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Abstract— In this paper, we propose and analyze a coordinate
interleaved non-orthogonal amplify and forward (CINAF) proto-
col for the single antenna half-duplex relay channel. Compared
to a conventional non-orthogonal amplify and forward (NAF)
protocol, the proposed protocol achieves full diversity for all
transmitted symbols. The proposed precoding scheme also has the
advantage of a low complexity zero forcing successive interference
cancellation at the receiver compared to joint maximum likeli-
hood decoding for an existing precoding scheme. In a cooperation
frame having N symbol intervals, the conventional NAF protocol
transmits N symbols. Out of these N symbols only % symbols
get the full diversity gain provided by the cooperative network.
The remaining % symbols do not have any diversity advantage.
In order to achieve full diversity gain, we propose precoded
transmission using coordinate interleaving. We prove that the
proposed scheme achieves full diversity for all symbols. We also
show using simulations that the proposed scheme is better in
terms of performance compared to an existing precoding scheme.

I. INTRODUCTION

The classical relay channel consists of three nodes, a source
that transmits information, a destination that receives the
information and a relay that both receives and transmits
the information. Relaying is the process when a terminal
(relay) receives a signal from another terminal (source) and
transmits it to a third one (destination). Various relaying
strategies are discussed in [1]. We consider Amplify and
Forward relaying where the relays amplify the received signal
and forward the amplified signal to destination [2]. Depending
on whether the transmission from source and relay interfere at
the destination or not, the relay protocols can be classified as
either orthogonal or non-orthogonal. In non-orthogonal relay
protocols, the source terminal transmits new information to the
destination while the relay forwards information it received
from the source in the previous time slot [3]. Non-orthogonal
protocols achieve higher spectral efficiency than the orthogonal
ones.

We consider half duplex relaying. In a conventional non-
orthogonal AF (NAF) protocol, N symbols are received
in N symbol intervals. Transmissions from the source and
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relay interfere in % symbol intervals. Though this NAF
protocol achieves a spectral efficiency of 1 symbol/channel
use, only half the symbols transmitted achieve full diver-
sity (received through both the source-destination and relay-
destination paths), and the other half of the symbols achieve no
diversity advantage (received only through source-destination
path).

Precoding symbols in an NAF protocol can be used to
achieve full diversity gain for all the symbols transmitted.
In [4], unitary precoders that achieve full diversity gain are
introduced. Coding gain is also optimized within a class of
unitary precoders. In this paper, we propose a new coordinate
interleaved NAF (CINAF) protocol that achieves full diversity
and performs better than the precoder in [4] in terms of bit
error rate. The diversity gain is proved using analysis of the
pariwise error probability. Simulation results are used to show
that the proposed protocol performs significantly better over
the coding gain optimized precoder introduced in [4]. We also
achieve this performance with a lower complexity zero-forcing
successive interference cancellation (ZF-SIC) receiver at the
destination.

We achieve full diversity by employing rotated QAM con-
stellations and interleaving the coordinates of the symbols in
such a way that at least one of the co-ordinates gets full
diversity advantage. Co-ordinate interleaving for spatial multi-
plexing was introduced in [5]. Recently, [6] and [7] presented
cooperative relay algorithms based on rotated constellations.
While [6] proposed distributed space-time code design when
the relay terminals have two antennas, [7] investigates decode-
and-forward orthogonal relaying based on signal space diver-
sity. In order to enable the ZF-SIC receiver, we transmit N
symbols in N + 2 symbol intervals. While the symbol rate is
slightly less than 1 symbol/channel use, the rate approaches 1
as N increases.

Notations: Bold upper- and lower case letters are used to
denote matrices and column vectors respectively. Superscripts
T and } denotes their transposition and conjugate transpose
respectively. P and E denote, respectively, probability and
expectation operator. ®, § and CN(0,0?) denote real and
imaginary parts of a complex number and circularly symmetric
complex gausssian distribution with variance o2 respectively.



