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Figure 1: rect (4)
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Figure 3: sinc (L) = rect ({5)



(Q2)
Let x(t) = wsmc( )then

X(jw) = 1, forlw| < W,
= 0, elsewhere (1)

X(jw) = / gsinc (%) e 1@t dt

—00

Lett = %, then

X(jw) = /oo sinc(r)e#dr

—00
Now the fourier transform of sinc(t) will be a rectangular function of mag-
nitude 1 extending from —7t to +77. Let the variable T be x.

[ sinc(x)dx is equal to the fourier transform at w = 0 which is equal to 1.

Ifr(t) = s(t)p(t), then R(jw) = 5= [ S(j8)P(j(w — 0))d6. Using this prop-
erty,

Y sinc () = [T dg=1
/_Oosmc(x)x—ﬂ/_n =

Thus, [*_sinc(x)dx = [*_sinc?(x)dx = 1.

Q3)
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x(t) =e™ 2
)
/ x(t)e Jvtdt
[ e S
"0
:/ eZe ]“’Tdr—i—/ ez lWTdr
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%—fw 3+ jw
_ 1
e
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b

The fourier transform property states that multiplication in time domain is con-
volution in frequency domain.

1/, .
x1(t) =sin(2mt) = T <e]2nt _ e—]27rt)

]
(4)
1
Xi(w) = % (6(w —2m) — 6(w +2m))
xo(t) = e tu(t)
Xa(w) = / xa(t)e @ldt
= /_oo e TeTIYTdT
0
1
1+ jw
X(w) *d(w — wy) = X(w — wyp)
y(t) = x1(H)x(t) — X1(w) * Xp(w)
1
Y(w) = % (Xo(w —2m) — Xo(w + 271))
- 27
14 (47)2 — w? + 2w
(5)
Q4)
TO — 1, (UO — 27-(
(a) Fourier series coefficients P, of function p(t),
| A
P, = — / p(t)e /"@tdt, n #0
T,
~1/4
0 1/4
— / (1 4 4t)e 12t d + / (1 — 4f)e 12 dy
~1/4 0
1/4 1/4
_ / (1= 4) (e 127t 4 o=i2nt)dt — 2 / (1— 4¢) cos(27nt)dt
0 0
sin(27tnt) tsin(27tnt)  cos(27mnt) 1/4 4sin®(7tn/4)
=2|——F—4 ="
27tn 27t 47t2n? 0 2n?



_ 4sin®(nn/4)
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Fourier transform of p(t) :
f(t) is defined as
1) ]
S o0sf f
0 L | | | | | i
~05 ~0.25 0 0.25 0.5

p(t) is the convolution of f(t) with periodic impulses,

= p(t) = f(t) * i 5(t—nTO)MP(aJ):P(aJ)x}"{ i (S(t—nTo)}

k=—o0 k=—o0

Leth(t) = Y, 6(t—nT,), Using Fourier series expansion of h(t),

k=—c0
h(t) = Z ckejk“"’t
k=—0c0
. To/2
k= = / 5(t)e Thwotdqr = 1

To

~T,/2
= h(t) = Z p/27Tkt
k=—o0



F i)} = i ]—"{ejznkt}zzn i 5(cw — 277k)

k=—o0 k=—00

Using the convolution property of Fourier transform,

P(w) = F(w) x2m Y &(w —27k)
k=—c0
3/4
where F(w) = / f(t)e i@tdt
—-1/4
0 1/4
_ / (1 + 4t)eftdt + / (1 — 4t)e it dt
—-1/4 0
1/4 1/4
/ (1— 4t)(e 9 4 ety dt = 2 / (1 — 4t) cos(wt)dt
0 0

) [sin(wt) 1 (tsina(]wt) N Cos(wt))]l/zl

w w? 0
(1 — cos(w/4)) 16 sin?(w/8)
=8 2 - 2
w w
16 sin?(w/8) >
— P(w) = — X 27tk:z_oo5(w — 277k)
> 327sin?(w/8) *  8sin?(mk/4)
= k:Z_oo — S(w —27k) = k:Z_oo T(S(w — 277k)
1.5 C%) i
| &)

—127 —87 —A4r 6 47 8m 127
(b)
y(#) = p(t) () — Y(w) = iﬂp(w) ¢ X(w) = % /_Z P(0)X(w — 0)d0
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Y(w) = 5 P(w) * X(w)
B 1 > 8sin?( 7'[k/4) w
Y(w) = 5= ; —_ (w—an)] * rect (E)
i 4 sin® (nk/4)rect w — 27tk
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0.25 | - 8
2 2
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Question5
Through integration
0 2 .
X(w) = / Z(F+ 0.5d)e 1<t dt + / Z(05d — t)e i<t dt ©)
0.5 d
S T
0.5d d 0.5d

(7)



Performing integration by parts on the above equation and applying the respec-
tive limits gives

X(w) :%sinz(O.Zde) (8)

Time differentiation property Differentiating x(t) gives a waveform whose
amplitude is % between -0.5d and 0 and the amplitude is _72 between 0 and 0.5d
and 0 otherwise. Let this signal be denoted as s(t).

S(w) = /O %e_j‘Utdt + /0'501 _—Ze_j“’tdt 9)
Joosad o d

Integrating the above and applying the limits give

S(w) :],;—Zsinz(O.ZSwd) (10)

From the integration property of FT;

X(w) =i + 716(w)S(0) (11)
—8)(0.25dw)?

