
EC5142: Introduction to DSP

Problem Set 4

(September 22, 2011)

1. There are only two nonzero coefficients present in the exponential form of the Fourier
series expansion of x(t) = A sin Ω0t. That is, x(t) is a bandlimited signal.

(a) Let x(t) be passed through a full-wave rectifier. Find the FS coefficients of the
rectified signal. Is it bandlimited?

(b) Repeat the above when x(t) is passed through a half-wave rectifier.

(c) Form a periodic signal by repeating periodically 1.5 cycles of x(t). Find the FS
coefficients of the newly formed periodic signal. Is it bandlimited?

2. Let x(t) = t2 for −π < t < π, with x(t+2π) = x(t). Using the Fourier series expansion of

x(t) prove the following identity:
∞
∑

n=1

1

n2
=

π2

6
. Note that the FS coefficients of x(t) can

be more easily obtained using the differentiation property than by direct computation.

3. Let x(t) = −1 for −π < t < 0 and x(t) = 1 for 0 < t < π, with x(t + 2π) = x(t). We
wish to approximate this by using only the fundamental component in the FS expansion.

(a) Find the amplitude of the fundamental component such that the mean-squared

error is minimized, i.e., find c such that
1

T

∫

T
|x(t)− c sin t|2 dt is minimized. How

is c related to the corresponding FS coefficient?

(b) Let y(t) = x(t)+1, where x(t) is the same periodic signal that is defined in the pre-
vious part. Once again we wish to find the amplitude of the fundamental component
that minimizes the squared energy between y(t) and the fundamental component
of its FS expansion. Recompute the amplitude for this case and compare it with
the answer obtained previously. Comment on the result.

4. Let x(t) be the square wave described in the previous problem. Let y(t) =
∫ t

−∞

x(τ) dτ .

The FS coefficients of y(t) for k 6= 0 are given by
ak

jkΩ0

, where ak are the FS coefficients

of x(t), with a0 = 0.

The integral
∫ t

−∞

x(τ) dτ can be written as
∫ t0

−∞

x(τ) dτ +
∫ t

t0
x(τ) dτ , where the first

integral covers an integral number of periods. Plot y(t) by varying t0. Is y(t) unique?
How is the question of uniqueness tied to the DC component?
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5. When the periodic signal x(t) having FS expansion
∞
∑

k=−∞

ake
jkΩ0t is applied to an LTI

system with impulse response h(t), the output y(t) is given by
∞
∑

k=−∞

H(kΩ0) ak ejkΩ0t.

The complex constant H(Ω) is defined as
∫

∞

−∞

h(t)e−jΩt dt.

Suppose x(t) = 4 cos t− 2 cos 2t is applied to the series RL combination of 1 Ω and 1 H.
Let y(t) be the voltage across the resistor. Find the FS expansion of y(t) in trigonometric
form.

6. Does the Gibbs Phenomenon occur in the Discrete-Time Fourier Series expansion? Ex-
plain your answer. For a detailed discussion of the Gibbs phenomenon in CTFS, see “The

Mathematics of Circuit Analysis” by E.A. Guillemin (MIT Press, 1949), pp. 485–496.
Guillemin’s book is a classic and a “must have” for any EE student.

7. Let x[n] ←→ ak. Express the DTFS coefficients of the following in terms of ak: (a)

(−1)n x[n], (b) y[n] =

{

x[n] n even
0 n odd

, (c) y[n] =

{

x[n] n odd
0 n even

, (d) y[n] = xe[n],

where xe[n] is the even part of the sequence x[n], and (e) y[n] = xo[n], where xo[n] is the
odd part of the sequence x[n].

8. Let x[n] = x[n+N ]. Suppose we consider the fundamental period to be 2N , rather than
N , and compute the DTFS coefficients based on the new fundamental period. How are
the new and old coefficients related?

9. Let x[n] = ejω0n for 0 ≤ n ≤ N − 1. (a) Find the N -point DFT of x[n]. (b) Find the
N -point DFT of x[n] when ω0 = 2πk0/N where k0 is an integer.

10. Let N be an even integer. Compute the DFT of the following N -point sequences: (a)
x[n] = 1 for n even, and x[n] = 0 for n odd; (b) x[n] = 1 for 0 ≤ n ≤ N/2 − 1, and
x[n] = 0 for N/2 ≤ n ≤ N − 1.

11.

The two 8-point sequences x1[n] and
x2[n] shown on the right have DFTs
X1[k] and X2[k] respectively. Deter-
mine the relationship between X1[k]
and X2[k].

n0

a

b

c

d

e

d

e

c

b

a

n0

3 8

x1[n]

x2[n]

81 32 4 5 6 7
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12. Two finite-duration sequences x[n]
and x1[n] are shown in the figure
on the right. The corresponding N -
point DFTs are related by the equa-
tion X1[k] = X[k] ej2πk2/N , where N
is an unknown constant. Can you
determine N that is consistent with
the given figure? Is the value of N
unique? If not, find another value of
N that is consistent with the given
information.

n3 8

x[n]

x1[n]

−1 0

1 1

−1

n0 81 32 5 6 7

4

−1

1 1

13. (a) Let x[n] = {1, 2, 3} and h[n] = {1, 2, 1}. Find the result of circularly convolving
x[n] with h[n] for N = 3.

(b) Let x[n] = 1 for 0 ≤ n ≤ 3. Evaluate the circular convolution of x[n] with itself
assuming the period to be (i) N = 4, (ii) N = 6, (iii) N = 7, and (iv) N = 10.

14. Computer assignment Let x[n] = cos(2πn/8) for 0 ≤ n ≤ N −1. First choose N = 8.
The Matlab command X = fft(x,N); computes the N -point DFT of the given vector
x. Note that X is a complex vector of size N . Plot the absolute value of X versus the
index k; now plot the absolute value versus k/N, letting k go from 0 to N − 1. For
N = 8, compute X = fft(x,L), where L is a power of 2 that is greater than N . Plot
the absolute value of X as before (versus k and versus k/N). Observe any symmetry that
the absolute value of X possesses. Is it necessary to plot all the values?

Now let N = 16 and repeat the above part. Carefully observe the similarities and
differences.

Lastly, let N = 12 (1.5 cycles) and repeat the various computations and carefully observe
the similarities and differences.
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