II. SYSTEM MODEL

Consider the relay channel where the relay terminal R is
half duplex and source S, relay R and destination D are
assumed to be single antenna. Let h;; denote the channel gain
between " and j*" terminal, i € (S,R) and j € (R, D).
It is assumed that hgp is known at relay R and hgg, hrp
and hgp are known at destination D. Consider conventional
non-orthogonal amplify and forward (NAF) relaying. A co-
operation frame consists of two symbol intervals. During the
first symbol interval, the source will broadcast to both relay
and destination. During the second symbol interval, the relay
will amplify and forward the received symbol during the first
symbol interval and the source transmits a new symbol to the
destination. Therefore the symbols sent in the first symbol
interval of a cooperation frame are received through two
independent fading paths (S — D and S — R — D), and
the symbols sent in the second interval of a cooperation frame
are received through only one path (S — D). Thus, in this
NAF protocol, we send N symols in /N symbol intervals. Out
of these, only % symbols get the full diversity provided by
the cooperative network. Let x5;_1 be the symbol sent and
y2;,—1 be the received symbol in the first symbol interval of
ith cooperation frame. Let xy; be the symbol sent and yo;
be the received symbol in the second symbol interval of i
cooperation frame, ¢ € N.

Yp,2i—1 = hsp\/ Ps¥2;—1 +np2i—1 (D
YR,2i—1 = hsrV PsT2i—1 + nR2i—1, )

where y; 1 and n;; denote the received signal and additive
noise at terminal j € {R,D} respectively at the end of
k" symbol interval, n;, ~ CN(0,02). Pg is the transmit
power of the source. During the next symbol interval of the
cooperation frame, the source terminal transmits a new symbol
29; and the relay forwards an amplified version of yr 2;—1 to
the destination simultaneously. Thus, in the second symbol
interval, the destination receives

yp,2i = hsp\/ Psx2i + hrpv/ Pr(ayr2i-1) + np2i, (3)

Pr
Ps+02R
satisfy the long term power constraint of Pr. Without loss of

generality, we will take Pr = Ps = 1. The functioning of the

where a =

is the scaling employed by the relay to

YR,2i—1=hsrT2i—1 + MR 2i-1

R
hsr
Yp,2i—1=hspT2;—1 +np2i—1
S bsp D
T2i—1
Fig. 1. First symbol interval of i*" cooperation frame
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Fig. 2. Second symbol interval of i*" cooperation frame

above protocol can be expressed by a single matrix equation,
a multiple-input multiple-output (MIMO) channel, as follows.

YD,2i—1 hsp 0 | |z2i-1 w21

’ = + 4
[ YD 2i ] LthRhRD hSD} { T2 } [ w2 } @
~——— ~——  ~———

Yi H Xi Wi

Now, we can use precoding techniques for this equivalent
MIMO model of the relaying protocol.

ITI. CINAF PROTOCOL

In the proposed CINAF protocol, the input symbols are
chosen from a unit energy rotated QAM constellation, denoted
by z; € e?? X, where X is a conventional un-rotated QAM
constellation.

1) Precoding: Let {x;}X_, be the input symbol to be
transmitted, chosen from a unit energy rotated QAM signal
set. The symbols are precoded to obtain {Zx}5 | where

. { when k=2 —-1,1€N
T =

otherwise
2) Transmission: The transmit symbol vector during the *"
cooperation frame is given by

x; :{ [#1 0]"

[Toi—1 T2i—2]T
The symbol vector transmitted over successive cooperation
frames can be arranged as the following matrix:

1 T3 ... ...
[o Ty ] ©)
3) Receiver:

o Compute QR decomposition of H as H = QR, and
left multiply [yp1 yD72}T with Q' to obtain Zp1 =
[2[)’1 2D’2:|T and iD,Q = [2[)’3 éD’4]T. ie.,

Zp1 Zps| _ |ru 12| |21 T3
ZD2 ZDa 0 T22| | O T
R 6)

