EE2025 Engineering Electromagnetics: July-Nov 2019
Tutorial 1: Transmission Lines
Note : All transmission lines can be assumed to be lossless, unless mentioned otherwise.

1. Sinusoidally varying voltages and currents can in general be represented as V cos(wt + v) and
I cos(wt + ¢), where V, I are real. These can also be written in phasor notation as Re[Ve/¥ei“t]
and Re[Ie??e?*!]: we now call the terms accompanying /! as the phasors corresponding to
the voltage and current respectively (i.e. Ve/¥ and Ie/?). Note that phasors are always time
independent. Find an expression for the average power (over a cycle) in terms of these phasors.

Solution: Let the voltage be represented as v(t) = V cos(wt + ), and current as i(t) =
I cos(wt + ¢), where V, I are real numbers. Note that these are very general expressions. The
instantaneous power is then p(t) = v(t)i(t) = VI cos(wt + ¢) cos(wt + ¢). The average power
over a cycle then becomes P = fOT p(t)dt/T =VI fOT 3 (cos(2wt + ¢ + ¢) + cos(y — ¢)) dt/T.
Since cos(2wt) integrates out to zero over a period, we get P = %VI cos(¢ — ¢). We want to
express all of this in terms of phasors now.

It is easy to see that we can also write the above as v(t) = Re[Vel¥el“!] and i(t) = Re[le/?elt],
and so the corresponding phasors are V = Ve/¥ and I = Ie?® and the expression for average
power becomes in terms of phasors becomes P = %Re[f/f *]. You can check that no other
combination works.

2. The length of a microstrip trace line connecting two components on a chip is 50 cm. A sinusoidal
signal of frequency 1 GHz is supplied to the trace at one end. Assuming the velocity of propagation
of the signal is 2 x 10® m/sec and there are no reflections,

1. Calculate the time taken by the signal to reach the other end of the trace.
2. What is the phase difference between the signal at the two ends of the trace 7

Solution: Given details I = 50 cm, f = 1 GHz and v = 2 x 10® m/sec

1. Transit time ¢, = /v = 52111%;2 = 2.5ns

2. additional phase

wl 27 x 109 x 50 x 1072
¢=8 v 2 x 108 o7 Ta

3. Using the concepts of electrostatics, find the capacitance per unit length, C' of

1. parallel wire line, with each wire of radius a and separated by a distance 2d, where a << 2d.

2. coaxial cable of inner radius a and outer radius b.

Solution:

1. Parallel wire line :
A two wire transmission line is shown in figure. la

Suppose d > a. A charge ¢ is induced on conductor A and ¢~ is induced on conductor
B (per unit length) by a voltage source. The potential in the region between the wires
is the sum of the potential due to individual wires.




(2
B

(b)

Figure 1: (a)Two wire transmission line. a << d. (b) Coaxial transmission line with inner radius a
and outer radius b and length [
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Capacitance per unit length, C = ¢/V

2. Coaxial cable :

Electric field in the dielectric between the inner and outer conductor in a coaxial line as
shown in Figure. 1b is given by

Pl .

r

2mer

where pr is the charge per unit length and r is the perpendicular distance from the
conductor. If the axis of of the cylinder is z axis, potential difference between the
conductors,

V:—Aam(n—pﬁmsz]wm%

oQwer  2me
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Capacitance, C is,
O Q _ 27rzl
Vo in(y)
Capacitance per unit length is,
C— 271';

4. You are required to buy a cable from an electronics shop to connect your dish antenna to your set
top box and your set top box to your TV.
1. Write the name of the cable you would buy.

2. Upto what length do you think you can use this cable, in the lumped circuit model and why
?

Solution:

1. co-axial cable

2. We choose the length of the cable such that the product of transit time ¢, and frequency
of operation f is < 0.1. Table. 1, shows the frequency bands and their corresponding
frequency range of the signals, received by the dish antenna.

Considering the largest frequency f = 806 MHz, for the calculations
Lf

tf<0l=-"L<01=1<124x10"%
v

For v = 2 x 10® m/sec, the length of the cable required is I = 24.8 mm. For any length
> 24.8 mm, at the chosen frequency of operation the cable behaves like a transmission
line.

