Solutions to Problem Set 6

EE419: Digital Communication Systems

Check the solutions for possible bugs!

1. ZF-LE:
(a) Filt 1
a) Filter: ———.
1—cz71
MSE=< 2 > 4. Doing partial fraction expansion,

(I —cz71)(1 —c*2)

N()C No
_ 1-fel? 1—|c?

(1—cz ) (1—c2) (z—c)(1—c*2) z—c 1—c*z

NO NoZ

Rewriting in a different form, we get

Ny . Ny ezt I 1
1—czV)(1—c*2) 1—|c2\1l—-cz7! 1—-cz)"

For |cz7!| < 1 or |z| > |c|, we have
1
1—cz!

=1l+4cz 42224

For |c*z| < 1 or |z| < 1/|c|, we get

1—c*z :1+C*Z+(C*)222+"'
S

The coefficient of 2° in the stable expansion of
(I —cz71)(1 —c*2)

for |e| < |z| < 1/|c| is the
MSE given as follows:
No

MSE = ————.
=TT

(b) Filter: m .

Sn
MSE=< (I —cz71)(1—c*z2)
(f) Filter: 1 —cz71.

MSE=< Ny(1 —cz71)(1 — ¢*2) >a= No(1 + |c|?).
ZF-DFE:

> 4= Np.

No
(I—cz7)(1—=c*2)
le| > 1: Write H(z) =1 —c2~ ! = —c2z7 (1 — 2/c). Hence, Hy = —¢, Hpin(2) = 1, Hypax(2) =

(a) |c| < 1: Precursor = 1; Postcursor = —cz~1; MSE = <

>a= Np.

1— —1 /%
1—z/cand H:, (1/2*) =1—271/c*. Precursor = 27/0; Postcursor = —z~71/c*;
¢ —c(1—=2z/c)
N N
MSE = : - = No/lc[*.

(I—cz7)(1=c*z2) - le[2(1 = 2= /e*)(1 — z/c)



(b) Je| < 1: Sp(2) = No(1 — cz71)(1 — ¢*2) is a valid spectral factorization. Hence, v2 = Ny and
———: Postcursor = 0; MSE = Nj.

1—ecz7t

le| > 1: S,(2) = Nole|?>(1 — 271 /e*)(1 — z/c) is a valid spectral factorization. Hence, 72 =
Nole|? and M, (z) = 1 — 27 1/c*. Similarly, Hy = —¢, Humin(2) = 1, Hmax(2) = 1 — z/c and
H:o(1/2%)=1—z271/c".

M, (z) =1 —cz~!. Precursor =

1—z71/c* 1 27t
Precursor = = ;
—c(l—z/c)(1—z71/e*) 1—cz7!
1_ —1 *
Postcursor = 27/6 —-1=0;
1—z71/c*
No(1 —cz™h)(1—¢*
MSE =< o(1— ez )= "2) >g= No.

(1 —cz71)(1 —¢*2)

1
(f) |e| < 1: Precursor = 1; Postcursor = — — 1; MSE=< Ny(1 —cz71)(1 = ¢*2) >g= Ny.

1—cz
MMSE-LE:
(a) S,(2) = (1—cz 1) (1—c*2)+ No =72(1 —az71)(1 — a*2) (Exercise: Find a and 42 in terms
of ¢ and Np).

1—-c'z
Filter = ;
SR R Y R S A

N
MSE = < 0 > 4. Simplifying,

(1 —cz7h)(1—c*z) + Ny

No o Ny
21 —az D)1 —a2) " 20— |aP)

(b) S.(2) =1 —cz™) (1 —c*2) + No(1 —cz™H)(1 —¢*2) = (No + 1)(1 — c2z71)(1 — ¢*2).

MSE =<

1
Filter = ;
BT Ny + DA — ez 1)’
No(1 —cz71)(1 = ¢*2) No
MSE = = .
< (No+1)(1 —cz71)(1 —¢*2) -a No+1
1 1—az ! 1—a*z . ) )
(f) S.(z) = 00— +Nog =72 < ot ) ( - c*z> (Exercise: Find o and ~2 in
terms of ¢ and Npy).
1 (1 —cz™H(1 —c*2) (1—cz71)

Filter =

1—c'214 No(1—cz71)(1—c*z2) T 1+ No(1 —cz=1)(1 = c*z);

No(1—cz 1)1 —c*2)
20— a:1)(1—a2)

Using partial fraction expansions, we can write

MSE =<

>4

No(1 —cz71)(1 —c*2) Ny 2 ~1 * -1
21— az 1)1 - a*z) :72<1—|a\2)<1+lcl —cz =) tatzt a4 ).

No(1+ |c]? — ca* — c*a)
(1= af?)

From the above, we identify the coefficient of 2° as MSE=

MMSE-DFE:



(a) S.(2) =1 —cz™H)(1 —c*2) + No =921 —az"H)(1 — a*2) and M, (z) = 1,42 = 1.

1—-c*z
Precursor = ——;
(1 —a*z)
No
2l—a: H(i-a'2)
(b) Je] < 1: S,(2) = (1 —cz™ 1) (1 —c*2) + No(1 —cz7 1) (1 —c*2) = (Ng + 1)(1 — cz71)(1 — ¢*2)
and S, (z) = No(1 — cz71)(1 — ¢*2) are valid spectral factorizations. Hence,

Postcursor = —az~! and MSE=< >g= NO/’Y§~

Precursor = l-cz = 1 ;
(N +1D)(1—c*2)(1—cz7)  (No+1)(1 —cz1)’

Postcursor=0;
No(1 —cz71)(1 —c*2) o No
(No+ D)(I—cz H)(1—c2) 9 No+1
le| > 1: S.(2) = (No+1)|e|>(1 =271 /e*)(1 — 2/c) and S,,(2) = Nole|*(1 —2z71/c*)(1—271/c)
are valid spectral factorizations. Hence,

MSE =<

Precursor = l—cz = = ;
 (No+D)e)2(1 = z/c)(1 — z=1/c*)  (No+ 1)(1 — cz1)’

Postcursor=0;

No(1 —cz71)(1 —c*2) No
(No+ D)1 —cz H)(1—cz) "¢ No+1
1 1—az! 1—a*z
f) S:(2) = No =12 Exercise: Find d 2
(f) S.(z) A=z 11 —c2) +No =73 (1 —ﬁz—1> (1 —ﬁ*z) (Exercise: Find «, 8 and ~7
in terms of ¢ and Ny. Distinguish between |c| < 1 and —c—;1).
Precursor = 1-05z ;
TR0 ca-a)
1— -1
Postcursor = % -1
No(1—pz"")(1 - B*2) No
MSE = _ No.
S Rl-ari-a) O 2

2-4. No solution provided.



