|P = 1 and $°°°, |#;]9 = 1. Consider
Z |Giii| < 1
i=1

S Gi s
; (ZZo:l |Ck[P) (Z;j:l Mm|)

Z|Cmi| < <Z|Ck|p> (Z |77m|q)
i=1 k=1 m=1

This inequality is called Hélder’s inequality. For p = ¢ = 2, we get the Cauchy-Schwartz
inequlaity.

We next derive the Minkowski inequality for the sum. Let 2 = {(;},y = {n;} and x,y € .
For p = 1, the Minskoswki inequality follows from the trianagle inequality of the reals.
Consider p > 1. Define w; = (; + n;. Then

3=

Q=

<1

=
Q-

S

wil = |G + nil
Jwi Plwi| 7P = |G + il
|wil? = (1G4 i) |ws]' 77
< (G0 wil 7P+ (Imal) s P

> il <Y (G il P> () w7
=1 i=1 i=1

A B
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Applying Holder’s inequality to the terms A and B we get

S (Gl < Z|<k|p 5 0P

=1 m=1
1
:(Zléklp )7 ( leml” )7 since (1 —p)q =
k=1

Similarly,

Zum i 7 < ( Zw 5 ( Z|wm|p )i,

=1

Thus
Z\wzrp < ( Zw )7 ( Z|wm|p Zw H Z\wmwp )
= {(Z GlP)7 + <Z |nr|p>i} <Z [t [P) s
k=1 r=1 m=1
(Z |wi|p> <16y + S ke
=1 k=1 r=1

n

(Z m-wp) <16y + S ey

=1 k=1 r=1

=

Letting n — oo, we get

[un

(Z G + m|”> < 1)z + - ) (34.9)

Since z,y € P, 77 |G| < 00, 02, [n| < oo. The RHS in (34.9) is bounded. Therefore,
the series on the left side of (34.9) converges. Finally, set z = {0;}. Then

y) = (Z Gi —77z'|p> = (Z\Q —0¢+0i+m\p>
i=1

(Eer)(En)

d(z,z) +d(z,y)

Thus, (I, d) is a metric space.






ASSIGNMENT-1

1.1 Point set topology

1. Consider the following subsets of R and decide whether the sets are open or closed.
Find out all the interior, closure and limit points of the following sets.

The set of all rational numbers Q.

The set of all numbers of the form £, n € Nor, A={z =1 | n e N}.
B={z=1+2L|nmeN}

(e) C' = (0, 1], D = (—o0,1]

(

2. Consider the following sets in R? and plot the set in your note book. Find out the
interior, closure and boundary of the following sets. Check if any of the set is either
open or closed or both.

(a) A={(z,y)ly=0}

(b) A={(z,y)l > 0andy #0}.
() A={(z,y)|0<a?—y* <1}
(d) A={(z,y)|z#0andy < 1}.

3. Consider the space R%. Plot the unit open ball centred around the origin with respect
to 1, 2 and oo norm in R?. Check if the open ball with respect to one norm is also open
with respect to all other norms also.

4. We study that the finite intersection of open sets is open. Give an counter example to
show that any arbitrary intersection of open sets is not always open. Similarly, give an
counter example to show that any arbitrary union of closed set is not always closed.

5. Consider the following statements and decide whether the following statements are True
or False. If the statement is true, prove it. If the statement is false, give a counter
example to justify your answer.
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(a) A CR™ int(A) is always an open set. Also, int(A) is the largest open set contained
in A.

(b) ACR, int(A) = int(A), where, A is the closure of the set A.

()

(d) ACR", (int(A))* = (A°) and A = {z| d(z, A) = 0}.
)
)
)

c) A and int(A) always have the same closures.

e) Every point in an open set is also the limit point of that set.

(
(f
(g) A’ is the set of all limit points of the set A (derived set), A and A" always have
the same limit points.

Every point in a closed set is also the limit point of that set.

(h) Let U is a open set in R". Consider A C R", if ANU = ¢ then ANU = ¢ also.

(i) If U is open set in R™ then U = int(U)
6. Prove the following statements.

(a) {A; |i € I} is any arbitrary collections of subsets in R”. Show that int(N;ez A4;) C
Niez int(A4;). Give an example to show that the equality sign in this relation does
not hold.

(b) Aj, Ag,... A, are any finite collections of subsets of R™. Show that U} ; int(A4;) C
int(U, A;). Give an example to show that the equality sign in this relation does
not hold.

(c) If DA is the set of all boundary points in A C R", Show that 0A = AN Ae
0A = 0(A°) and A = int(A) U 0A.