Frequency Band RF Channels | Frequency (MHz)
Very high frequency-Low 2—6 54 — 88
Very high frequency-High 7—13 174 — 216
Ultra high frequency 14 — 69 470 — 806

Table 1: Frequency bands in television

5. A transmission line with characteristic impedance Zy = 50 - j5 €2 and propagation constant v =
0.2 4+ j2.5 /m is connected to a load impedance of 100 + j50 Q. Find

1. Reflection coefficient of the line at the load end.

2. Reflection coeflicient of the line 5m from the load.

Solution:
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1. Reflection coefficient of the line at the load end,
Zr, —Zy (100 4 550) — (50 — 55) 50 4 755 .
L= Z0+ 2y (100 + j50) + (50 — j5) 100 + j45 ( +J )

2. Reflection coefficient of the line 5m from the load,
[(l) = Pre” 2" = (0.4067 + j0.2446) ¢ 2(0-2+325)0) — (0.4067 + j0.2446) ¢ 2e 7%

= (0.0501 + j0.0399)

Show that the impedance along the line will lie between Zy/p and Zyp, where p is the VSWR.

6. (a)
(b)A 300 2 transmission line is connected to a circuit with an input impedance of 75+j35 Q. Find

p
Maximum impedance seen on the line

1.
2.
3. Minimum impedance seen on the line

Solution: (a) The impedance at any point on the loss-less transmission line is given by,

V() 1+ e 720
= — Z 3
Z(l) I(l) 0 |:1 — FLe_J25l

The extreme values are obtained by exponential giving values 1 and -1.

Vmax 1 + ‘FL‘

7 = =70 |————— | = 7

[ (l)]mal‘ Imin 0 |:1 _ ‘FL‘ Op
szn 1— |FL|

ZD)], . = Z

2 Whnin = 7, = %0 {1 +|r |] o/

(b) Given, Zy = 300 , Zj, = 75 + j35Q

Reflection co-efficient,
75 — 7, i35 —
_ AL 2o I35 =300 6046141730

T, = -
Lz Zy 75+ 435+ 300

P Voin  1-[Tz|  1—0.6046

2. Maximum impedance seen on the line =
pZo = 4.0568 % 30002 = 1.2174kQ

3. Minimum impedance seen on the line =

Zy 300
— = ——— =73.928()
p 4.058
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7. An RG-59U coaxial cable has a loss of 10 dB per 100 ft of length. A 10 V - 3 A signal is generated
using a function generator and connected to one end of the 50 ft long cable. On the other side,
the cable is impedance matched to a set top box unit. Find the power delivered to the load.

Solution: Given,

Voltage at source end, Vg = 10 V.

Current at source end, I, =3 A.

The load end of the coaxial cable is impedance matched.
Loss coefficient of the coaxial cable = 10 dB per 100 ft.
Total loss in 50 ft long coaxial cable = 10(3%) = 5 dB.
Then,

Voltage at load end:

~20log(Y) =5 = Vi = 10 x 10~() = 5.62 V.

Current at load end:

~20log(11) =5 = I, =3 x 10~(%) = 1.69 A.

Power delivered to the load :% 5.62 x 1.69 = 4.75 W.

8. According to the maximum power transfer theorem, maximum time averaged power is transferred
from a source with internal impedance Z; to a load, Z; when Z, = Zj. A 50 MHz generator
with an internal impedance (Z,) of 50 2 is connected to an impedance 50—j25 2. How would
you ensure maximum power transfer in this case using a lossless transmission line of characteristic
impedance 100 €2, and what should be the minimum length of the transmission line element 7
Assume v = 2 x 10%m/s as wave velocity.

Z

Figure 2: Impedance matching using a transmission line of length [

Solution: Impedance matching can be achieved by inserting a transmission line of length [
such that the impedance seen at the input end, Z;, is equal to Z, as shown in Figure. 2

i.e.

., Zp+jZstan(Bl)

Z;
°Zy+ jZrtan(Bl)

=509
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Figure 3: Impedance matching using a short circuited stub of length [ and its equivalent circuit

Given, Z, = 100 Q, Z;, = 50—j25 Q

Zin 21+ jZotan(Bl) 50 1

Zy  Zo+jZrtan(Bl) — 100 2
271, + 2§ Zotan(Bl) = Z, + jZptan(Bl)
100 — §50 4 200jtan(B1) = 100 + 5(50 — j25)tan(Bl)

—350 4 j150tan(Bl) = 25tan(Bl)

