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@ Motivation
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y Recap of a problem already solved
e Recall potential problem (finding V () Vr)
N b 'l) P N-,d\j 1% _ 1 () dl’ <+
\,r(‘f,,\):l_ ?_ik )b, &« (7) Ireo JL R
\, e Lm(l) Find p,  (2) then V.
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Problems with this approach? ., Need L a;zN '
I ons
s ko
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Wob enfor VO'] =V
J wgwg Fi;;, other than Y.

Motkad § Momes

Want a more robust method.
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@ Linear Vector Spaces



From continuous to the discrete world

Integral /differential operators —

i It wosk now
Linear operator/1 P k ¢
~ Lo(r) = f(r) L
V'dﬂ!\'\dﬂ’\- W : yo_nﬂ-?,

(a) Need a basis for D(L)
I;” - basis

(b) Need a basis for R(L)
N %es‘h“ngr

ac st be 1o R.(.ﬂ.)

Condn on f?
_.__________.-'

Once we discretize —
Dt

finite dimensional vector space V — Vy
. W — Wy
Characterized by:
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© Formulating the Method of Moments
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L= £) -~ (A, ko)) — j{u}k( )dr”’
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- fo‘ Formulating a system of equations
A v
Express q§( ) in the basis {b,(r)}\_, Similarly for f(r ) in basis {t,(r)}N_,
45[‘” - l\§ 4,“5 U) fa = "\ZI Jc\.‘:__(_?-"’ ( -!: (r) “fff))
Qn(-”) “’m) = b Boundary condn? e.g. L = - & Lo(r) =

unknowns now are: &“/kams Lm{, fl’) ]Cn
N IL f‘pblr)— Zf%[f) ¢Ll}{{)d_-

Choosing one t,,,(r) ‘testing’ fn gives: | eqn, N vors

() = Eh(OL0)- fo/ (b:,,m,w

Overall matrlx equatlon becomes: Ax=¢C CE_".“
A, = (L0, Lb, cf))‘,/wk"“
Cu= T



A

/‘ 7 ]v Old wine in new bottle

Chncre tesbing basis
In the first problem of —— fl_ o) g = V() V) Lo Lo Lhe some

how to describe the old solutlon procedure in the new language? (o,,l.ex.kxns meﬂ‘&ud.
A

! bnlr’)
) boss:  P(Y) = 2 f, L ) o_,ﬂ_:;f’

besting. V(1) j\,[,)g(r fn) & £ (1) = bml(¥)

5 byt - § Gmtn)

Puim Lﬂ-sf‘»‘; de o bﬁhnﬁ
Pa.m{’ Eﬂl’"‘j

pamt ol dion medeod.
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@ MoM: Surface Integral Equations



Surface Integral Equations: Recap

\ \ / / / < Seo
i) —Flon () V0r(r) = G2(r) V()] Al @ f
¢1(7"/) rey, — 7 Huj el -\ @J /
eV - E-rtﬂ‘:b“’" thw -
Similarly for region 2
f92?"7“ Vo(r Vg2rr ~ndl
r e VQ

T‘EVl
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r* . S Puis: boss  delta b;slrl'n} — MeM T :
Paly I >

o Surface Integr)al Equations: Recap (contd.)
VG - OJ "ta L_L_I\PTM

Use only the Extlnctlon theorem: v Where to choose r'?

L fln (ol -

/"Iﬁ f'_ ey 2 ™~
7! r)-n—¢(r)Vga(r,r') - n]dl =0, (
N
/ \,vq,,; = “?:I i" f’“_") , N N
* ~

$lga(r,r)Ve(r)

S/

S %I(f,n") 4L

S¢3.; —_—

?(_r)Vgl (ryr")-n]dl = ¢i(r')

, $w = “:Z_1 L_: Fﬂ'(} Ve,

Bourdary 1 o =23
S R IS
I dl >l
‘S\ Vg,['ﬂ)“ Cotended BC

- onetlod .
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\ / Surface Integrals: Which terms are problematic?

g(r,r) —4 (k!r m What about Vg7 Use dHO @ _ —Hf)(ﬂ?)
" } . o [I_J
Call p = Ir—r/I:J(a-x‘) To-t WBEYIT [ -y = N L
41 2Juore0? 2f
FO(VQ)PP—<< 1: (\)sulw conslr = 0k #Pke) [ o) 2 + G-9) SJ
Hy” (kp) =~ 1~ j2(In Redt i T
- L R
“

Both g and Vg blow up as p — 0
— —

Thus, care while integration:

e Segments where 7 # 1’ — NVumou'cal %mdv&wre vles

e Segments where r =1’ — gi'ngu.lm wte.gro{o



y Surface Integrals: Kinds of singularities?

HP ()~ 1- 2 (In(3)+7)  « o<1 - O HP (@)~ §+ 21
o | : x
lm Szfm«xdr. :[*,ﬂkk""’] thf(xb) Er° K i&x. - A 3
€= 0
£ £ = Mna - L
_(atre-a) = (Ehae -9)
1 X
i At -‘FE - g—o0 ohvo._azl\t
E—e If -‘{ 2

Thus the singularity of g is integrable but not of ng(
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10 j/emi"'l v
- What happens when you integrate past a singularity?
¢

Improper integral e.g. ffa %da: and both a,b > 0. Since % — o0 asx — 0,
b [
. b 1 jnl‘l -+ lldt =Jnl£_’t"“+‘(ﬂ'5ﬂ‘&.r
Rewrite as: [0 fdz = _J {4 L, Ay der
( If BOTH 1, € approach zero independently, and the limit exists, -

then we say the integral is convergent. Is that true herek’?