(d) Prove the following relations: d(AU B) C 0AUJB. When the equality sign holds
in this relation. Give an example when the equality sign does not hold.

7. Give an example of the following statement.

(a) A, B CR,int(A) =int(B) = ¢ and int(AU B) = R.

(b) A set A C R"™ which is both open and closed.

(c) A set A C R"™ which is neither open nor closed.

(d) A set A C R"™ which contains a point not a limit point of A.

(e) A set A C R"™ which contains no point which is not a limit point of A.

(f) A countable set in R which is closed and a countable set which is not closed.
)

(g) A non-empty set A in R where 0A = ¢.

8. Prove the following statements.



(a)
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Consider n > m, show that A C R™ is an open subset in R™ if and only if A can
be written as an intersection of an open subset in R" and R™. Consider any unit
ball in R?, What is the corresponding open set in R3?

Consider z,y € R", where x # y, show that there always exist open sets U and
V in R" such that x € U and y € V and U NV = ¢. The metric spaces which
possess this property are called Hausdorff space.

A subset A C R is said to be be bounded if and only if it is contained in some
closed interval in R. In a more general sense, a set is bounded if and only if it is
contained in some closed ball.

A point z is the limit point of the set A, show that every open balls centered on
x contain an infinite number of distinct points of A.
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ASSIGNMENT-2

2.1 Suprema and Infima

1. Warm up by recalling the definition of supremum and infimum, maximum and minimum
and recollecting the proof of the following facts.

e Supremum and infimum, if exists, is unique
e Maximum, if exists, is supremum and minimum, if exists, is infimum

o Least upper bound property of R: Every set in R that has an upper bound has a
supremum and so and so for lower bounds and infimum

2. Find the suprema and infima of the following subsets of R (if they exist). Also, deter-
mine if they are maxima and minima respectively.

e (a,b]
e [a,b]
* (a,b)
o {x|z >0}
o {z]2? <2}

3. Find out the supremum and infimum of the following subsets of R (if they exists) and
check that the supremum and infimum are maximum or minimum respectively with
proper justification.

(a) A={z:2>—52+6 <0} and A’ = {z: 2? — 5z + 6 > 0}.

(b) B = {‘mHn\nEN meZ}.

(c) C={27"+3Y+57z,y,2>0 }.

(d) D={1- _T|n € N}.

(e) E

() F={v2,V2v2,\/2V2v?2,...}
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4. Let A C R be a non-empty bounded above subset, define —A = {—z|z € A}.

(a)
(b)
()

Show that —A is bounded below subset of R.
Show that inf(—A) = —sup(A).

From (b) show that least upper bound properties of R actually implies greatest
lower bound property of R and vice versa.

5. Prove the following statements.

(a)

(e)

Suppose z,y € R and x < y. Show that 3 n € N such that z < z —l—% < .
Similarly, show that 3 n € N such that z < y — % < y. From this statement show
that if A C R and a € R is an upper bound of A if Vn € N 3 a, € A such that
ap > a — % then a = sup A.

Consider A C R is bounded. Assume that a = sup A and b = sup A then prove
that a = b. Similarly, show that infimum of a set (if it exists) is always unique.

Let A be the non-empty bounded subset of R and a be an upper bound of A.
Show that if a € A that implies a = sup A.

Consider A be a non-empty subset of R, Show that if sup A ¢ A, then sup A must
be a limit point of A. What if sup A € A, then does this always be a limit point
of A? From this statement, show that if a = sup A and b = inf A then d(a, A) =0
and d(b, A) = 0 where, d(a, A) is the distance between the point a and the set A.

From part (d) show that if A C R is a closed set then sup A and inf A (if they
exists) must belong to the set A. That is sup A € A and inf A € A.

6. Prove the following statements to show that the set of rational numbers Q do not have
the least upper bound property.

(a)

(b)

Consider € Q and = > 0. If 22 < 2, show that there exists n € N such
that (z + +)? < 2. Similarly, if 2> > 2 show that there exists n € N such that
(z—1)2>2

From part (a) we can show that the set A = {r € Q|r > 0,7 < 2} is bounded
above in Q. Show that the set does not have the least upper bound in QQ that is
there does not exist any = € Q such that x = sup A.

From part (a) and (b) we can conclude that the Q does not possess the least upper
bound property. On the other hand show that if x € R such that x = sup A then
22 = 2.

In a similar way, you can show that the set of rational numbers Q do not have
greatest lower bound property.