Wp,1 WD,3
+ ’ )
Wp,2 WD4

Ry, + jSwp 1
Ry + jSwr—1

1=1
i >1

where

[wp 1 wD,Q]T =qQf [np1 (np2+ ahRDnR,l)]T



and [wp 3 wD,4]T =Qf [nps (npa-+ ahRDnR,3)]T

o De-interleave Zp 1 and Zp 4 to obtain zp; and zp 4:

zp1 = MiZp1+75S%pa
= rufey + jreeSe + Rwp 1 + jSwp 4(7)
zpa = WNZpa+7SZpa

= roaftzs + jr118w2 + Rwp 4 + JSwp,1(8)

w w
Letw=| D! D31 and
Wwp,2 Wp,4
- w w w w
w = |Wpa Up3| _ qt |WD1 D3| wWe
Wp,2 WD 4 Wp,2 Wp 4-

have wp 1 =np,1 and wp 4 = nps+ahrpngr,s, where
np,i, MR ~ CN(O,UQ) and hRD ~ CN(O, 1). Thus,
taking each column of w we get,

t np1
np2 + ahrpng1

D,2
——
w1 n;
wp3 —qQf npg3
WD 4 npa+ahrpnprs|’
——
Wo ns
where ny,ny ~ CN (0,C) and wi,ws ~CN (0,K),
2
_ |9D 0 — ot
C= {0 U%)+a2hRD|2012J ,and K =Q'CQ.
~1
K K a K2“
LetK— |:K21 K22 ,J— 0 %7 5
and M2 |0 Y| Thug Rip, ~ CA(0, K1) and
0 799. ’ 2
Swp,a ~ CN(0, £22).
Let y; 2 [Rzp1 Szpa]’ ,x1 2 [2gr @] and

X1 2 [fgr &g where 24 = RX and 2, = SX.
Then, the ML decoder becomes

% =arg min {(y1 = Mx1)"J(y1 - Mx1)}  (9)

X1 1
where S; = [RX SA)T. Similarly, Swpy  ~
CN(0,£1) and Ripa ~ CN(0,E2). Let y, 2
A

[%ZDA %ZDA]T, X4 é [xqi (Eqr]

[Zqi iqT}T. Then, the ML decoder becomes

x4 = arg min {(ys — Mxy)"J(ys = Mxa)}  (10)
X4 2

and X4

where Sy = [3X RX]T. Thus, we get &1 = %x;(1,1) +

Jj%x1(1,2) and By = x4(1,2) + j%4(1,1).

Now, generate 22 = &2 + 321 and subtract the inter-

ference from z» in Zp 3. Assuming £ = o, we get
Zp,3 = 1123 +Wp, 3. (11)

From the subsequent received vector yp 3, we have

Zp;s =T1,1%5 + r12Z4 + Wp 5, (12)

Zp,6 = T2,2L4 +Wp 6. (13)

The set of equations (11), (12) and (13) are similar to
(6). Hence, decoding is continued in a similar manner as
above.

IV. PERFORMANCE ANALYSIS

In this Section, we analyze the pairwise error probability
for the CINAF protocol and show that full diversity of two
is achieved for all symbols. The analysis is different from
that of a standard MIMO system since the noise at the
destination is also dependent on the relay-destination channel
hrp. Therefore, the analysis proceeds in 2 steps: (1) Analysis
for a given hrp, followed by (2) averaging over hrp.

Ju 0 ]

0 oy (14)

Let J:[

Then, we have
(y1 — Mx1)"J(y1 — Mx,)

= Jii(Rzp1 — ri1zgr)? + Joo(S2pa — roszgi)?. (15)
Pairwise error probability bound:
Let u; = [UiR ui[]T, where u;p = Ru; and u;; = Su;, and
u; = [ujr u;)7, where ujr = Ru; and u;; = Su;. Let
U;r — Ujr = oy and u;r — u;r = By;, where afj > 0 and

