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Abstract— In this paper, we propose and analyze a coordinate
interleaved non-orthogonal amplify and forward (CINAF) proto-
col for the single antenna half-duplex relay channel. Compared
to a conventional non-orthogonal amplify and forward (NAF)
protocol, the proposed protocol achieves full diversity for all
transmitted symbols. The proposed precoding scheme also has the
advantage of a low complexity zero forcing successive interference
cancellation at the receiver compared to joint maximum likeli-
hood decoding for an existing precoding scheme. In a cooperation
frame having N symbol intervals, the conventional NAF protocol
transmits N symbols. Out of these N symbols only N

2
symbols

get the full diversity gain provided by the cooperative network.
The remaining N

2
symbols do not have any diversity advantage.

In order to achieve full diversity gain, we propose precoded
transmission using coordinate interleaving. We prove that the
proposed scheme achieves full diversity for all symbols. We also
show using simulations that the proposed scheme is better in
terms of performance compared to an existing precoding scheme.

I. INTRODUCTION

The classical relay channel consists of three nodes, a source
that transmits information, a destination that receives the
information and a relay that both receives and transmits
the information. Relaying is the process when a terminal
(relay) receives a signal from another terminal (source) and
transmits it to a third one (destination). Various relaying
strategies are discussed in [1]. We consider Amplify and
Forward relaying where the relays amplify the received signal
and forward the amplified signal to destination [2]. Depending
on whether the transmission from source and relay interfere at
the destination or not, the relay protocols can be classified as
either orthogonal or non-orthogonal. In non-orthogonal relay
protocols, the source terminal transmits new information to the
destination while the relay forwards information it received
from the source in the previous time slot [3]. Non-orthogonal
protocols achieve higher spectral efficiency than the orthogonal
ones.

We consider half duplex relaying. In a conventional non-
orthogonal AF (NAF) protocol, N symbols are received
in N symbol intervals. Transmissions from the source and
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relay interfere in N
2 symbol intervals. Though this NAF

protocol achieves a spectral efficiency of 1 symbol/channel
use, only half the symbols transmitted achieve full diver-
sity (received through both the source-destination and relay-
destination paths), and the other half of the symbols achieve no
diversity advantage (received only through source-destination
path).

Precoding symbols in an NAF protocol can be used to
achieve full diversity gain for all the symbols transmitted.
In [4], unitary precoders that achieve full diversity gain are
introduced. Coding gain is also optimized within a class of
unitary precoders. In this paper, we propose a new coordinate
interleaved NAF (CINAF) protocol that achieves full diversity
and performs better than the precoder in [4] in terms of bit
error rate. The diversity gain is proved using analysis of the
pariwise error probability. Simulation results are used to show
that the proposed protocol performs significantly better over
the coding gain optimized precoder introduced in [4]. We also
achieve this performance with a lower complexity zero-forcing
successive interference cancellation (ZF-SIC) receiver at the
destination.

We achieve full diversity by employing rotated QAM con-
stellations and interleaving the coordinates of the symbols in
such a way that at least one of the co-ordinates gets full
diversity advantage. Co-ordinate interleaving for spatial multi-
plexing was introduced in [5]. Recently, [6] and [7] presented
cooperative relay algorithms based on rotated constellations.
While [6] proposed distributed space-time code design when
the relay terminals have two antennas, [7] investigates decode-
and-forward orthogonal relaying based on signal space diver-
sity. In order to enable the ZF-SIC receiver, we transmit N
symbols in N + 2 symbol intervals. While the symbol rate is
slightly less than 1 symbol/channel use, the rate approaches 1
as N increases.

Notations: Bold upper- and lower case letters are used to
denote matrices and column vectors respectively. Superscripts
T and † denotes their transposition and conjugate transpose
respectively. P and E denote, respectively, probability and
expectation operator. <, = and CN (0, σ2) denote real and
imaginary parts of a complex number and circularly symmetric
complex gausssian distribution with variance σ2 respectively.978-1-4673-5952-8/13/$31.00 c© 2013 IEEE