7. A set A C R satisfies sup(A) = inf(A). What can you say about such an A?

8. Prove that a subset A of R is bounded (considering R as a normed space with the usual
norm) if and only if it has supremum and infimum.



9.

10

11

12.

13.

14.

15.

16.

17.

18.

19.

20.

Give examples of functions f : I = (0,1) — R such that

e f(I) is unbounded
e f(I) is bounded

Give examples of functions f : I = [0, 1] — R such that

e f(I) is unbounded
e f(I) is bounded

Give examples of functions f: I = R — R such that

e f(I) is unbounded
e f(I) is bounded

e Give an example of a set I C R and a function f : I — R such that [ has a
supremum but not a maximum, but f(/) has maximum.

e Give an example of a set I C R and a function f : I — R such that [ has a
maximum but f(/) has only a supremum and not a maximum

Let I C Rand f: I — R be a function. Is it true for any f that

sup f(z) = f(sup([))

zel

If yes, prove. If not, give a counterexample and a restricted class of functions for which
this is true.

Let I be a closed subset of R. Then prove that its supremum (if exists) is its maximum
and infimum (if exists) is its minimum.

Prove that N C R does not have a supremum in R.

Let f: I — R be a linear function defined as f(z) = ax + b where a,b € R. Prove that
f(I) is bounded (has a supremum and infimum) if and only if a = 0 or I is bounded.

Give an example of a set A C R such that 9(A) # 0 but sup(A),inf(A) do not exist.

Extra Questions:

Prove that for a set A C R, sup(A) (assuming it exists) is a boundary point of A
(considering R with the usual norm).

Prove that the empty set cannot have a supremum or an infimum in R (Use the fact
that empty set is contained in every subset)

Diameter of a set A in R™ is defined as dia(A) = sup, ,c4 ||z —y||. Prove that if A C R,
then its diameter is given by dia(A) = sup(A) — inf(A).



21.

22.

Let A, B be subsets of R and f : A x B — R be real valued functions. Then prove that

sup inf f(z,y) < inf sup f(x,
sup inf, f(z,y) < inf sup f(z,y)

(Food for thought: This result is important and arises in decision theory which has
applications in zero-sum game theory, economics and optimization. Google minimax
rule for more information and applications)

A subset A C R is called an initial segment if it satisfies that
reAy<r=—ycA

Show that any initial segment of R can be only among the four possibilities mentioned
below

(a) Empty
(b) A=R
(¢c) A= (—o0,a) for some a
(d) A = (—o0,a] for some a



ASSIGNMENT-3

3.1 Sequences

1. Recollect the following from class

Convergent = Cauchy = bounded
Limit of a a sequence, if exists, is unique

Spaces where Cauchy = Convergent are called complete spaces. R is complete.
2. If x,,y, are convergent sequences in R, prove that

a) lim (z, £ y,) = lim z, £ lim y,
b) lim (x, X y,) = lim z, x lim y,
(¢) lim n:il.lgll—i"iflimyn#O

)

(d) if z, = xy4n, for any given ng, then lim z, = lim z,

3. Consider the following sequences {a,} in R and determine whether the following se-
quences are convergent or not.

S

S

(a) an = oontd
(

5n3
b) an=7H+ms+-

1

(c) an:?JFWJFWJ“"'JFW'

(d) a, = (2" 4 3")%.

(e) alzl,a2:2andan+2:L;"+IVn21.
(f) ap, =nn.

(8) an =%

(h) a, = (n+1)7 —n?

() an =%
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4. Answer the following questions.

(a) Consider the sequence {a,} = {(—1)"} V n. Show that the sequence {a,} does
not converge.

(b) Suppose that {a,} and {b,} two sequences in R such that a, — 0 and {b,} is
bounded. Does {a,b,} converge? if so, what is the limit?

(c) If {a,} converges to a, does {a?} also converge to a*?
What about the converse? that is if {a?} converge to a® does {a,} also converge
to a?

(d) Consider {a,} and {b,} are sequences of positive numbers. Assume that lim b, =
n—oo

0 and a,41 < %an + b,,. Show that lim a, = 0.

n—oo

(e) Consider {a,} and {b,} are two sequences of positive numbers such that 0 < b; <
ay. Define a,.; = % and b,11 = vVapb, ¥ n > 1. Show that both {a,} and
{b,} converge.

(f) Define the Fibonacci sequence as follows: a; = 1, ay = 2 and a,, = a,_1 + Gp_o
V' n > 2. Show that lim “Z—:l exists and evaluate the limit. This limit is called by

n—oo
the famous name " Golden Ratio".