2> 0. Then, we have

(y1 — Muw;)" J(y1 — Mu;) (16)
> (y1 — Mu,)"J(y1 — Mu;)
2JuRwp 1raa; + 2J22%wD,47“226ij‘|

< —(Juriiaf; + J2or3y55)

]P)(llz' — 11]') = P [

Also, Var(Ji1Rwp 1711045 + J22Swp ar2205i5)
_ 72 2 9 2 o 272
= Jiy Var(Rwp 1)riy o + J5 Var(Swp,4)r3s 87,

O'2 g

Var(Rwp 1) > —2 and Var(Swp 4) < D + [haplPop
D DA T T o1+ o)

1 2 |hRD‘20122 2
(UD " 1+o03) ) MoD

1 2|hrpl|?
where k1 = — (1+ 0R|§D2> .
2 (1+0%)op
Therefore, Var(Jllﬁ?wD,lrllaij + JQQ%IUDA’I“QQﬁij)

2 2 2 2 2 52\ 2
< (Jiir1ag; + J5raafi;)o”.

Let 02 = )

N

Pairwise error probability bound given hpp:
From (16), we have P(u; — u;|hrp)

2 2 2 2
Juriiag; + Ja2re 57
2,2 2 2,2 32

\/(J117”11aij + JQQTZQﬁij)QO

Let J,i, = min(J11, Ja2) and Jp0, = max(Ji1, Jo2). Thus,
]P)(lli — llj|hRD)

< Eﬁlﬂ”zz Q

2 92 2 92
Ymaz (r103; +73287)

Iin (\/(rh102, + 13,0220 )

< E"'ll ;722 Q




2 2 02D

Also Jy1 = Kill , Jog = @’ and < K11, K99 < Ii10'2D.
Jmam
Hence, — > 1.
Thus, P(ui — u]“hRD)
Va2 +13,62)
< IE"'1177'22 Q 20_
i 2 2 2 32
(r3y02; +73,0%) SNR
< ET’M,Tm Q \/ ! 4 9
K
2
where SNR = —- and s = 8ky.

9D
Let the first column of H be h; and second column be hs,
where h1 = [hSD ahSRhRD]T and hg = [0 hSD]T. AlSO,
a® = ;75> with Ps = Pr = 1. At high SNR, 0% < 1 and
hence a2 ~ 1. Since r?, = ||hy]|?, for a given hgp, 13 ~ X3.
Also, as 792 = ||hy L hy||? and 72, < 72, we can write

r1105;SNR < (rfy o 4 13,07)SNR < 17, (aZ; + B37;)SNR.

Therefore, from above we can write (18),

2 2 2
a-|—ﬁ oz,

where Cp =" and Cy =—.
K K

Since 72, ~ x2 given hgp, its pdf is given by frz ()
%76*“//2, For v — 0T, fr2 (7) can be approximated by

fra, (7) = ay” 4 0(y""),

where a = 1/4 and v = 1 and € > 0. We know from [8] that
for the pdf of a non-negative random variable ¢, for ¢ — 07,
can be approximated by f(¢) = al” + o(¢¥T¢), where € > 0
and a is positive constant. Then

[ e (Vi) rgac = Tl D
0

(cp)~0 )+

V(v +1) (19)
o(p~ V).
Therefore (18) can be written as (20), where
CLB = —H2F(%) and CYP = KT ()
1 2 2 2 4 :
’ (aF; + 67;)% 47 ! a4y

Averaging over hrp: To find P(u; — u;), we need to find

r2, a?; +r2,3%)SNR
E|hRD|2 ]Er11,7’22 Q \/( L /jQﬁzg)

To find the above expectation, let us consider the expectation
of lower and upper bound in (20) over |hrp|?. We consider the
channel to be Rayleigh faded. i.e. hgp ~ CN(0, 1). Therefore
|hRD‘2 ~ exp(l).
HQF(%)
2 2

(af; + B)AVT
Ejpppz [p(1 + ¢7)*SNR 2]
Crp SNR™2,

E\hRD|2 [CiLjBSNR_Q] EUU?,D\Q SNR_2

4ar(3)
(0%2]‘ + 537)\/E’

o2, 2
h = 1 J—
where p ( +<1+a%>a%) ’

and v = |hgp|?. Similarly, we have

Ejnppl2 [CHPSNR™?] = Cyp SNR™2.