II. SYSTEM MODEL

Consider the relay channel where the relay terminal R is
half duplex and source S, relay R and destination D are
assumed to be single antenna. Let hij denote the channel gain
between ith and jth terminal, i ∈ (S,R) and j ∈ (R,D).
It is assumed that hSR is known at relay R and hSR, hRD
and hSD are known at destination D. Consider conventional
non-orthogonal amplify and forward (NAF) relaying. A co-
operation frame consists of two symbol intervals. During the
first symbol interval, the source will broadcast to both relay
and destination. During the second symbol interval, the relay
will amplify and forward the received symbol during the first
symbol interval and the source transmits a new symbol to the
destination. Therefore the symbols sent in the first symbol
interval of a cooperation frame are received through two
independent fading paths (S → D and S → R → D), and
the symbols sent in the second interval of a cooperation frame
are received through only one path (S → D). Thus, in this
NAF protocol, we send N symols in N symbol intervals. Out
of these, only N

2 symbols get the full diversity provided by
the cooperative network. Let x2i−1 be the symbol sent and
y2i−1 be the received symbol in the first symbol interval of
ith cooperation frame. Let x2i be the symbol sent and y2i
be the received symbol in the second symbol interval of ith

cooperation frame, i ∈ N.

yD,2i−1 = hSD
√
PSx2i−1 + nD,2i−1 (1)

yR,2i−1 = hSR
√
PSx2i−1 + nR,2i−1, (2)

where yj,k and nj,k denote the received signal and additive
noise at terminal j ∈ {R,D} respectively at the end of
kth symbol interval, nj,k ∼ CN (0, σ2

j ). PS is the transmit
power of the source. During the next symbol interval of the
cooperation frame, the source terminal transmits a new symbol
x2i and the relay forwards an amplified version of yR,2i−1 to
the destination simultaneously. Thus, in the second symbol
interval, the destination receives

yD,2i = hSD
√
PSx2i + hRD

√
PR(ayR,2i−1) + nD,2i, (3)

where a =
√

PR

PS+σ2
R

is the scaling employed by the relay to
satisfy the long term power constraint of PR. Without loss of
generality, we will take PR = PS = 1. The functioning of the
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Fig. 1. First symbol interval of ith cooperation frame
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Fig. 2. Second symbol interval of ith cooperation frame

above protocol can be expressed by a single matrix equation,
a multiple-input multiple-output (MIMO) channel, as follows.[
yD,2i−1

yD,2i

]
︸ ︷︷ ︸

yi

=
[

hSD 0
ahSRhRD hSD

]
︸ ︷︷ ︸

H

[
x2i−1

x2i

]
︸ ︷︷ ︸

xi

+
[
w2i−1

w2i

]
︸ ︷︷ ︸

wi

(4)

Now, we can use precoding techniques for this equivalent
MIMO model of the relaying protocol.

III. CINAF PROTOCOL

In the proposed CINAF protocol, the input symbols are
chosen from a unit energy rotated QAM constellation, denoted
by xl ∈ ejθX , where X is a conventional un-rotated QAM
constellation.

1) Precoding: Let {xk}Kk=1 be the input symbol to be
transmitted, chosen from a unit energy rotated QAM signal
set. The symbols are precoded to obtain {x̃k}Kk=1 where

x̃k =
{
<xk + j=xk+1 when k = 2l − 1, l ∈ N
<xk + j=xk−1 otherwise

2) Transmission: The transmit symbol vector during the ith

cooperation frame is given by

xi =
{

[x̃1 0]T i = 1
[x̃2i−1 x̃2i−2]T i > 1

The symbol vector transmitted over successive cooperation
frames can be arranged as the following matrix:[

x̃1 x̃3 . . . . . .
0 x̃2 x̃4 . . .

]
(5)

3) Receiver:
• Compute QR decomposition of H as H = QR, and

left multiply [yD,1 yD,2]T with Q† to obtain z̃D,1 =
[z̃D,1 z̃D,2]T and z̃D,2 = [z̃D,3 z̃D,4]T . ie.,[

z̃D,1 z̃D,3
z̃D,2 z̃D,4

]
=
[
r11 r12
0 r22

]
︸ ︷︷ ︸

R

[
x̃1 x̃3

0 x̃2

]

+
[
wD,1 wD,3
wD,2 wD,4

]
,

(6)

where[
wD,1 wD,2

]T = Q†
[
nD,1 (nD,2 + ahRDnR,1)

]T



and
[
wD,3 wD,4

]T = Q†
[
nD,3 (nD,4 + ahRDnR,3)

]T
.