(g) Consider the sequence {a,} as a, = (1 + )™. Show that the sequence {a,} is an
increasing sequence and bounded above.

5. Consider the following sequence {a,} in R and let M, be their arithmetic mean as

follows: M, = @Featastetn -~ Angwer the following questions.

(a) If {a,} converges to a, show that {M,} also converges to a.

b) What about the converse? If the sequence Mn converges, does the sequence
g
Ay, also converge? If yes, prove the statement or give an example to disprove
the statement.

(c) If the sequence {M,} converges, the sequence {a,} is bounded. Prove the state-
ment or give a counterexample to disprove this statement.

6. Consider the following statements and decide whether the following statements are True
or False. If the statement is true, prove it. If the statement is false, give a counter
example to justify your answer.

(a) Consider a convergent sequence {a,} in R that has infinitely many distinct points.

Define the set A = {a,|n > 1} and @ = lim a,. Then ¢ must be a limit point of
n—oo
A

What if {a,} has only finitely many distinct points?
Is the converse true? If a is a limit point of A, is it necessarily true that a,, — a?

(b) Consider any set A C R and L is a limit point of A. Then there exists a sequence
{a,} € A such that {a,} converges to L.
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(c) Consider the set A = (0,1) and suppose any sequence {a,} C A is a Cauchy
sequence. That is Ve > 0 3 ng € N such that |a, — a,y| < eV n,m > ng. Then

lim a, =a € A.
n—oo

What if we take A is any closed set suppose A = [0, 1].

(d) Consider a bounded sequence {a,} in R. Define another sequence {b,} as follows
b, = sup{ag|k > n}. Then the sequence {b,} converges.
Similarly, define another sequence {c,} as follows: ¢, = inf{ax|k > n}. Then the
sequence {c,} converges.

(e) Consider a bounded sequence {a,} in R. Then there exists atleast one subsequence
{an, } of {a,} which converges to one limit point of the sequence.

(f) Consider the set of rational numbers Q and a sequence {¢,} C Q. Suppose ¢, — ¢
then g € Q. (Hints: See qns 4.(h) )

7. Subsequences: Given a sequence x,, in a metric space, a subsequence of x,, , denoted by
z? is a selection of natural numbers ny < ny < ---n; < --- such that z¥ = z,,,. Prove

the following statements.

(a) Any subsequence of a convergent subsequence is convergent and converges to the
same limit as the original sequence

(b) If a sequence is Cauchy in a metric space and it has a convergent subsequence,
then the original sequence itself is convergent and converges to the same limit of
the subsequence

(c) The Cauchy assumption in the above subdivision is crucial. Give a simple coun-
terexample to disprove the above subdivision without the Cauchy assumption of
the original sequence

8. Look at the following definitions for sequences in R and answer the questions that
follow

e Divergent sequence: A sequence a, is said to diverge if for every R € R, there
exists M" € N such that |z, | > R.

e Discrete sequence: A sequence a, is called discrete if there exists a number r > 0
such that for all 4,j € N, we have z; = z; or |z; — x| > r.

(a) Prove that a divergent sequence cannot be convergent

(b) Are all non convergent sequences divergent? If yes, prove. If no, give a counterex-
ample

(c¢) Prove that a discrete sequence is convergent if and only if there exists a number
N € N and another constant C' such that z,, = C for all n > N (eventually
constant). Give as many examples of discrete sequnces as possible.

9. All the sequences in this question are in R. Prove whatever is asked in each subdivision.



(a) If a sequence x,, satisfies x,, < a for all n, then prove that lim,, x,, < a if the limit
exists for the sequence z,. Does the claim hold if we replace < by <7 (prove, if
yes and give a counterexample, if not). Similarly, for z,, > a for all n, what can
you conclude?

(b) Let three sequences x,,yn, 2, satisfy z,, < y, < z, for all n and let x,, z, are
convergent. If y, is also convergent, then prove that it satisfies lim z,, < lim y, <
lim z,

(¢) Sandwich theorem: If three sequences x,,, y,, 2, satisfy x,, <y, < z, for all n and
Zn, Zn are convergent and also satisfy lim x,, = lim z,, then prove that y, is also
convergent with the same common limit.

(d) If for two sequences a,,b,, we have a, < b, for all n, and if both the sequences
are convergent. Then prove that lim a, < lim b,.