Equating real parts, we get

tan(Bl) =0, Or Bl = nmw =1 = X /2 ; since § = 27/
Equating imaginary parts, we get,

tan(Bl) = 1/3 = 1 = 0.051\

Here, both the solutions should be compatible. i.e., the length of the transmission line should
be such that both conditions are satisfied. Since it is not satisfying, we can not implement
impedance matching in this method. Another method is to connect a short circuited stub in
between the source and load as shown in Figure. 3. Here,

Zstub = Zse = jZotan(Bl)
This Zgyp is in series with Z;. Now the input impedance as seen by the source is the sum of
the stub and load impedance. i.e.
Zin = Zstub + Z1L
For impedance matching, Z;, = Zgup + Z, = 50
JjZotan(Bl) 4+ 50 - j25 = 50
JjZotan(Bl) = j25 = 100tan(Bl) = 25
Bl = tan"1(1/4) = Bl = 0.245
I =0.04)

9. On a 50 2 BNC cable line, the reflection co-efficient is measured at the load end to be 0.7£30. If
the propagation constant of the line is 20489 /m , find the impedance seen on the transmission
line at a distance of 4 m from the load. (Note : BNC is a very popular type of coaxial cable used
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for frequencies even up to 4 GHz)

Solution:
The reflection co-efficient of the line at the load end I'; = 0.7430 = 0.6062 +j0.35
Zy =50 Q
As we know,
Zr— 7
T, = £L — 40
Z1, + Zy
1+1Y 14 0.6062 + j0.35 .
VARSI = ~ 156542 = 91.6945 + j126.206652
L °[1-rl] [1—0.6062—]’0.35 I
) | =4m _
., Z,=500 Z
zin

Above figure shows the equivalent circuit diagram for input impedance at a distance of 4m
from the load end.
Input impedance at any given distance | from the load is given by the following expression,

P Z1, + Zotanh(yl)
T Z, + Zitanh(1)

~v= 80489 /m

1 =4m

vl = 1.3962+4j79.9878

From the expansion of

sinh(2z) + sin(2y)
cosh(2x) + cos(2y)

we get, tanh(1.3962+j79.9878) = 1.12114j0.0472

tanh(x + ijy) =

01.6945 + j126.2066 + 56.055 + 52.36 )
Zin = 50 = (47.2216 — j3.1166)
in 50 + 96.8424 + j145.8121 ( J )

10. Calculate the average power dissipated by each resistor in the circuit shown in Fig. 4.
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Zy = 5092, Lossless

2.6\
0.5£0°A 10082 2502

Figure 4

Solution: The circuit is equivalent

0.520° 10092 Zeff

Zess=input impedance of the transmission line terminated in 2502 = 50(;83;2;3%22832;)

= 22.3186-j7.3812Q '

The current through the 1002 resistor = I} = 0.5(1051;’21.%%%35’3%12) = 0.0927-j0.02458 A
Thus average power dissipated in 100Q = Pyoo = 3|I1|? x 100 =0.399 W

The voltage across the current source = voltage across 1002 = I; x 100 = 9.27-j2.458
Average Power dissipated in source = Py =3 Re[V,I}] = 9.27x0.5 =4.635 W

Thus power dissipated in Z.ry = Py - Piog = 4.236 W

11. Given the system in ( Fig. 5 ) is operating with A = 100cm and Zy = 300Q. If d; = 10cm,

d = 25cm, and the system is matched to 300 €2, find Z.7

Matched | Z
Load .

I

Figure 5

Solution: The equivalent circuit is
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Z1 = impedance of the stub = impedance of a 10cm line shorted = jZptan(5d;) = j300tan(120—”010)
= j217.963 Zo = Z1||Zy = /% and hence Zy = /20 = 103.64-j142.6580)

But Z» = input impedance of line terminated in Z;, = Zy( %)

Zo—jZ d .
Thus Z;, = ZO(#%) = 300 + j412.91Q

12. The two-wire lines shown in Fig. 6 are all lossless and have Zy = 200€2. Find the possible values
of d and d; to provide a matched load if A = 100cm. (Note that the un-shaded and shaded
conductor are both parts of the same transmission line, for example they can be the inner and
outer conductor of a coaxial cable.)

dy

Matched Load d
1000
Figure 6
Solution:
The equivalent circuit is as in Fig 12
Z)
]

(1]

Z1 = impedance of line shorted = jZytan(8d;)
Z5 = input impedance of line terminated in 100Q = Zo(%m%)