Thus, we get (21). Hence,

r2,a2, + r2,3%)SNR
Einrp? § Eryyren |Q \/( 1195 ;2@])

= (C SNR™?,

where C' is the coding gain. Similarly, proceeding this way,
we can show that second symbol in the cooperation frame
also has the same exponent for SNR. Hence, both the symbols
transmitted in each cooperation frame are received with atleast
second order diversity, the maximum available diversity for
the model. In the above analysis, error propagation in the SIC
step is neglected. However, this is considered in the simulation
results presented in the next section.

V. SIMULATION RESULTS

We have evaluated the symbol error rate (SER) and bit error
rate (BER) of the proposed CINAF protocol through Monte
Carlo simulations. We have also obtained the performance of
the coding gain optimized precoding scheme proposed in [4]
(denoted by F,.), and the X-codes proposed by Mohammed
et al. [9]. We note that, though X-codes are developed for
MIMO channels, they can be applied in the context of NAF
relaying, as the later can be modeled as a MIMO channel as
shown by Eqn.( 4). We consider uncoded transmission of 4-
QAM signals. The channel gains h;;,¢ € {S, R}, j € {R, D},
remain constant for a block length of ten cooperation frames
and vary independently from frame to frame. Also, we con-
sider Pp = Ps =1 and 0% = 0%. The 4-QAM is rotated by
an angle of 28.5° in case of CINAF and by 27.9° in case of
X-codes [9].

Fig. 3 shows that, with respect to SER, CINAF outperforms
the other two schemes. In case of F,,, the symbols are decoded
through joint ML decoding, which becomes impractical to
implement for signal sets of higher cardinality. As discussed
previously, CINAF works with a linear-complexity ZF-SIC
receiver. Thus, CINAF offers better error rate performance
with a low complexity receiver. Fig. 4 compares the BER
of CINAF with the other two schemes. As can be observed,
CINAF performs better than F),. and equally well as X-codes.

However, it should be noted that, in a frame length of NV,
CINAF transmits only N — 2 symbols, while the other two
schemes transmit N symbols. For higher values of N, the
loss in spectral efficiency of CINAF becomes negligible.



[ r2.02 +12,62)SNR \ |
E,,, {Q (\/C’erlsNRﬂ <Eoriyran | Q (r1; :2 i) < E,, [Q <\/CUT%15NR)] (18)
[ r?, a2 + r2,32)SNR ]
CLEPSNR™? < By, 1, |Q (i, F72265) < CHPSNR™ (20)
K
[ r2 o2, + r2,32)SNR
Crp SNR2 < Eppppiz § By |Q (riaa; + raaf;) < Cyp SNR™2 1)

R
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Fig. 3. Symbol error probability of CINAF, X-coded NAF and F,. NAF
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Fig. 4. Bit error probability of CINAF, X-coded NAF and F,. NAF

VI. CONCLUSION

In a conventional non-orthogonal amplify and forward pro-
tocol, only half the transmitted symbols enjoy the full diversity
gain offered by the cooperative relay channel. In this paper, we

have proposed coordinate interleaved non-orthogonal amplify
and forward protocol (CINAF) that achieves full diversity
gain for all the transmitted symbols, with a ZF-SIC receiver.
CINAF employs rotated QAM constellations and interleaves
the coordinates of the transmitted symbols such that atleast
one component of every symbol experiences full diversity
gain. By analysing the pairwise error probability, CINAF
is shown to achieve full dievsrity gain. The Monte Carlo
simulations confirm the analytical results and also show that
the proposed protocol outperforms an optimized precoding
scheme proposed in [4]. Thus, CINAF offers improved error
rate performance with a low complexity receiver.
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