(e) Monotone Convergence Theorem: A sequence is called non decreasing if it sat-
isfies 11 <y <y <---.le i <j=x; <x;. Let X = {x,} (collecting all the
terms of the sequence in the set X). Then, prove that a non decreasing sequence is
convergent if and only if sup(X) exists and x,, — sup(X) if the supremum exists.
Similarly, define an appropriately meaningful notion of non increasing sequence
and replace suprema by infima and conclude appropriately. (a restatement of the
result would be that non decreasing sequence in R is convergent if and only if it
is bounded above)

10. The problems below illustrate that the order of limits cannot be interchanged generi-
cally. Evaluate the following

2m—n Qm—n

(a) lim,, lim, and lim,, lim,,

1

1 1
(b) lim,, lim, (%) and lim,, lim,, <%>

(¢) Dominated convergence theorem: Let a,m, > 0 and by, > 0 be bisequences such
that a,,, < b, and where lim,, lim,, b,,, = lim, lim,, b,,,. Then, show that

lim,,, lim,, a,,, = lim,, lim,, a.m

Given a sequence a,, its partial sum 5, is defined as S,, = Z?:l a; and is called the series

corresponding to the sequence a,. The limit of S,,, if exists, is called the infinite sum of the
sequence. If the infinite sum exists, the series is called summable. Now, prove the following.

1. The geometric series S, = 14+ a+a® +a® + -+ + a" is summable if and only if |a] < 1
and its infinite sum is given by 1= for |a| < 1

2. The sequence of a summable series converges to zero: Prove that if a series S, is
summable, then the sequence a,, satisfies lim a,, = 0. (Hint: Start with a,,1 = Sp11—Sn
, take limat both sides and use appropriate previously proved results

3. We will now show that the converse to the above statement is false. i.e. if a,, — 0, it is
not necessary that S,, converges. Consider the sequence a,, = % and the corresponding
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4.

series S, = 1+ % +ot %, called the harmonic series. Prove that .S,, > fln df =log(n)
and using this, show that 5,, cannot converge.

Prove that if 0 < a,, < b, for all n and if b,, is summable, then a,, is summable as well.

Given the sequence a, and its corresponding series S,, the sequence is called absolutely
summable if the sequence |a,| is summable.

1.

2.

Prove that an absolutely summable sequence is summable

The converse of the above statement is false. There are summable sequences that are
not absolutely summable. For example, consider the following alternating harmonic
series given by a, = (—1)""* x L. It is not absolutely summable as its magnitude
sequence |a,| = %, was shown to be not summable. But we will show now that the
sequence itself is summable and it turns out that S,, — In 2.

. Prove that the odd sequence Ss,i1 = San_1 — 5= + >—— is a non increasing sequence.

2n ' 2n+1

Since San1 = (1-3)+ G- +GE -+ +G5—5)+ 2n1+1, we have that

Sont1 > 0. Now use monontone convergence theorem to conclude the convergence of
odd terms of the series.

. Do similar manipulations for concluding the convergence of even terms of the series

Son.

. Now that we have shown convergence of odd and even terms of the series separately,

use the fact that S5,.1 — o, = — 0 to conclude that the odd and even sums

converge to the same limit.

_1
2n+1

Using the above result that the odd and even terms of the series converge to the same
limit, prove that the series itself converges to that limit



DO
[\]




ASSIGNMENT-4

4.1 Series

1. Use all the tests that you know to test whether the following non-negative series are
convergent or divergent

(a) 32, %%
(b) 3. %

(¢) 22, log(n)

2. Limit comparison test: Let a,, b, be two non-negative sequences. Prove the follow-
ing.

a

an
bn

o If lim
n—oo

=0and ) b, converges, => »_ a, converges

o If lim §* = K > 0, then >, Gn converges <= > b, converges

n—oo

3. Prove that the series defined by 1 + = + ”;—? + ’g—: + - -+ is actually power of a number

n

e” where e = lim |1+ % using the binomial theorem and rigorously, verifying that
n—oo

all limits are well defined. (You never bothered to prove this in school, but the series
seriously does not look like a power of some number at first glance!)

4. Prove that if a series made of a sequence of non-negative numbers has a divergent
subseries (series corresponding to a subsequence), then the entire series is divergent.