J“"rgd‘ = (ne- Aa) +(Inb-bg) o Kd;‘—"’j"ﬁ‘ _——\)}—/

— —a £ x
'j = /Ek L/L : b{( ]41 Qasidu—t-
> - ¢ > J e, Y
. . . . + p '.F(l d
No! It is divergent. But this exists —' -a ¢ = FV iJr EE Hord
R — J

Called the Cauchy principle value (PV) of the integral
fv J frode & ﬂ- -f(;}dw.
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\ Back to the surface integral equations:

— ) N

Flnlr Vo) - 7= 6Tl r) L= i), P eVe S ) |

$lo2(r, ")V o(r) -t — ¢(r)Vga(r,r") - 0] dl =0, 1" €W @
How do we change the integration contours?

— . ~— —
- T~ Eg 2 .~ ~

Eq )
?)/
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L _ ke (2) k) R P H, o ox +) 2
12 fa-t iz 7 n ROk X, o T I AR
o
i A Putting it together: evaluating the integrals
e e 4 m IU.-WS jgaaf-nx
° L __f?\_— [v]
5 " _de) =TE /
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@ MoM: Volume Integral Equations
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Volume Integral Equations: Motivation
~— N

Recap what we already know to solve: /)
e T Ko = Fp= 2Dy K
{ P + Kglor) = - §0) =) \

= ?} 4 J( / Va e =0 o
= D (bfss&]g Di‘f}-

+o solve This: 13“‘3*(""") ) e:in)

- —
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"
n

= 1y ;
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P |
t ) ) g 5/
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Volume Integral Equations: Setting up

vy

pr

. . £,(n = €(x,9)
How is our current problem different? Cittun Vs

ey ﬂm 5 Mo Di:(j'!d'-'
VLELUH k:' E[ = J“}"j;(') - )
Add the objeck Vo P fn o ¥
VEM + kosz L) EC) = jub 0 70
_
VIEW-E0] +kiewE® -k E4= 0 —C)

vlau,v’) - k,:g Ur') = = §ur') « (%)

Lse 7
vtk = f)
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Volume Integral Equations: Solving

Uz(E ~E)« ko EE - ke vk E = kE

Get it into a form that we can solve:
it in rm w n solve T

2 ~ N7
L V(EW-Et) + ks (E® ~E(N) = —k (€,—-1) EC ){
usfn.d v 723("»"”) 4k 8(7;!") - =&n) &_‘— \}
e gex g - L) = S 3(,,1'} k:'(ét(r)—-gE_(_f) dv

Vi Y Fredhem inteqrad eqn
—_— _ Ty Schwingen "
lnvopn: Eil), (), gloy) , uskaown £00) Upmann Schiviager =

2 'Fr—-___"j /)) E.(x)
' ¥) —1 ) E( dv’ = L
Eo) = { giur)ks (8 1) EC
— b f s Vo
o & 1) Find E() inside Vo - hoose Tev’
e TEV

—5 thaoo
Q s{efs: 2) Find E (1) anyguhoe. M
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~
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e
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Volume Integral Equatlons Solving (MoM)

/ . . £ i) - z. a F (") ' N Fnsz
Use MoM: Pulse basis, delta testlng , m G 2 pulses. '_____v,_
£.0N=1= ()= Z X, Pn (v) To solve for- 774-.——¥
\IJ h=| _(._’ klﬂlﬂﬂ‘ Ik »

EQ) - j N ALY XNER = E0) { y
1) Pudes: Z a\F.‘(r] - Sk"a(' y)z x, 0, ?.‘(r)dv = E.lr) v

v, — - .
z ] Y ! _ ™
o T [ 50 dr 5ty [igln,7) 2 s pt)dl= R0m) |

Y " \) 3 H[:)(kol v r,'.)
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Volume Integral Equations: Solving (contd)

"‘M
Any problems with singularities here? wodvadure. T 7 ¥

o) edc o
Yo § n puse (msn) 7

Ym €& hﬁpdse (l"‘ﬂ\) - i:ot’um-’ 3'\'5“1’”1’?

53{‘“—7.) d}l Dt @ g ~ ,ﬂ» »x k<<l

2 cases

nnp.m \ . Tot a——
\ -
@

i a P

[} W dods = 4 2Te Blea) o) T E
0 ~ K
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Volume Integral Equations:

Putting it al together Silem:

\ aln _ Z G,.ank S)BC‘MJ P|.

5\’}/ Ao = b [El(")

N i]

o' = B (Vm)

E (fﬂ)

¥ E(r]- E(«)+k vf);t(f)E(r)olﬁ +—
v %F'F_TT
Sus E(r)=
“ w.» 24, Palr)
Ptk ) lnudet Scattowd . ""L

knoun -

Summary
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