• De-interleave z̃D,1 and z̃D,4 to obtain zD,1 and zD,4:

zD,1 = <z̃D,1 + j=z̃D,4
= r11<x1 + jr22=x1 + <wD,1 + j=wD,4(7)

zD,4 = <z̃D,4 + j=z̃D,1
= r22<x2 + jr11=x2 + <wD,4 + j=wD,1.(8)

Let w =
[
wD,1 wD,3
wD,2 wD,4

]
and

w̃ =
[
w̃D,1 w̃D,3
w̃D,2 w̃D,4

]
= Q†

[
wD,1 wD,3
wD,2 wD,4.

]
. We

have wD,1 = nD,1 and wD,4 = nD,4 +ahRDnR,3, where
nD,i, nR,i ∼ CN (0, σ2) and hRD ∼ CN (0, 1). Thus,
taking each column of w̃ we get,[

˜wD,1
˜wD,2

]
︸ ︷︷ ︸

w1

= Q†
[

nD,1
nD,2 + ahRDnR,1

]
︸ ︷︷ ︸

n1[
˜wD,3
˜wD,4

]
︸ ︷︷ ︸

w2

= Q†
[

nD,3
nD,4 + ahRDnR,3

]
︸ ︷︷ ︸

n2

,

where n1,n2 ∼ CN (0,C) and w1,w2 ∼ CN (0,K) ,

C =
[
σ2
D 0
0 σ2

D + a2|hRD|2σ2
R

]
, and K = Q†CQ.

Let K =
[
K11 K12

K21 K22

]
,J ,

[
K11
2 0
0 K22

2 ,

]−1

,

and M ,

[
r11 0
0 r22.

]
. Thus, <w̃D,1 ∼ CN (0, K11

2 ) and

=w̃D,4 ∼ CN (0, K22
2 ).

• Let y1 ,
[
<zD,1 =zD,1

]T
,x1 ,

[
xqr xqi

]T
and

x̂1 ,
[
x̂qr x̂qi

]T
, where xqr = <X and xqi = =X .

Then, the ML decoder becomes

x̂1 = arg min
x1∈S1

{
(y1 −Mx1)TJ(y1 −Mx1)

}
(9)

where S1 = [<X =X ]T . Similarly, =w̃D,1 ∼
CN (0, K11

2 ) and <w̃D,4 ∼ CN (0, K22
2 ). Let y4 ,[

=zD,4 <zD,4
]T

, x4 ,
[
xqi xqr

]T
and x̂4 ,[

x̂qi x̂qr
]T

. Then, the ML decoder becomes

x̂4 = arg min
x4∈S2

{
(y4 −Mx4)TJ(y4 −Mx4)

}
(10)

where S2 = [=X <X ]T . Thus, we get x̂1 = x̂1(1, 1) +
jx̂1(1, 2) and x̂2 = x̂4(1, 2) + jx̂4(1, 1).

• Now, generate ˜̂x2 = <x̂2 + =x̂1 and subtract the inter-
ference from x2 in z̃D,3. Assuming ˜̂x2 = x̂2, we get

z̃D,3 = r11x̃3 + wD,3. (11)

From the subsequent received vector yD,3, we have

z̃D,5 = r1,1x̃5 + r1,2x̃4 + wD,5, (12)

z̃D,6 = r2,2x̃4 + wD,6. (13)

The set of equations (11), (12) and (13) are similar to
(6). Hence, decoding is continued in a similar manner as
above.

IV. PERFORMANCE ANALYSIS

In this Section, we analyze the pairwise error probability
for the CINAF protocol and show that full diversity of two
is achieved for all symbols. The analysis is different from
that of a standard MIMO system since the noise at the
destination is also dependent on the relay-destination channel
hRD. Therefore, the analysis proceeds in 2 steps: (1) Analysis
for a given hRD, followed by (2) averaging over hRD.

Let J =
[
J11 0
0 J22

]
. (14)

Then, we have

(y1 −Mx1)TJ(y1 −Mx1)
= J11(<zD,1 − r11xqr)2 + J22(=zD,1 − r22xqi)2. (15)

Pairwise error probability bound:
Let ui = [uiR uiI ]T , where uiR = <ui and uiI = =ui, and
uj = [ujR ujI ]T , where ujR = <uj and ujI = =uj . Let
uiR − ujR = αij and uiI − ujI = βij , where α2

ij > 0 and
β2
ij > 0. Then, we have

P(ui → uj) = P

[
(y1 −Mui)TJ(y1 −Mui)

> (y1 −Muj)TJ(y1 −Muj)

]
(16)

= P

[
2J11<wD,1r11αij + 2J22=wD,4r22βij
< −(J11r

2
11α

2
ij + J22r

2
22β

2
ij)

]
.