5. Check the convergence, divergence, absolute convergence, and conditional convergence
of the series

1
hd Zn n2+4n+3

5n2—6n+3
n n3—7Tn+8

ox ()

° Zn coiﬁ%w)
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n—1

b Zn 377,2”

°* > (572;11)
(="

¢ Zn In(n)

6. Root test: Prove that if for a non negative series ) a,, if lim (a,)7 exists and equal
n—oo
to K , then

e The series converges if 0 < K < 1

e The series diverges if K > 1
What can you say if K =17

7. Using integral test, given an R € R, provide a N so that the n'* partial sum of the
harmonic series Y-, 1 exceeds R.

8. A series is called telescoping if its n term can be written as a, = f(n) — f(n — 1)
for some f : N — R. Give conditions on f that can guarantee the convergence and
divergence of the series ) a,

9. Answer the following:

o [f the sum of even terms and the sum of odd terms of a series are individually
convergent, does that imply the series itself is convergent?

o [f the sum of even terms and the sum of odd terms of a series are individually
absolutely convergent, does that imply the series itself is absolutely convergent?

e If the sum of even terms and the sum of odd terms of a series are individually
absolutely convergent, does that imply the series itself is convergent?

e If the sum of even terms and the sum of odd terms of a series are individually
divergent, does that imply the series itself is divergent?

10. Answer the following:

e [f the even and the odd partial sums of a series are individually convergent, does
that imply the series itself is convergent?

e If the even and the odd partial sums of a series are individually absolutely con-
vergent, does that imply the series itself is absolutely convergent?

e [f the even and the odd partial sums of a series are individually absolutely con-
vergent, does that imply the series itself is convergent?

e [f the even and the odd partial sums of a series are individually divergent, does
that imply the series itself is divergent?

NOTE: An even partial sum is given by 2321 a; whereas the sum of even terms is given
by D" | as. Both are not the same thing!



ASSIGNMENT-5

5.1 Limits and continuity

1.

10.

11.

Is the intersection of a finite number of neighborhoods of a point ¢ a neighborhood of ¢?

. Is the intersection of an infinite number of neighborhoods of a point ¢ a neighborhood

of ¢?
Can a finite set have a limit point? Does N have a limit point?

If A C R, Is every interior point of A, a limit point of A?

. Suppose that f is a continuous function such that

Si={xeR: f(z) >0}, Se={xreR: f(zr) <0},

Ss={re€R: f(x) =0}, Sy={recR: f(zr)#0}. (5.10)

Is either of these sets open in R 7

. Isit true that if lim f(z) does not exist and lim ¢(z) does not exist, then lim (f+g)(z)

T—x0 T—x0 T—TQ
does not exist? How about the existence of lim f(z)g(x) ?
Tr—xTQ

When we deal with a quotient f/g of functions, what is the domain of f/g ?

. Suppose that lim f(z) exists but lim g(z) does not exist. Can lim (f + g)(x) exist?

Tr—x0 T—T0 T—T0

. Suppose that f(z) is a function defined on R such that lim |f(z)| exists for each z € R.

T—T0

Must lim f(z) exist?

T—T0

Does lim /z exist? Does lim +/z exist?
z—0 z—0+

If lim f(z) = ¢ > 0, do we have lim \/f(z) =V ?

r—ra
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

. Let f be defined on (a, 00) for some a € R and ¢ € R. Must

1
: _ : N _
i )=t Ji 1 () =
Let f be defined on (—o0, a) for some a € R and ¢ € R. Must

lim f(z)=/{¢<+= lim f(l) =07

Tr——00 r—0— X

Suppose that f and g are defined on (¢, 00) for some ¢ € R such that lim f(x) = ¢ for
T—r00
some real ¢ and lim g(z) = oo. Does the limit lim (f o g)(z) exist? If so, what is the
T—>00 Tr—00
limit?
Suppose that f and g are defined in a deleted neighborhood of a such that lim f(z) = ¢
T—a

for some non negative real number ¢ > 0 and lim g(z). Must lim f(q:)g(:c)) = oo if
Tr—a Tr—a
¢ > 07?7 What can you say about the limit lim f(x)g(z) if =07
r—a

Suppose that lim, .o f(z) = 0 and lim,_,o g(x) = 0o. Does either lim, o f(x)g(x) = 0
or lim, ¢ f(z)g(x) = oo hold?

Suppose that lim, o f(z) = co = lim g(z). Must lim(f(z)— g(z)) =00 ?

z—0 x—0

For what values of o does lim (sinx/|z|*) exist? When does it not?
T—00

Does the sequence {sinn},>; converge? Does it have a convergent sub sequence?
For what values of ¢ € R does {sin(nt)} converge?

For what values of t € R does {cos(nt)} converge?

Does {cos(nm)} converge?

Does {sin(nm/2)} converge? Does {(1/n)sin(nn/2)} converge? How about the se-
quences {(1/n)sin(n7/4)} and {(1/n)sin(nw/5)} 7

What can be said about the convergence of the sequences {(1/n)sinn} and {(1/n) cosn}
?