Thus Zy = jZotan(Bdy) + Zo(ZeZ0emod)

Equating real and imaginary parts of both sides:
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1 — Z1, Zo(14+-tan?(Bd))

T Z2+ZZtan?(Bd)
. (ZQ—Z2)tan(/3d)
tan(ﬁdl) - ZSL+Z]%Otan2(ﬁd)

tan(fd) = :l:\/% = +2

d = 871.144 cm
tan(Bdr) = F(,/ 22 — /%) = F(V2 - /D)
di = 561.25 cm

13. Approximate distributed circuit models of (lossless) a lossless transmission operating in high fre-
quency modes is shown in Fig. 7. Note that L has units H-m, C has units F'-m, Ly has units H/m
and Cp has units F'//m. Obtain expressions for the propagation constant § and the characteristic
impedance Zj of the line for both circuits at frequency w.

Ly C Ly

0 T

p— ) FE—

Z z+dz z z+dz

(e (b)

Figure 7

Solution: Assuming initial voltage across capacitors and current in inductors is zero, after
taking Fourier transform of time domain equation we get, differential equation of voltage and
current for lossless transmission line as

0V (z,w)
022

0?1 (z,w)

o2 = 521(2’70‘))

= B2V (2, w)and

. Az
V(z,w) = jwLoAzI(z,w) + il +V(z+ Az,w)

_(V(Z + Az,w) — V(Z’w)) = ijOI(z,w) + L

Az JjwC
oV(z,w) . 1
- 02 = ijOI(z,w) + m
1 I(z,w) —I(z+ Az,w)
A = .
V(z+ Az,w) 7aCo A,
ol (z,w )
(82 ) = —jwCyV (z,w)
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Second derivative of voltage differential equation gives

0%V (z,w)

02 w?LoCo(1 —

1
W)V(z,w) = B2V (z,w).

characteristic impedance

V(z,w) = jwLoAzI(z,w) + V(z + Az,w)

V(z+ Az,w) —V(z,w))

- A = jwLol(z,w)
oV (z,w) .
S GwLl
Oz JwW Lo (z,w)
JwlL i 1
V(z+ Az,w) = 208 (1(2,0) = I(2 + Az,w))

Az + JwCoAz

oM(z,w)  1-— Ww?LCy
oz wL

Viz,w)

Second derivative of voltage differential equation gives

0?V (z,w)

5.2 = @ LoCo(l

1
m)v(%w) = B2V (z,w).

characteristic impedance

_V(aw) _wlo Ly
o) = Tew) ~ B _\/(Co(l—Lwlzco)>

14. For the transmission line represented in Fig. 8, calculate the potential developed across the 80€2

resistor for (a) f = 60Hz, (b) f = 1M Hz, (c) Repeat part (a) with length 107m instead of 80m.

Zp = 5082, v = 2¢/3, Lossless

80 m

120£0°V 8002

I %W\fvj

Figure 8
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Solution:

2c
U _ 2
f3f
2w/
= A

Zy—Z, 80-50 3

T Z.—Z, 80+50 13

'y

Voltage at any point a distance z from the source on a lossless transmission line is given by,

V() = Vi (e + Tpei)
At z = 0, at the source V(0) = 120V, substituting the same,

V(0)=Vi(1+Ty)
120

V= —"—
(1+3)

Voltage across the load V7, is given by substituting z = [ in the voltage equation,

=975V

. 3 .
Vi = 97.5(e7% 4 Tse_JBl)

37 3 .37
Vi, = 97.5(633cﬂ + Tge_JgTﬂ

)

With f =60 Hz and [ = 80m,

3
VL =~ 97.5(1 4+ E) =120£0°V
Length of line << wavelength of voltage wave

With f =1MHz and [ = 80m,

. 3 .
VL — 97'5(630.87r + Tge—jo.SW)

Vi, = 97.5(—0.9957 + 0.45215)
Vi, =106.622/2.715°V

With f =60 Hz and [ = 10" m,
Vi, = 97.5(e7% + ie_j(j”)
13
VL =97.5(1 4+ 13—3) =120£0°V
Length of line multiple of wavelength of voltage wave

With f =1MHz and [ = 10" m,

VL = 97.5(€j1057r + %€_j1057r)

Vi =120£0°V

Length of line multiple of wavelength of voltage wave
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