Also, Var(J11<wD,1r11αij + J22=wD,4r22βij)
= J2

11Var(<wD,1)r211α
2
ij + J2

22Var(=wD,4)r222β
2
ij ,

Var(<wD,1) >
σ2
D

2
and Var(=wD,4) <

σ2
D

2
+
|hRD|2σ2

R

2(1 + σ2
R)
.

Let σ2 =
1
2

(
σ2
D +

|hRD|2σ2
R

(1 + σ2
R)

)
= κ1σ

2
D (17)

where κ1 =
1
2

(
1 +

σ2
R|hRD|2

(1 + σ2
R)σ2

D

)
.

Therefore, Var(J11<wD,1r11αij + J22=wD,4r22βij)
< (J2

11r
2
11α

2
ij + J2

22r
2
22β

2
ij)σ

2.
.
Pairwise error probability bound given hRD:
From (16), we have P(ui → uj |hRD)

< Er11,r22

Q
 J11r

2
11α

2
ij + J22r

2
22β

2
ij√

(J2
11r

2
11α

2
ij + J2

22r
2
22β

2
ij)2σ


Let Jmin = min(J11, J22) and Jmax = max(J11, J22). Thus,
P(ui → uj |hRD)

< Er11,r22

Q
 Jmax

(
r211α

2
ij + r222β

2
ij

)
Jmin

(√
(r211α

2
ij + r222β

2
ij)2σ

)
 .



Also J11 =
2
K11

, J22 =
2
K22

, and
σ2
D

2
< K11,K22 < κ1σ

2
D.

Hence,
Jmax
Jmin

> 1.

Thus, P(ui → uj |hRD)

< Er11,r22

Q

√(

r211α
2
ij + r222β

2
ij

)
2σ


< Er11,r22

Q
√(r211α2

ij + r222β
2
ij

)
SNR

κ

 ,
where SNR =

2
σ2
D

and κ = 8κ1.

Let the first column of H be h1 and second column be h2,
where h1 = [hSD ahSRhRD]T and h2 = [0 hSD]T . Also,
a2 = 1

1+σ2
R

with PS = PR = 1. At high SNR, σ2
R � 1 and

hence a2 ≈ 1. Since r211 = ‖h1‖2, for a given hRD, r211 ∼ χ2
4.

Also, as r22 = ‖h2 ⊥ h1‖2 and r222 ≤ r211, we can write

r211α
2
ijSNR < (r211α

2
ij + r222β

2
ij)SNR < r211(α2

ij + β2
ij)SNR.

Therefore, from above we can write (18),

where CL =
α2
ij + β2

ij

κ
and CU =

α2
ij

κ
.

Since r211 ∼ χ2
4 given hRD, its pdf is given by fr211(γ) =

1
4γe
−γ/2. For γ → 0+, fr211(γ) can be approximated by

fr211(γ) = aγν + o(γν+ε),

where a = 1/4 and ν = 1 and ε > 0. We know from [8] that
for the pdf of a non-negative random variable ζ, for ζ → 0+,
can be approximated by f(ζ) = aζν + o(ζν+ε), where ε > 0
and a is positive constant. Then∫ ∞

0

Q
(√

cζρ̄
)
f(ζ)dζ =

2νaΓ(ν + 3
2 )

√
π(ν + 1)

(cρ̄)−(ν+1)+

o(ρ̄−(ν+1)).
(19)

Therefore (18) can be written as (20), where

CLBij =
κ2Γ( 5

2 )
(α2
ij + β2

ij)24
√
π

and CUBij =
κ2Γ( 5

2 )
α4
ij4
√
π
.

Averaging over hRD: To find P(ui → uj), we need to find

E|hRD|2

Er11,r22

Q
√ (r211α

2
ij + r222β

2
ij)SNR

κ

 .

To find the above expectation, let us consider the expectation
of lower and upper bound in (20) over |hRD|2. We consider the
channel to be Rayleigh faded. i.e. hRD ∼ CN (0, 1). Therefore
|hRD|2 ∼ exp(1).