What is meant by a limit point of a sequence? How does a limit point differ from a
limit of sequence?

For each of the following sets determine the set of all limit points: N, Z, Q, R, ), R\Q.

Show that lim 3'/* does not exist.
z—0



28.

29.

30.

31.

32.

33.

34.

35.

36.
37.

38.
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Define f(x) = (1/z)sin(1/z) for x # 0. Determine lin(l) f(z) if it exists. If not, explain
T—

why the limit does not exist.

Suppose that f is bounded and monotone on (a,b) and ¢ € (a,b). Show that lim f(z)

T—rc+
and lim f(z) both exist.
Tr—Cc—

Draw the graph of

B |m|+% for  # 0,
fl2) = {0 for z = 0,

for x € R. Determine lim f(x) if it exists. If not, explain why it does not exist.
z—0

State and prove the squeeze rule for functions f, g, and h defined on (a, 00) (respectively

(—00,a)).

Compute the following limits if they exist: (a) lim 2z (b) hm a lm) (c) hH(l) dnde-de
T—00 T—>
cos(|z . . rel/T /x 1/x
(d) lim <D= (e) lim . (£) lim 2. (g) lim 220 (b) lim 52 (i) lim S22 In

the cases in Wthh the limit does not exist, determme the left- and rlght hand limits if
they exist. Note: Those who are not familiar with the exponential function can wait
until we introduce exp x.

Draw the graph of
1
f(x> - 1 + el/m

and determine the following limits: (a) lim, ,o- f(z). (b) lim, o+ f(2).

Let f be defined in a deleted neighborhood B’ of xy. Prove or disprove the following:
lim f(x) exists if and only if given € > 0, there exists a ¢ > 0 such that |f(x)—f(y)| < €

Tr—xQ

for every pair of points z,y in B’ such that |z — y| < .

1. Let f: R — R by

Lgin (&) for z #0,
0 for x = 0.

Prove that f is not continuous at the origin.
Using the € — ¢ definition, show that f(x) = v/ + 2 is continuous at x = 2.

Give an example of a function that is continuous on [0,2) and (2, 3], but not on any
open interval containing 2.

Prove that the following functions are continuous at the indicated points by finding ¢
for a given € > 0 : (a) f(z) = /o at x = 4.
(b) f(x) =+va?—9at x = 3.



39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

(c) fl@)=Latz=a#0.
(d) f(x):\/iiatx:a>0.
For z > 0 or —1 < x < 0, prove the Bernoulli inequality

(1+2z)" >1+nx forn > 2.

Using this, prove that {r"} converges if and only if —1 < r < 1.

For what values of a does lim,_,,[z] exist? Determine the domain where [z] is contin-
uous.

If f(z) = /x — [z] on (0,2), determine lim, ,o+ f(z) and lim, o f(z). Determine
whether f is continuous at z = 1.

Define (1 +si o
+sinmx)" —
flz) = S v———

(14 sinmx)”+1

Determine the points where f is discontinous.

z € R.

Determine the constants a and b such that f defined by
ar + 3 for z > 4
flz) =<7 forz =4

2> +br+3 forx<d4
is continuous on R.

Suppose that f is uniformly continuous on a set F and {z,} is a Cauchy sequence in
E. Show that {f (z,)} is a Cauchy sequence. Using this, show that f(x) = 1/2?% is not
uniformly continuous on (0, 1).

Consider f : R — R by f(z) = 3|z|. Let € > 0 be given. Find d(e) > 0 such that
|x —y| < d(e) implies |f(x) — f(y)| < e for all z,y € R.

Suppose that f is continuous on [0,00) such that lim, ., f(z) = ¢ for some ¢ € R.
Prove that f is uniformly continuous.

Suppose that f is continuous on R and

Jim f(x) = 0= lm_f(x).
Prove that f is uniformly continuous on R.
Define

) xsin(1/z) for x # 0, _ )sin(l/z) forx #0
fle) = { 0 for z =0, and g(r) = {O forx =0

Prove or disprove the following: f is uniformly continuous on R, but ¢ is not.



ASSIGNMENT-6

1 Riemnann Integration

Example 1.1. Let f,g € Bla,b|. Show that for any partition P of [a,],

L(f,P)+ L(g, P) < L(f + g, P)
U(f+9,P) <U(f, P)+Ulg, P).

Example 1.2. Let f,g € R[a,b]. Prove that f + g € Rla,b] and

/ab(f(a?) + g(z)) dx = /abf(:z:) dr + /abg(m) .