:%sinz(OQde) + 7t6(w)’ 8)(]36205 w) (12)

:%sinz(O.Zde) +0 (13)

:%sinZ(O.ZSdaJ) (14)

Convolution property of FT Convolving two rectangles having an amplitude

of \/% during the time -0.25d and 0.25d and 0 otherwise will give x(t). If the
individual rectangles are denoted by r(t) then;

R(w) = / h \/gef“’tdt (15)
~ Joo025a V d

Evaluating the above integral and applying the limits give

2V/2

R(w) :w\/asin(O.Zde) (16)
From properties of FT;

X(w) =(R(w))(R(w)) (17)

X(w) :%sinz(O.Zde) (18)
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Question 7

Energy of the signal x(t) can be found using

E— / (1) dt
= /62‘” u(t) dt
= /6_2’” dt

0
B e—2at o
- =24,
1
E=_—
2a J

Energy E, = 095x E= %2 ]

Fourier transform X(w) of e u(t) is < - +1jw>

Energy of the signal x(t) using fourier transform

E— [ |X(w)P dw

—00



w 2

/ 1, dw
a—+jw
Y

W
Ey = / X ()2 deo =

v 1
2 /—a2+w2 dw
0

1 2 T
[ () do= [ i
w Va? + w? Wa2_|_w2

an

_1(«0’W
alo

2a
W

= tan(0.2375)
w
a

2
-t
a
0.95 2 W
= —tan
a a

= 0.2420
W = 0.2420 a4 rad/s

Question8

Magnitude of Y{a}

Phase of Y{w}
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Using the property:

t . wT
rect ( ;) > Tsinc <7>
and: x1(t) x x2(t) <  Xj(w)Xo(w)
= f1(t) << 2(4)sinc (2w)
= fo(t) < 2sinc(w)
=g(t) <+ Y(w)=16sinc(2w) sinc(w)

g()= t-3, —-3<t<-1
4, —1<t<1
= —2t+6, 1<t<3

Question 9
a

x1(t) = rect(t) xrect(t) = x(t +1) + x(—t+1)

Fourier transform of x(—t 4+ 1) = X'(w) is,

X' (w) = /°° (=t + 1)e el dt

—00

Substituting —t+1by T

X'(w) = — LMX(T)E_jw(Z_T>dT

= e_j“’/ x(T)e 1-9)Tdr

—00

= e X (—w)
Fourier transform of x(t +1) = X" (w) is,

X' (w) = /Oo x(t+1)e /@tdt

—00

Substituting t + 1 by T

X' (w) = — / (e i@y

:e]""/ x(1)e @)t dr

= X (—w)
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Therefore,

= ?(e 19 4+ jwe™ Y — 1) + —- (/Y — jwe! — 1)
= %(2 — e IY — i)
1
= —4 sin(%)z (26)

b

The fourier transform property states that convolution in time domain is mul-
tiplication in frequency domain. Therefore if R(w) is the fourier transform of
rect(t), then the Fourier transform of rect(t)  rect(t) is (R(w))?.

(R(w))? is given by 26. Hence,

Rw) = 220E) 27)

Using the scaling property of Fourier transform, the transform of rect(%) =
Xp(w) is given by

X5(w) = 2R(2w)

_ 2512)(“’) 28)
Question 10
(i)
X(w) = 7x(t)e‘j“’tdt
X(0) = 7x(t)dt
0 1 2 3
:_/1dt+0/(1—t)dt+1/(t—1)dt+2/dt
X(0) =3

11



(i)

x(t) = % / X(w)etdw
X(0) = 5 [ X(w)dw

(iii)

(iv) Using Parseval’s theorem,
L [ ixw)de - [ Ixtfar
27

00 0 1 2 3
— / | X(w)Pdw = 27 /12dt+/(1 —t)zdt+/(t—1)2dt+/12dt
—o0 —1 0 1 2

3 3 3

11 1
—on 1+—+—+1}: o

v)

x(t) «— X(w) = Re[X(w)] + j Im[X (w)]
x*(t) «+— X" (—w) = Re[X(—w)] — j Im[X (w)]

As x(t) is real, x(t) = x*(t)

— Re[X(w)] = Re[X(—w)]
& Im[X(w)] = —Im[X(—w)]

x(—t) +— X(—w) = Re[X(—w)] +j Im[X(—w)]
= Re[X(w)] - j Im[X(w)]
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Question 11

The given ciruit can be drawn equivalently in the frequency domain as below:

? Is(jo) R] ) 1 R}Vo(im)

Current through the capacitor is
Iop(jw) = Vo(jw)

Hence, voltage across the 2() resistor is

6
Vo(i —+1
0(je) (i +1)
Writing Kirchoff’s current equation at node A, we get

_ Voljw) (5 +1)

Ip(jw) > + Vo(jw)
= h(je) = Vo(jer) (5 +3)
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Hence, we get the frequency response as

. . Vo(ja)) . 1
A9 =) ~ 243
2, jw
B 5(2+jw)

For step input, we can write the Fourier transform of output as

2, jw 1

Voljw) = Z () L(je) = 5 (5755) (5 + m0(w)
= (3750

From this, we can get the step response by inverse Fourier transform as

2
Ze2ty(t)

Vo(t) = 3
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