E|hRD|2
[
CLBij SNR−2

]
= E|hRD|2

[
κ2Γ( 5

2 )
(α2
ij + β2

ij)4
√
π

SNR−2

]
= E|hRD|2

[
p(1 + qγ)2SNR−2

]
= CLB SNR−2,

where p =
4Γ( 5

2 )
(α2
ij + β2

ij)
√
π
, q =

(
1 +

σ2
R

(1 + σ2
R)σ2

D

)2

,

and γ = |hRD|2. Similarly, we have

E|hRD|2
[
CUBij SNR−2

]
= CUB SNR−2.

Thus, we get (21). Hence,

E|hRD|2

Er11,r22

Q
√ (r211α

2
ij + r222β

2
ij)SNR

κ


= C SNR−2,

where C is the coding gain. Similarly, proceeding this way,
we can show that second symbol in the cooperation frame
also has the same exponent for SNR. Hence, both the symbols
transmitted in each cooperation frame are received with atleast
second order diversity, the maximum available diversity for
the model. In the above analysis, error propagation in the SIC
step is neglected. However, this is considered in the simulation
results presented in the next section.

V. SIMULATION RESULTS

We have evaluated the symbol error rate (SER) and bit error
rate (BER) of the proposed CINAF protocol through Monte
Carlo simulations. We have also obtained the performance of
the coding gain optimized precoding scheme proposed in [4]
(denoted by Foc), and the X-codes proposed by Mohammed
et al. [9]. We note that, though X-codes are developed for
MIMO channels, they can be applied in the context of NAF
relaying, as the later can be modeled as a MIMO channel as
shown by Eqn.( 4). We consider uncoded transmission of 4-
QAM signals. The channel gains hij , i ∈ {S,R}, j ∈ {R,D},
remain constant for a block length of ten cooperation frames
and vary independently from frame to frame. Also, we con-
sider PR = PS = 1 and σ2

D = σ2
R. The 4-QAM is rotated by

an angle of 28.5◦ in case of CINAF and by 27.9◦ in case of
X-codes [9].

Fig. 3 shows that, with respect to SER, CINAF outperforms
the other two schemes. In case of Foc, the symbols are decoded
through joint ML decoding, which becomes impractical to
implement for signal sets of higher cardinality. As discussed
previously, CINAF works with a linear-complexity ZF-SIC
receiver. Thus, CINAF offers better error rate performance
with a low complexity receiver. Fig. 4 compares the BER
of CINAF with the other two schemes. As can be observed,
CINAF performs better than Foc and equally well as X-codes.

However, it should be noted that, in a frame length of N ,
CINAF transmits only N − 2 symbols, while the other two
schemes transmit N symbols. For higher values of N , the
loss in spectral efficiency of CINAF becomes negligible.



Er11
[
Q

(√
CLr211SNR

)]
< Er11,r22

Q
√ (r211α

2
ij + r222β

2
ij)SNR

κ

 < Er11
[
Q

(√
CUr211SNR

)]
(18)

CLBij SNR−2 < Er11,r22

Q
√ (r211α

2
ij + r222β

2
ij)SNR

κ

 < CUBij SNR−2 (20)

CLB SNR−2 < E|hRD|2

Er11,r22

Q
√ (r211α

2
ij + r222β

2
ij)SNR

κ

 < CUB SNR−2 (21)

0 5 10 15 20 25 30
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

Es/No in dB

S
y
m

b
o

l 
E

rr
o

r 
P

ro
b

a
b

il
it

y

 

 
F

oc

CINAF

X−code

Fig. 3. Symbol error probability of CINAF, X-coded NAF and Foc NAF
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VI. CONCLUSION

In a conventional non-orthogonal amplify and forward pro-
tocol, only half the transmitted symbols enjoy the full diversity
gain offered by the cooperative relay channel. In this paper, we

have proposed coordinate interleaved non-orthogonal amplify
and forward protocol (CINAF) that achieves full diversity
gain for all the transmitted symbols, with a ZF-SIC receiver.
CINAF employs rotated QAM constellations and interleaves
the coordinates of the transmitted symbols such that atleast
one component of every symbol experiences full diversity
gain. By analysing the pairwise error probability, CINAF
is shown to achieve full dievsrity gain. The Monte Carlo
simulations confirm the analytical results and also show that
the proposed protocol outperforms an optimized precoding
scheme proposed in [4]. Thus, CINAF offers improved error
rate performance with a low complexity receiver.
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