Example 1.3. Let f € Rla,b] and k € R. Then kf € R[a,b] and

/ab(kf)(x) dz = k/abf(x) dz.

Example 1.4. Give an example of a function f with f ¢ R[0,1] but f* € R|0,1].

Example 1.5. Let
0<z <2,

flx) =
2, 2<x<3.
(a) Show that f € R[0,3].
(b) Compute f03 f(z) dx using the definition of the Riemann integral.

Example 1.6. Prove or give a counterexample: Suppose f € Rla,b] and there exists K > 0
such that f(x) > K for all x € [a,b]. Then % € Rla, b].

Example 1.7. Prove or give a counterexample: Let f,g € Rla,b] and h € R[a,b]. If
f(z) = h(z) < g(x) for all x € [a,b], then h € R]a,b].
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Example 1.8. Let {f,} be a sequence of functions with f, € Rla,b] for each n. Suppose
the sequence {f,} converges uniformly to f on [a,b]. Show that f € Rla,b].

Example 1.9. Let {ry,re,r3,..., 7%} be a counting of the rational numbers in the interval
[0,1]. For each natural number k, define the function fi by

fl) = {1, x €{ry, ey T}

0, otherwise.

(a) Find f, the point-wise limit of the sequence { fi}.

(b) Show that fi, € R[0,1] for each k.

(¢) In general, if { fn} is a sequence of Riemann integrable functions which converge point-
wise to f, is f Riemann integrable?

Example 1.10. Assume f € R[a,b].

(a) Let ¢ € [a,b]. Suppose g is defined on [a,b] and

L [r@ aze
- {0, 1

Show that g € R|a, b]

(b) Suppose g differs from f at a finite number of points. Show that g € R|a, b].

(c) Does this extend to the case where g and f differ at a countable number of points?
Prove or give a counterexample.

Example 1.11. Prove or modify and then prove: Let f € Bla,b].

Define
vy J @), fz) >0, )0, f(x) >0,
fre)= {O, otherwise, f @)= {—f(:c), otherwise.
Then
f € Rla,b] if and only if both f* € R[a,b] and f~ € Rla,].



ASSIGNMENT-7

7.1 DMetric Spaces

1. Show that the real line is a metric space.
2. Does d(z,y) = (x — y)? define a metric on the set of all real numbers?
3. Show that d(z,y) = y/|z — y| defines a metric on the set of all real numbers.
4. Find all metrics on a set X consisting of two points. Consisting of one point.
5. Let d be a metric on X. Determine all constants £ such that

(a) kd

(b) d+ k

is a metric on X.

6. Let X be the set of all bounded sequences of complex numbers; that is, every element
of X is a complex sequence

= (&,&, ) briefly z = {&}

such that 7 =1,2,--- we have
&1 < Co

where C, is a real number which may depend on X, but does not depend on j. The
metric d is defined as

d(x,y) = sup |§; — n;|
JEN

where y = (1;) € X and N is the set of all natural numbers. Show that d satisfies the
triangle inequality.

7. If A is the subspace of [ consisting of all sequences of zeros and ones, what is the
induced metric on A?

8. Show that d on the set X defined by

b
d(a,y) = / l2(t) — y(0)] dt
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10.

11.

12.

13.

14.

15.

is a metric, where X is the set of all real-valued functions z,y, - - - which are functions
of an independent real variable ¢ and are defined and continuous on a given closed
interval J = [a, b].

Show that the d defined by
d(z,z) =0, d(z,y)=1"forz#y.
defined for any set X is a metric.

(Hamming distance) Let X be the set of all ordered triples of zeros and ones. Show
that X consists of eight elements and a metric d on X is defined by d(z,y) = number of
places where x and y have different entries. (This space and similar spaces of n-tuples
play a role in switching and automata theory and coding. d(z,y) is called the Hamming
distance between x and y.)

Prove the generalized triangle inequality

d(xy,2,) < d(z1,20) + d(x9, 23) + -+ + d(Tp_1, Tp).

(Triangle inequality) The triangle inequality has several useful consequences. For
instance, using the inequality from @n.11, show that

|d(z, y) — d(z,w)| < d(z, 2) + d(y, w)

Using the triangle inequality, show that

|d(z, 2) — d(y, 2)| < d(z,y)

(Axioms of a metric) (M1) to (M4) could be replaced by other axioms (without
changing the definition). For instance, show that (M3) and (M4) could be obtained
from (M2) and

d(z,y) < d(z,x)+ d(z,y).

Show that nonnegativity of a metric follows from (M2) to (M4).
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